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Introduction

The goal of this seminar is to study some recent developments on the Hermitian K-theory
of rings of integers following Calmès, Dotto, Harpaz, Hebestreit, Land, Moi, Nardin, Niko-
laus, and Steimle [CDH+20]. A particular focus will be on the complete solution of Thoma-
son’s homotopy limit problem for number rings, which states that the Grothendieck–Witt
spectrum of a number ring is 2-adically equivalent to the homotopy C2-fixed points of its
K-theory spectrum. In particular we will review the solution of this problem for fields using
motivic homotopy techniques, following Bachmann and Hopkins [BH20].

1. Introduction (27.04)

Part I: The homotopy limit problem away from 2

The goal of the first half of the seminar will be to prove the following theorem:

Theorem 1 ([BH20, Theorem A.3]). Let k be a field of characteristic not 2 and of finite
virtual 2-cohomological dimension. Then the canonical map

GW(k)→ K(k)hC2

is a 2-adic equivalence of spectra.

2. Preliminaries on motivic spectra (04.05)
Define the homotopy t-structure, the slice filtration, and the effective homotopy t-structure
on the ∞-category of motivic spectra [Mor03], [Bac17, Sections 2 and 3]. State Morel’s
A1-connectivity theorem [Mor03, Theorem 4.2.10]. Deduce that the homotopy t-structure
and the effective homotopy t-structure over a field are complete, and describe their hearts
(homotopy modules [Mor03, §5.2] and A1-invariant sheaves with framed transfers [BY20,
Theorem 5.14], respectively). Recall Morel’s fundamental computation π0(1)∗ ' KMW

∗ .
3. The motivic Hermitian K-theory spectrum (11.05)

Review the “motivic” features of the Hermitian K-theory of Z[1/2]-schemes (the pro-
jective bundle formula, Nisnevich descent, A1-invariance on regular schemes), following
Schlichting [Sch17]. Introduce the motivic spectra KGL, KQ, and KW representing (ho-
motopy invariant) algebraic K-theory, Hermitian K-theory, and Witt theory, following for
example [HJNY21, Section 6], [RØ16, Sections 3 and 4]. Explain the “Wood” and “Tate”
cofiber sequences

Σ1,1KQ
η−→ KQ→ KGL, KGLhC2 → KQ→ KW.

4. Voevodsky’s slice filtration and Levine’s coniveau filtration (18.05)
Define Levine’s coniveau filtration for an A1-invariant presheaf of spectra E : Smop

k → Sp
[Lev08, Section 2]. Explain the comparison with Voevodsky’s slice filtration for motivic
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spectra over a perfect field [Lev08, Theorems 7.1.1 and 9.0.3], and the resulting compu-
tation of the slices of algebraic K-theory [Lev08, Theorem 6.4.2]:

sn(KGL) ' Σn
THZ.

5. The convergence of the slice filtration (25.05)
Explain the relation between the slice filtration and the fundamental ideal filtration on
π0(1)∗ ' KMW

∗ [Lev11]. Sketch the proof of the convergence theorem [BEØ20, Theorem
5.3], which is an extension of [Lev13, Theorem 7.3]. Deduce in particular that, if 2 ∈ k×
and vcd2(k) <∞, then a connective motivic spectrum over k is (2, ρ)-adically equivalent
to its slice completion [BEØ20, Corollary 5.13(1)].

6. The slices of Hermitian K-theory (01.06)
Compute the slices of kq, and hence of KQ = kq[β−1] and KW = KQ[η−1], following
[ARØ19, Theorem 3.2]. Using Milnor’s conjecture on quadratic forms (which is in fact
deduced from these computations in [RØ16]), compare the slice filtration of the Witt
theory spectrum KW with the fundamental ideal filtration of the Witt group [RØ16,
Lemma 6.4, Corollary 6.11].

7. The homotopy limit problem away from 2 (08.06)
Prove Theorem 1 following [BH20, Appendix A]. Explain how Theorem 1 generalizes to
qcqs Z[1/2]-schemes X with dim(X) <∞ and vcd2(X) <∞ by Nisnevich descent [CM21,
Corollary 3.27] and rigidity [BKSØ15, Theorem 3.6].

Part II: Grothendieck–Witt groups of rings of integers

The goal of the second half of the seminar is to study the Grothendieck–Witt theory of
rings of integers in number fields, following [CDH+20]. In particular, we have the following
version of the homotopy limit problem:

Theorem 2 ([CDH+20, Theorem 3.1.6]). Let R be a Dedekind domain whose fraction field
is a number field. Then the canonical map

GWs(R)→ K(R)hC2

is a 2-adic equivalence of spectra.

The numbers below refer to [CDH+20].

8. Algebraic surgery (15.06)
Define m-quadratic Poincaré structures (1.1.2). Explain the procedure of surgery (1.1.13)
and Lagrangian surgery (1.1.15). Define the L-groups with connectivity conditions (1.2.1)
and use them to identify the L-groups of an m-quadratic Poincaré structure with the
quadratic L-groups in a range (1.2.3, 1.2.8). Define the L-groups of short complexes
(1.2.15) and prove that the non-negative genuine symmetric L-groups are isomorphic to
the L-groups of short complexes (1.2.18)

9. Regular coherent rings (22.06)
Define r-symmetric Poincaré structures (1.1.2). Explain symmetric surgery (1.3.1,1.3.4)
and use it to identify the symmetric L-groups for a duality compatible with the t-structure
(1.3.3). Use this to identify the L-groups of regular coherent rings in a range (1.3.7, 1.3.8).

10. Dévissage in Hermitian K-theory and the localization sequence (29.06)
Prove the dévissage theorem for the symmetric Poincaré structure (2.1.8) and deduce from
that the dévissage-localization sequence (2.1.9). Identify the boundary homomorphism
for L-groups (2.2.1) with the classical residue homomorphism. If time allows, prove the
localisation-completion square (2.1.12) and rigidity in quadratic L-theory (2.1.13).
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11. The homotopy limit problem for rings of integers (06.07)
Explain the solution of the homotopy limit problem for finite fields of characteristic 2
(3.1.4), and how to use it to deduce the homotopy limit problem for Dedekind domains
whose fraction field is a fraction field (3.1.6). Discuss the obstruction to an integral
statement (3.1.8) and the L-theoretic obstruction to a general solution (3.1.11).
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[ARØ19] A. Ananyevskiy, O. Röndigs, and P. A. Østvær, On very effective Hermitian K-theory, Math. Z.
(2019), preprint arXiv:1712.01349

[Bac17] T. Bachmann, The generalized slices of Hermitian K-theory, J. Topol. 10 (2017), no. 4, pp. 1124–
1144, preprint arXiv:1610.01346

[BEØ20] T. Bachmann, E. Elmanto, and P. A. Østvær, Stable motivic invariants are eventually étale local,
2020, arXiv:2003.04006

[BH20] T. Bachmann and M. J. Hopkins, η-periodic motivic stable homotopy theory over fields, 2020,
arXiv:2005.06778

[BKSØ15] A. J. Berrick, M. Karoubi, M. Schlichting, and P. A. Østvær, The homotopy fixed point theorem
and the Quillen-Lichtenbaum conjecture in hermitian K-theory, Adv. Math. 278 (2015), pp. 34–
55, preprint arXiv:1011.4977

[BY20] T. Bachmann and M. Yakerson, Towards conservativity of Gm-stabilization, Geom. Topol. 24
(2020), no. 4, pp. 1969–2034, preprint arXiv:1811.01541

[CDH+20] B. Calmès, E. Dotto, Y. Harpaz, F. Hebestreit, M. Land, K. Moi, D. Nardin, T. Nikolaus, and
W. Steimle, Hermitian K-theory for stable ∞-categories III: Grothendieck–Witt groups of rings,
2020, arXiv:2009.07225

[CM21] D. Clausen and A. Mathew, Hyperdescent and étale K-theory, 2021, arXiv:1905.06611
[HJNY21] M. Hoyois, J. Jelisiejew, D. Nardin, and M. Yakerson, Hermitian K-theory via oriented Gorenstein

algebras, 2021, arXiv:2103.15474
[Lev08] M. Levine, The homotopy coniveau tower, J. Topol. 1 (2008), pp. 217–267, preprint arXiv:0510334
[Lev11] , The slice filtration and Grothendieck-Witt groups, Pure Appl. Math. Q. 7 (2011), no. 4,

preprint arXiv:1012.5630
[Lev13] , Convergence of Voevodsky’s Slice Tower, Doc. Math. 18 (2013), pp. 907–941, https:

//www.math.uni-bielefeld.de/documenta/vol-18/28.pdf

[Mor03] F. Morel, An introduction to A1-homotopy theory, Contemporary Developments in Algebraic
K-theory, ICTP, 2003, pp. 357–441
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