
ttermitiank-theoyofriysod-Undestaue.tlthe Grothendieck-Witt theory of On for [K :Q) <e.
In parkuhr : GWCOK) vs

. Klopfte (Thomson 's homotupy bunt problem)

• A Poincar n - category is a pair (e, E) where

• C is a stable n- cetegory { 2-
excisive

• E : C"- Sp is a quadrate Juncker whose associated

symmetrie bihueo fauche Bg : Ehe"- sp is perfeet :

9- (x y )
= EIN ⑦ Ely) * Bgnlx ,y)

B:(x.y) = home (x. Das y) ,
Dge :C
ICH

mir Grothendieck -Witt spectrum 6W (e. E)
+ fundamental fsbne speer : GW (e.g) → Lte

, E)

+

[c-Grüß & K : Cat:→ Sp
„{he, - K¥4B G - invariant .



M¥4 : C = DPA (R)
,
Raye ring .

BIE ,
= kann (PXORQ , R)

Es (E) = BCP.FIKz (symmetrie formt on I)

9941 = BIRP) nen (geudratr Gms on I)

• Norm feiere regiere : 99 Ü Is → BCP
,
.PH = humpelt ,Rtl)

• We defiue nur generelles :

Ein : Dirt (RTP- sp me Iv { ±)

" (P)→ humpelt , T>mRtl2)

+
d !

Es → humpelt , Rtl2)

99 = E
> +"
→ . .

. → E
"
- E

??
- E

> °
→ . .

-

→ E
>→
= Es

µ

EH ¥8 ¥gs
° If 2ER

"

,
all maps are isomorphismus -



cnet.ansouwitlgroup-mpl.hn .

Projekts (Pe) = gnupoid of non-dgeuvate quadratmetern / symmetrie
formt on R-modulen .

⇒ von 89448 (R) = (Projekts(R) ,
④)

Genuine egmvaiaut perspective
-

.

7 genuine Cz - spectrum KRIC
, E) such that :

KRLE
, E)

e
= Kle)

KR (e. E)4 = GW (e. E)

KR (e. E)
%

= Lte
,
E)



Thomasois-homotopylemitpvblem-l.tn982)

[Thomann]

E
genuine G-spectrum m> canonical uvp EG- Ew

.

• Ahyah - Segal : KF) → K*(Xno) is wmplehun with respect
G

to the augmentation ideal Iock:(*) = RI) .

• Löffler , Grenchen -Mag : Mu
*

(x) → MUTXno) is Iöadic wwplehon .
G

• The Segal cajechve (Carlsson) : SIG- $" is Ig -adiceomplehon .

• Thomson : LIF Galois extension with Galois group G ,
LEF

"

.

K#Yen [EIN kühlen EFI
.

• Für E - KRLC
,
E) : how ( lose is GWLE

,
E)- Klette

(quivdeutlg ,
Lle, E)→ Klette ) to an egmvaleuee ?



Resi

theorem (Hu-Kriz-Ormsby 2011 , Berneck - Kwoubi - Schlichting-Oskar 2015)

Set X be a qcqs scheue of freite Krull dimension with 2£ OLXI
"

and vcdz (KH) < - for all × EX .
Then the map

GWLX)→ K
hcz

is a 2-adic eguiveleuce .
It is even an isomorphem of X has no frmellg real residue Gelds .

Theoreme} (Calais -Dolto- Hwpez-Hebenstreit-Land -Moi - Mardin -Nikolaus-Steimle 2020)

het R be a Dedekind ring whose traction Geld B a number Geld .

Then the map
Gws (R)→ KLRI

""

B a 2-adic eguevaleuce .



Mohvickumutopytheorylhe
proof of Theorem A user stable mohvic homotopy theory .

Fix a gcqs base scheue S
.

Jet Sms be the category of smooth S- scheues offsuite presentation .

Definit (Mod - Voeuodsky )

A uwhvic space over
S is a presheef F : Sms

"
- Spaces sahsfging :

• tut : if VPN X is ötale & f-HINZ, then

FLX)-F- (X - Z)

↳
⇒ !

FLV)→ FLV - EYZI)

• taten : F in FLXXIA
')

.

Remote : Nßnevich descent ⇒ descent for the Nahend Topologie ,
whose point are heuseliau local rings .



Locchisatia fauchen
-

(
Nis
→

86ms)← Shun. (Sms)
ß

4¥ ! I Ä f
Putbus) .- Hls) .

Basic facts
-

• LN, is left exact {
spec Tito. . . . .tn/lEti -t)

° 4µA) - off:p Fl
-HÄ) ⇒ 4ns & Laut preserve fuik products

° Let SPY = SP
-

9h (Gm .TT"
.

In HH)
,
we here :

s?
"
= ¥ ,

o) = AY# so = : T

sann = ATIIA" - O
gzn-t.in = AT - O -



Mohvic spectra
-

• A mohvic 5-epectrum over s is a presheef of spectre

E : Sms
"
- Sp sahsfyiy Nisnevich descent & At - invariauce .

Nota : SH
"(s) .

° A mohvic spectrum over S is a IP'- spectrum in Hl) :

¥ , E. Fz . . . .) ,
Fi E H * ,

Fi = DpaFitz .

Egmvalentbg , since Ft = EnGm ,
it is a Gm-spectrum in SH

"Cs) :

(Eo , Es , Ez , . . . )
,
Ei ESH

"
(s)

, Ei = Mafia .

Notation : SH (s)
.

Sie
HLS) Stils)← SHLSI with left adjoiit
✓ IT [Tam , Efa -

ups



Example
a The mohvic sphere spectrum is the unit object TIESHCS) .

• The mohvie Eilenburg -Mae Lane spectrum HR or MZ ESHCS)

repcseuts vuohvic cohumulogy : for XE Sms and p> q ER ,

Ham (x) : - [ 2¥. ! , -2mHz] = HPmoz.LI/,ZLq))

• The mohvic K- theory spectrum KGLESHCS) is

KGL⇒ ( K ,
K

, .
. . . ) mit Dank - K ( prjechue bundle formale) .

how (2%1 , KGL)
= KHLX) (KH - ↳alk)

2£06)" • The wwhvic Heruiihüu K- theory spectrum KQ or KO ESHCS) is

KQ = ( 6W ,
6W

,
. . .
) will Shiicw - GW (nunGw - GWE

"

"" (EFTA , KQ) = (h, w) (×)
& GWE" - GW )

Rein A- X is regulaer, KHCXI -- KH ) and (ftp.GW) = GWCX)
.



The slice filtration
-

←

• SHLSTHC SHCS) stable subcategory geuerted under aleuiib by Tips! .

. . . czjisulsittc.JP?snL9eltc---cSHLs)

• Set fg : SHV)→ Epistel be the right adjoint to the inclusion .

-8 for any EE SHCS)
,
we love a filtration

- - - → fg,E → fqE → fg.EE → _ .
. → E

alled the slice filtration of E . The slice of E are

sq
E = cofiblfg,E→ fgE) .

Applying [EIN! , TH]
,
we get the weightt slice special segnence :

t t

(sqE)
" (X) ⇒ E

" (X)
.



Example (over a held k)

• satt %::L
. I "÷! .

• sott -HI ⇐ the slim GE are always H2-modulo) |a. ke . wohin

•

sq KGL
= [4MHz

In this are the slice SS is the mohvicAhyah-tlirzebr.ch SS :

HPmozlx.ci) ⇒ kzg.pk) .

• If chvlkt -0
,
the slice sgtt are known (Lenne) . If k-Ü :

weißt 0 slice SS for A = the Adams -Nowikow SS

Zt
Hs (Mfg , wat) = Extrema (MU-x.MU) ⇒ Tus ($)

• The slim of KQ are known ( Röndigs - Ostereier )



Convenience of the slice filtration
-

←

For any EE SHLSI
,
E = Jim, IgE .

However
, ftp.fgEFO

in general.

Example : ne 065 ⇒ 7 Hetzt ESHCD s.t.HR/nEf4X)-HEtlX,Nn9) .

Then HHna.is eftechve and T-perodez for TE Halit
"
(s) .

⇒ tttnez E M II. statt ⇒ s
*Hüne = 0 .

970

• At best
,
the slice SS goes as information

about the slice cauplehou :

SCLE) = fing cofiblfnt→ E)

Example : KGL is slice -Complete :

7 non - dgeueratet-structure on SH (k) e. t . fqKGLESHCK)>q ⇒ limfgKGL- O
gar

=D the uwhvic AHSS couvges strougly .



avg.at/-heslicefsltrah-(couhuued )

• The Hopf fsbrahon TAZ- 0 MIT" defnues an element ge II., (1) .
IR M

g3,2 geht ] |
v P

O E Is (HK) = 0
⇒ effechve sein - complete spectre are y-complete.

° In & KQ are net g-complete [uulike in topology , se is not uilpoteut !]
But we here seht) = Ii

sclkq) = kein ( kq = eftechve version of KQ)



strateggofthepnofoftheocu.ae
• (Herd) : over any scheue

S
, Kön→ Kater

.

This me> the Wood cofibre segnend E-"KQ7- KQ-7 #GL

=
• ( Bachmann - Hopkins) : if cholk)#2 and vcdzlk) < • , Hat→ KONZ

This mer n of s*KQ and a general couvegena theorem :

|
Theorem

the ""rutah

-
(Lenne

,
Bachmann- Elueeuto-Oskar)

Let k be a Geld ,
lek

"

such Hot vcdelk) < v .

If E ESHCK)>c for some CETL ,
then schE) = Efe

,µ

Here
, f- EHE I.⇒ (1) is the element indueed by Speck Esm

.

• The result for general X follow] ming that GWIZ and KIL

are b. th rigid Nisnevich sheaves (sabber , Knebusch)
£ FLO is Flnlxl)



stratgyofthepvofoftheoemB.TL( Locdisahou - dünge)
Lt R be a Dedekind ring ,

X = Spec R ,
ZCX a fmk closed subret,

U = X s Z
.

For any me I, we have a fibre squeuce

Fez 6Wh es in
-") → GWLX ,

" )→ GWLU , Ti)

via Pt Em]

Theorem Set 9=2
" and mez

.
Then GW (Fg , (E)

") = KCIFG)
"!


