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Conventions and notation.

Throughout, “ring” means “commutative ring” and “algebra” means “commutative algebra”.
Not necessarily commutative algebras will be called “associative algebras”.

We denote by CAlg the category of (commutative) rings. Given R € CAlg, we denote by CAlgg
the category of (commutative) R-algebras.

Given a ring R and a subset S C R, we denote by R[S™!] the localization of R at S. When
S = {f} has single element, we also write Ry or R[%] for the localization.

The words “morphism” and “map” are used interchangeably. We denote by Mape(X,Y") the set
of maps from X to Y in a category €; we simply write Map(X,Y) if C is clear from the context.
The symbols ~ and = are used for isomorphisms within a category as well as for equivalences
of categories. The arrows < and —» are sometimes used for monomorphisms and epimorphisms.
Given a category C and an object X € €, we denote by C,x the category of objects over X and
by Cx, the category of objects under X. For example, CAlgg ~ CAlgpg,.

Fun(@, D) is the category of functors from € to D (objects are functors, morphisms are natural
transformations). The arrow category of € is Ar(C) = Fun({e — e}, C).

If F: € — D is left adjoint to G: D — €, we write F' 4 G. When writing the adjunction as

G%D,

the left adjoint is always on top.
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1. SOME EXAMPLES

1.1. Punctured elliptic curves. Consider the polynomial equation in two variables y? = 2% — 2. We
can consider its set of solutions in any ring R, namely

X(R) = {(a,b) € R* | ¥* = a® — a}.

This defines a functor X: CAlg — Set from the category of rings to the category of sets, which is an
example of an affine scheme. Being defined by a single equation in two variables, X is called a family
of algebraic curves or simply a curve. It is also called an arithmetic surface: “arithmetic” because the
equation has integral coefficients, and “surface” because it turns out to be a 2-dimensional object from
the perspective of dimension theory in commutative algebra.

Let us consider explicitly the solution sets X (R) for various rings R:

(i) X(R) is a 1-dimensional real submanifold of R?, which is diffeomorphic to S* UR:

(ii) For any subring R C R, X(R) is the subset of X(R) consisting of all points whose coordinates
lie in R. One can show for example that the only points of X (R) with rational coordinates are
those on the z-axis, so that X(Q) = X(Z) = {(0,0), (£1,0)}.

(iii) X(C) is a 1-dimensional complex submanifold of C?, which can be shown to be diffeomorphic to
a punctured torus:

L

The two black circles indicate the intersection of X (C) with R? C C2, which is the set X (R) from
(). Furthermore, X (C) is biholomorphic to C/A — {0} where A is the lattice Z & Zi (and C/A
means the quotient of abelian groups). This is an example of a noncompact Riemann surface.

(iv) Let R[] = R[z]/(z?) be the ring of dual numbers over R. A pair of dual numbers (a + ue, b+ ve)
belongs to X (R[e]) if and only if (a,b) € X(R) and (u,v) is a tangent vector to X (R) at the point
(a,b) (see Remark below). Thus, X (R[e]) is naturally identified with the tangent bundle of
the 1-dimensional manifold X (R). As a subspace of R[g]? ~ R* X (Rl¢]) is diffeomorphic to
(S x R)U (R x R).
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(v) We can consider solutions in finite fields:

X(F2) X(F4) X(Fs3) X(Fs)
le ° ﬂo ° ° ° le ° ° 20 ° ° ° °
0Oe ° o e ° ° ° Oe ° ° le ° ° ° °

0 1
1e ° ° ° —1le ° ° 0Oe ° ° ° °
-1 0 1
0e ° ° ° —1e ° ° ° °
0 1 o g

—2 e ° ° ° °

-1 0 1 2 3

(vi) In analogy with (iv), we can interpret X (R[e]) as the set of tangent vectors to X (R) for any ring
R. Given (a,b) € X(R), the set of all (u,v) such that (a + ue,b+ ve) belongs to X (R[e]) is an
R-submodule of R?, called the tangent space of X at (a,b). The tangent spaces over the first
few finite fields are as follows:

X (F2le]) X (Fale]) X(Fsle]) X(Fsle])
1e ° £ e ° ° ¢ 1e ° ° 2 e ° ° ° Y
0e ° a e ° ¢ ° 0e ¢ ¢ le ° e o o
0 1
le ° . . —1e . ° 0e ' ¢ ° .
-1 0 1
0e ° ° ° —1e ° e o o
0 1 B8

—2 e ° ° ° ' 1
-1 0 1 2 3

For any field k, the tangent spaces at all points of X (k) are 1-dimensional k-vector spaces, except
for the point (1,0) in characteristic 2, where the tangent space is 2-dimensional. This reflects
the fact that the point (1,0) is singular in characteristic 2, as it is a meeting point of the two
branches through (1,0) and (—1,0). The equation y? = 2® — x is said to have bad reduction at
the prime 2, and good reduction at all other primes.

As the picture (iii) over the complex numbers strongly suggests, one should be able to compactify X by
filling in the puncture. In the picture (i) over the real numbers, this corresponds to adding a point “at
infinity” in the vertical direction that closes up the right-hand component. We will explain how to make
sense of this compactified object in

Remark 1.1 (Dual numbers and tangent vectors). Let us give some details on the claim in (iv). Given

a ring R, a polynomial f € R[z1,...,z,], and an n-tuple of dual numbers a + ue € R[e]™, we have
0 0
fa+ue) = 1@+ (S @+t @ ) o

in R[e]. This expression vanishes if and and only if a is a zero of f and w is orthogonal to the gradient
Vf(a). If R =R and if this gradient is not zero, so that f~!(0) is a submanifold of R” in a neighborhood
of a, this precisely means that u is tangent to f~!(0) at a. On the other hand, if this gradient is zero,
then every vector is orthogonal to it. Analogous statements hold for R = C.

3

Consider now the slightly different equation 2 = 2 —  + 1 and associated solution sets

Y(R) = {(a,b) € R? | b* = a® —a + 1}.

3

Despite the similarity to the previous equation y? = 23 — x defining X, Y turns out to be qualitatively

quite different from X:
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(vii) The set Y (R) C R? now has a single component and is diffeomorphic to R:
Y

(viii) The set Y(Q) of rational solutions is infinite, and there are exactly 12 solutions in Z:

(ix) The set Y(C) C C? is again a punctured torus, but its intersection with R? now has a single
component:

It is biholomorphic to C/A — {0} for some lattice A = Z @ Z7 where 7 ~ 5 + 0.233i. An exact
expression for 7 can be written using certain integrals called elliptic integrals, which also appear
in the formula for the arc length of an ellipse; this is the origin of the term “elliptic curve”. It
turns out that X (C) and Y (C) are not biholomorphic, even though they are diffeomorphic.

(x) Here are the solutions over some finite fields together with their tangent spaces:

Y (F2[e]) Y (Fyle]) Y (Fs[e]) Y (Fs[e])
1e ° 0 e ° ® ° 1 & & 2 ° ° ° °
Oe ° a e ° ° ¢ Oe ° ° 18 o & ° °
0 1
1e ° ° ° —le e e 0e . ° ° °
-1 0 1
Oe ° ° ° —1le .o o ° °
0 1 o 8

—2 e ° ° ° °

-1 0 1 2 3

In addition to the prime 2 shown above, the equation y? = 2 — x 4+ 1 also has bad reduction at

the prime 23, as (0,13) is a singular point of Y (IFa3). It has good reduction at all other primes.

1.2. Singular cubic curves. Consider the polynomial equations y? = 23 + 22 and 3% = 3. As in
they define functors N, C: CAlg — Set given by

N(R) = {(a,b) € R* | b* = a® + a?},

C(R) = {(a,b) € R*|b* = a®}.

We call N the nodal cubic and C' the cuspidal cubic. Here is what N(R) and C(R) look like:
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Y Y
2 2+
1 1+
x ‘ x
-1 1 1 2
—1 —1
921 92|

In contrast to the curves in these curves have singularities and hence do not define submanifolds of
R?. We can “confirm” the singular nature of the node and of the cusp by computing tangent spaces as
explained in Remark A vector (u,v) belongs to the tangent space at (a,b) € N(R) if and only if

20v = (3a* + 2a)u.

For the point (a,b) = (0,0), this holds for all (u,v), so that the tangent space at (0,0) is 2-dimensional.
Similarly, the equation for the tangent space at (a,b) € C(R) is

2bv = 3a’u,

which always holds if (a,b) = (0,0). These equations also show that, for any field &, (0,0) is the only
singular point in both N (k) and C(k).

Over the complex numbers, the nodal cubic N(C) C C? looks like a punctured pinched torus, i.e., a
torus in which one of the circles bounding a hole is collapsed to a point; this is equivalently a punctured
sphere in which two points have been identified. The cuspidal cubic C(C) C C? looks like a punctured
sphere with a single thorn.

The two ways of visualizing N (C) correspond to two ways to algebraically “resolve” the nodal singu-
larity of N at the origin:

(i) The “pinched torus” picture suggests viewing N as a degenerate member of a family of curves
N, given (for example) by the equations y? = z(z+ A)(z+1). We have Ny = N and, for nonzero
values of A\, N(C) is a punctured torus with no singular points, similar to both examples in
Thus, we can think of N as the limit of the nonsingular curves Ny as A — 0. In this situation,
we say that Ny with A #£ 0 is a deformation of N.

(ii) The “sphere with two points identified” picture suggests viewing N as a quotient of a nonsingular
curve N such that N (C) is a punctured sphere. One can achieve this algebraically by a change
of variable: if we replace the coordinate y by the “slope” coordinate s = y/x, the equation
y? = 23 + 22 becomes s2 = x4+ 1. If N: CAlg — Set is the functor defined by the latter equation,
ie.,

N(R) = {(a,¢) € R*| & = a + 1},
then there is map N — N sending (a,¢) to (a,ac), and one can check that N has no singular
points. The curve N is called the blowup of N at the origin. Over the real numbers, N(R) — N (R)
looks like the quotient map R — R/((—1) ~ 1).

While an arbitrary system of polynomial equations does not in general have a nonsingular deformation
as in (i), it is a deep theorem that, if we work over a field of characteristic zero, it is always possible to
resolve singularities by blowing up as in (ii). Whether this is always possible in positive characteristic is
a major open question in algebraic geometry.

1.3. Compactifying affine curves. The curves considered in §1.1] and can be compactified by
replacing the ambient 2-dimensional affine space A? by the 2-dimensional projective space P2.

The affine n-space A™ is the functor CAlg — Set given by A™(R) = R™. The projective n-space P" is
a functor CAlg — Set containing A"™; for simplicity, we shall only define it here on a certain subcategory
of CAlg (the general definition will be given in §3)). Let (A™ — 0)(R) C R" be the set of n-tuples that
generate the unit ideal of R. The group of units R* acts on the set R™ by scalar multiplication, and this
action preserves the subset (A™ — 0)(R). If R is a local ring or a principal ideal domain, we define

P"(R) = (A""! — 0)(R)/R*
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(for arbitrary rings R, the right-hand side is only a subset of the left-hand side). We write

for the equivalence class of (ag,...,a,) € (A" —0)(R). We can identify A"(R) = R"™ with the subset
of P*"(R) where ap is a unit:

A"(R) - P*(R), (a1,...,an) > [liar:...:ay]

If k is a field, then P"(k) is obtained from A"™(k) by adding a “point at infinity” [0:aq :...: a,] in the
direction of every nonzero vector (ay,...,a,); these points at infinity form a copy of P*~!(k). Inductively,
we therefore obtain a decomposition

P(k) =k"UE" U UKO.

A polynomial is called homogeneous of degree d if it is a linear combination of monomials of degree
exactly d. For example, 23 + 2%y — 2222 € Z[x,y, 2] is homogeneous of degree 3. If f € R[zo,...,x,] is
homogeneous of degree d and (aq,...,a,) € R""!, then

f(Xao, ..., Aan) = X f(ao, ..., an)

for any A € R*. Because of this, the statement “f vanishes at (ag,...,a,)” depends only on the point
[ag :...:ay] in P*"(R). In other words, a homogeneous polynomial equation in n + 1 variables has a
well-defined solution set in projective n-space.

Let us now return to the equation y? = 23 — = from defining the subfunctor X C A2. We can
homogenize this equation by introducing a new variable w and multiplying each term by the minimal
power of w so that the equation becomes homogeneous: this yields the degree 3 homogeneous equation
wy? = 2% — w?x. Let X C P? be the subfunctor of solutions to this equation, given by

X(R) ={[s:a:b] € P*(R) | sb* = a® — s%a}

(this makes sense for an arbitrary ring R, although we have only defined it so far when R is a local ring
or a principal ideal domain). If we set s = 1, we recover precisely the subset X (R) of A%2(R) C P?(R):

X =X NAZ

On the other hand, we can find the solutions “at infinity” by setting s = 0, which yields the equation
a® = 0. If k is a field, we see that the only point of X (k) with s = 0 is [0:0: 1], which is the point at
infinity in the vertical direction (0, 1):

X(k)=X(k)u{[0:0:1]} C P*(k).

As we surmised in X (R) is a submanifold of the real projective plane P?(R) diffeomorphic to S*US?,
while X (C) is a complex submanifold of the complex projective plane P?(C), which is diffeomorphic to
a torus S x S* and biholomorphic to C/(Z & Zi).

One can still define tangent spaces via dual numbers. Let us work out the tangent space at the point
at infinity [0:0:1] € X (R) for a local ring R. Note that R[e] is again local and R[e]* = RX + Re. Given
[s:a:b] € X(R), a point [s + te : a + ue : b+ ve] belongs to X (R[e]) if and only if

(b% 4 2sa)t + (—3a* + s*)u + 2sbv = 0.

If [s:a:b] = [0:0:1], this reduces to t = 0, so that tangent vectors at infinity have the form [0:ue:1+ve] =
[0: ue:1]. Thus, we see that u > [0: ue: 1] is a bijection from R to the tangent space at [0:0:1]. Since
this is a free R-module of rank 1, the point [0:0: 1] is nonsingular.

Similarly, the affine curve Y C A? defined by the equation y? = 2% — z + 1 is compactified to the
projective curve Y C P2 given by

Y(R) = {[s:a:b] € P*(R) | sb* = a® — s%a + s°}.

For a field k, we have Y (k) = Y (k) LU{[0:0:1]} as before. The real solution set Y (R) is now diffeomorphic
to a circle, while Y (C) is diffeomorphic to a torus and biholomorphic to C/A for some lattice A C C. As
in the affine case, X(C) and Y (C) are diffeomorphic but not biholomorphic. Finally, the nodal cubic N
and cuspidal cubic C from also have compactifications N, C' C P2, which over a field add the single
point at infinity [0:0: 1]. Over the complex numbers, this has the effect of filling in the puncture.
Away from the primes of bad reduction (which means: when restricted to rings in which these primes
are invertible), X and Y are examples of elliptic curves. A remarkable fact is that elliptic curves have
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an essentially unique group structure. More precisely, if we choose a point e in X (Z[%]) to serve as the
unit element, there is a unique lift

CAlgy s — 7 Set,.

\\\ Tforget
1~
3! Ny

Grp.
Moreover, this lift lands in the subcategory Ab C Grp of abelian groups. Over the complex numbers,
the group structure on X (C) is that of the quotient C/A (with unit 0). In general, if we take the unit
to be the point at infinity, then the group law is determined by the requirement that P+ Q + R = 0
whenever P, @, and R lie on a line (if P = @, this means that R lies on the tangent line at P, and if
P is the point at infinity, this means that @ and R lie on the same vertical line). Here is an illustration
over the real numbers:

Y

The same discussion applies to the elliptic curve Y : CAng[ 1= Set (recall that Y has bad reduction
at the primes 2 and 23, and we have to invert both to get an elliptic curve).

1.4. Fermat curves. Let n € N and consider the homogeneous equation 2™ = y™ + z™. Let X, (R) be
its set of solutions in the projective plane P2(R) (which we have only defined so far when R is a local
ring or principal ideal domain):

X,(R)={[a:b:c] € P*(R)|a™ =b" + c"}.

(i) For n = 0, the equation is 1 = 1 + 1, which holds in a ring R if and only if R is the zero ring.
In other words, Xo(R) = @ if R # 0 and X((0) = {0}. The functor Xj is the so-called empty
scheme.

(ii) For n = 1, the equation x = y + z cuts out a line in P2, which is isomorphic to P!. Indeed, there
is a natural bijection

P! > Xy, [a:bl—[a+b:a:b).
The real projective line P!(R) is diffeomorphic to a circle, while the complex projective line
P(C), also called the Riemann sphere, is diffeomorphic to a sphere.

(iii) For n = 2, we have the equation 22 = y? + 22. The solutions to this equation in Z* are the
so-called Pythagorean triples. It turns out that these can be explicitly determined, as we now
explain. Call a Pythagorean triple (a, b, ¢) primitive if a > 0 and (a, b, ¢) = Z. Every Pythagorean
triple has the form n(a, b, ¢) for an integer n and a primitive Pythagorean triple (a, b, ¢) (which
are uniquely determined if n # 0). Sending (a,b,c) to [a: b: ¢] defines a bijection between the
set of primitive Pythagorean triples and X5(Z). Furthermore, the inclusion Z < Q induces a
bijection X2(Z) = X2(Q), with inverse given by clearing denominators (this is true for X,, for
all n and reflects the fact that the scheme X, is proper).

Now, for any local Z[1]-algebra R (in fact any Z[1]-algebra), the map

o:PYR) = X2(R), [a:b]r [a®+b%:a® —b?: 2ab]
is well-defined and bijective. The inverse is given by

[u:v:w]|—>{

[ut+v:w] fut+veR,
[w:u—wv] fu—veR*.
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In particular, for R = Q, o gives a complete enumeration of all primitive Pythagorean triples,
which is known as Fuclid’s formula.

The map o: P1(k) — X5(k) has a concrete geometric interpretation when k is a subfield of R.
If [a:b:c] € Xa(k), then a cannot be zero as then b and ¢ would also be zero (note that this is
not true for k = C). Hence,

Xa(k) = {[L:b:c] € B() |0 + > = 1} = {(b.c) € A*(K) | 0* + & = 1.

In other words, X5(k) is the set of points on the unit circle in R? with coordinates in k. The
map o is then the inverse stereographic projection from the point (—1,0) on the unit circle:

o(P)

(iv) For n > 3, Fermat’s Last Theorem states that

{[0:1:-1],[1:0:1],[1:1:0]} ifnisodd,

Xn,(Q)=X,(Z) = {{[1:0:i1],[1:i1:0]} if n is even.

Away from the prime 3, X3: CAlgy 1y = Set is another example of an elliptic curve, which has
a unique group structure with unit element [0:1: —1].

1.5. Affine, projective, and general schemes. In and §1.2] we saw examples of affine schemes,
and in §1.3]and §1.4 we saw examples of projective schemes. The former are the solutions in affine space
of systems of polynomial equations, while the latter are the solutions in projective space of systems of
homogeneous polynomial equations. If we allow inequations in addition to equations, we obtain the
notions of quasi-affine and quasi-projective schemes. We will study affine schemes in §2| and projective
schemes in All of these objects are examples of schemes, which we will finally define in §7] The
following diagram summarizes the situation:

{affine schemes} C {quasi-affine schemes}
N

{projective schemes} C {quasi-projective schemes} C {schemes}.

(Strictly speaking, quasi-projective schemes are defined using polynomials in finitely many variables; for
the vertical inclusion to hold, one should either remove this finiteness condition on the quasi-projective
side or add it on the quasi-affine side.)
(i) An example of a quasi-affine scheme that is not affine is the punctured affine n-space A™ — 0 for
n > 2, which is defined as

A" —0: CAlg — Set, Rt {a€ R"|(a)=R}.

As the notation suggets, this is in a precise sense the complement of 0 in A", where 0 is the joint
vanishing locus of the coordinate functions z1,...,z, on A™.

(ii) An example of a quasi-projective scheme that is neither projective nor quasi-affine is the punctured
projective n-space P — 0 for n > 2. This is again the complement of 0 in P”, where 0 is the
vanishing locus of the projective coordinates z1,...,xz, on P". For a local ring R, we have

(P* - 0)(R) ={[ag:...:a,] € P"(R) | (a1,...,a,) = R}.

(iii) Schemes that are not quasi-projective are more difficult to come by, but they can be constructed
by explicitly gluing affine schemes. The simplest example is the affine line with doubled origin,
which is the functor

CAlg — Set, R {(f,e)|f€R, ec R/(f), and € = e}.
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2. AFFINE GEOMETRY

2.1. Affine spaces. Affine geometry studies the solutions in affine spaces to systems of polynomial
equations, while projective geometry studies the solutions in projective spaces to systems of homogeneous
polynomial equations. In both cases, the solutions form a functor CAlg;, — Set from the category of
k-algebras to the category of sets. Such functors are the basic objects of algebraic geometry:

Definition 2.1 (Algebraic functor). Let k be a ring. An algebraic k-functor is a functor CAlgy — Set.
An algebraic Z-functor is simply called an algebraic functor. Given an algebraic k-functor X and a
k-algebra R, the elements of X (R) are called the R-valued points or R-points of X.

A basic example is given by affine spaces:
Definition 2.2 (Affine space). Let I be a set. The affine I-space over k is the algebraic k-functor
Al CAlg, — Set, R~ RL.

the affine line if n =1 and the affine plane if n = 2.

Remark 2.3.
(i) AY is a final object * of Fun(CAlgy, Set).

(ii) A} is isomorphic to the forgetful functor CAlgy — Set.

(iii) Al is contravariantly functorial in the set I: a map f: J — I induces a natural transformation
AL — AJ given by precomposition with f.

(iv) By the universal property of polynomial rings, the functor Al is represented by the polynomial
k-algebra k[z; | i € I], i.e., there is an isomorphism

Al ~ Map(k[z; | i € T],—): CAlgy, — Set.

Indeed, given an I-tuple (r;);c; € RY, there is a unique k-algebra map k[z; | i € I] — R sending
xT; to ;.

2.2. Presheaves. We start with some categorical preliminaries on set-valued functors, also known as
presheaves.

Definition 2.4 (Presheaves). Let C be a category. A presheaf on C is a functor C°P — Set. We denote
by

P(C) = Fun(C°P, Set)
the category of presheaves on €. More generally, given an arbitrary category &, an €-valued presheaf on
C is a functor C°P — €.

For example, an algebraic k-functor is exactly a presheaf on CAlgy”.

Remark 2.5. The category P(C) always admits limits and colimits, which are computed “pointwise” in
the category of sets. Many properties of the category of sets are thereby inherited by the category of
presheaves P(C), such as the fact that filtered colimits commute with finite limits, the fact the monomor-
phisms and epimorphisms are effective, etc.

Definition 2.6 (Yoneda embedding). Let € be a category. The Yoneda embedding of C is the functor
X: €= P(C), X(X)=Map(—,X): C?P — Set.
A presheaf on C is called representable if it lies in the essential image of .
Notation 2.7 (The functor Spec). When € = CAlg}”, the Yoneda embedding is denoted by
Spec: CAlg? — P(CAlg;”) = Fun(CAlg, Set).
Thus, Spec(A) is the algebraic k-functor represented by the k-algebra A:
Spec(A)(R) = Map(A4, R).
For example, A} ~ Spec(kz; | i € I]).

Definition 2.8 (Category of elements). Let € be a category and let F' € P(C) be a presheaf on C. The
category of elements EI(F') of F is defined by the cartesian square

EI(F) —— (Set,)°P

l lforget

e —LF 5 Setop.
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It is also denoted by [ F. Explicitly, objects of EI(F)) are pairs (X, z) with X € € and z € F(X), and
morphisms (X, z) — (Y,y) are morphisms f: X — Y in € such that f*(y) = .
Theorem 2.9 (Properties of the Yoneda embedding). Let C be a category.
(i) (The Yoneda Lemma) Let X € C and F € P(C). Then the map
Map(&(X), F) = F(X), [ f(idx),
is a bijection with inverse x —= ((f: Y — X) — f*(x)).
(ii) The Yoneda embedding &: C — P(C) is fully faithful.
(iii) The Yoneda embedding &: € — P(C) preserves all limits that exist in C.
(iv) Ewery presheaf F € P(C) is canonically a colimit of representable presheaves:

colim <E1(F) Torget, @ & P(G)) ~ F

For the next two statements, assume that C is small.

(v) (Universal property of &) Let & be a cocomplete category. Then the functor
X*: Fun®™(P(@), &) — Fun(C, &),

s an equivalence of categories, where Fun®!™ denotes the category of colimit-preserving functors;
the inverse is given by left Kan extension along X. In particular, any functor € — & extends
uniquely (up to unique isomorphism) to a colimit-preserving functor P(C) — E.

(vi) If & is any category, then any colimit-preserving functor K: P(C) — & has a right adjoint
& — P(C) given by e = Map(K (&k(—)),e).

Remark 2.10.
(i) By the Yoneda Lemma, the category of elements of a presheaf F' € P(C) can equivalently be

described as the pullback

EI(F) — P(C)/r

| [
C

— P(©),

whose objects are pairs (X, z) with X € € and z: &(X) — F. Theorem iV) then says that
every presheaf is the colimit of all representable presheaves mapping to it.

(ii) By the full faithfulness of the Yoneda embedding, we have El(X(X)) ~ €,x. Together with
Theorem iv), this shows that a presheaf is representable if and only if its category of elements
has a final object (which is then the representing object).

Corollary 2.11. Let F,G € P(C) be presheaves. Then

M - :
ap(F,G) = i G

Example 2.12. By Theorem [2.9[iii), the functor
Spec: CAlg,” — Fun(CAlgy, Set)

preserves all limits. Moreover, limits in CAlg;” are colimits in CAlgy. For example, k is the initial object
of CAlgy, so that Spec(k) is the final object of Fun(CAlgg, Set). The coproduct of two k-algebras A and
B is the tensor product A ®; B, so that

Spec(A ® B) ~ Spec(A) x Spec(B)
in Fun(CAlgg, Set). More generally, the pushout of a diagram A <~ C — B in CAlgy is the relative
tensor product A ®¢ B, so that
Spec(A ®c B) ~ Spec(A) Xgpec(c) Spec(B).

Remark 2.13 (Algebraic structures on presheaves). Algebraic objects like monoids, groups, abelian
groups, rings, modules over a ring, etc., make sense in any category with finite products. In categories of
presheaves, since finite products are computed objectwise, algebraic objects are the same as presheaves
valued in the category of algebraic objects of the same type in Set. For example, abelian group objects
in presheaves are the same as presheaves of abelian groups:

Ab(P(€)) ~ Fun(C°, Ab).
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Thus, given a presheaf F' € P(C), equipping F' with an abelian group structure is equivalent to lifting F'
along the forgetful functor Ab — Set:

Ab
A
7 lforget

cop T> Set
2.3. Polynomial equations.

Definition 2.14 (System of polynomial equations). Let &k be a ring and let I and J be sets. A system of
J polynomial equations in I variables over k is a J-tuple ¥ = (f;);es in the polynomial ring k[x; | ¢ € I].
We denote by (X) the ideal in k[x; | € I] generated by (f;);jes and by k[3] the k-algebra k[z;|i € I]/(%).

Remark 2.15. Every k-algebra R is isomorphic to k[X] for some system of polynomial equations ¥. A
choice of isomorphism R =~ k[X] is exactly a presentation of R by generators and relations.

Given a system of polynomial equations over k, we can consider its solutions in any k-algebra. To
that end, recall that there is, for any k-algebra R, an evaluation map

Elz;|i€ Il x RT = R, (f,a)— f(a),

which is defined as follows: for each a € R!, f + f(a) is the unique k-algebra map klz; |i € I] — R
sending z; to a;.

Definition 2.16 (Vanishing locus). Let F' C k[z; |i € I] be a subset. The vanishing locus of F in Al is
the subfunctor V(F) C Al given by

V(F)(R)={ac R'| fla)=0forall f € F} C R

This is indeed a subfunctor: for any k-algebra map R — S, the induced map R — S sends V(F)(R)
to V(F)(9).

Remark 2.17. It is clear that the vanishing locus of F' depends only on the ideal generated by F: if
(F) = (F'), then V(F) = V(F"). We will see below that the converse also holds (Corollary [2.25).

Definition 2.18 (Solution functor). Let ¥ = (f;)jcs be a system of J polynomial equations in I
variables over k. Its solution functor Sols: CAlgy, — Set is the vanishing locus of {f; | j € J} in Af:

Sols = V({fj | j € J}) C Aj.

By the universal property of polynomial rings, there is a one-to-one correspondence between systems
of J polynomial equations in I variables and k-algebra maps

By the Yoneda lemma, these are in turn equivalent to natural transformations
Af — Aj: CAlgy, — Set.

Unraveling these equivalences, the map Al — AJ corresponding to a system X = (f;) e, is given on a
k-algebra R by

R' = R, ar (fi(a))jes.

By definition, the solution functor Soly, is the kernel of this map, i.e., there is a pullback square
Soly, — Al
(2.19) l l
0 —— A/,
where 0 is the subfunctor of Aj given by O(R) = {0} C R’.

Definition 2.20 (Affine scheme). A functor CAlg, — Set is called an affine k-scheme if it is isomorphic
to Soly, for some system of polynomial equations ¥ over k. We denote by Aff;, C Fun(CAlgy, Set) the
full subcategory spanned by the affine k-schemes. An affine scheme is an affine Z-scheme.

Example 2.21. The affine I-space Al is an affine k-scheme, as it is the solution functor of the empty
system of equations in I variables.
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Lemma 2.22. Let X be a system of polynomial equations over k. Then the solution functor Soly is
represented by the k-algebra k[X)], i.e., there is an isomorphism

Soly, ~ Spec(k[X]): CAlgy — Set.
Theorem 2.23 (Characterization of affine schemes). Let k be a ring. The following conditions are

equivalent for an algebraic k-functor X : CAlgy, — Set:

(i) X is an affine k-scheme.
(ii) X is representable, i.e., isomorphic to Spec(A) for some k-algebra A.
(iii) X preserves limits and is accessibleﬂ.

Corollary 2.24. The Yoneda embedding of CAlg.” induces an equivalence of categories
Spec: CAlg? = Aff;, C Fun(CAlgy, Set).
Under this equivalence, the affine k-scheme Soly, corresponds to the k-algebra k[X].

Under the equivalence of Corollary the embedding Sols; < Al of affine k-schemes corresponds
to the quotient map k[x; | i € I] - k[X]. This implies the following result:

Corollary 2.25 (Functorial Nullstellensatz). Sending a subset F C klx; | i € I] to its vanishing locus
V(F) C AL induces an order-reversing bijection

V: {ideals in k[z; | i € I]} <> {vanishing loci in Al}.
Example 2.26. Consider the following systems of polynomial equations over R in one variable:
Yi=(2?4+1), S=(2+1)?), S3=0@+z+1), Ty=(a*+1).
Then:
Soly, (R) = & Soly, (R) = & Soly, (R) = & Soly, (R) = &,
Sols, (C) = {+i} Sols, (C) = {=+i} Sols, (C) = {¢3, G} Sols, (C) = {£¢s, (s},

where (,, = exp(%) € C. All four equations have the same solutions in R. However, as the four ideals

(;) in R[z] are pairwise distinct, they define four different subfunctors of A4 by Corollary The
solutions in C distinguish them, except for Soly;, and Soly,. To see that Soly,, # Soly, as subfunctors of
Al, we can compute the solutions in the R-algebra C[e] of dual complex numbers (where £ = 0):

Sols, (C[e]) = {%i}, Sols,(Cle]) = {£i+ ac|a € C}.
On the other hand, the associated R-algebras are
R3] ~C, R[Xy]~C[], R[E3]~C, R[>¥4~CxC.

By Lemma Soly, and Soly, are both isomorphic to Spec(C). The different ideals (¥;) and (X3)
correspond to two different embeddings of the affine R-scheme Spec(C) into AL, and the systems X1 and
Y3 themselves are two different presentations of the R-algebra C.

Remark 2.27. In summary, given a system of polynomial equations ¥ over k, we have the following
relations between ¥ and Solx:

(i) The data of the pullback square is equivalent to the data of ¥ itself.
(ii) The data of the embedding Sols; < Al is equivalent to the data of the ideal (X) in the polynomial
ring klx; | i € I].
(iii) The data of the affine k-scheme Soly; alone is equivalent to the data of the k-algebra k[X].
This can be compared with the following types of data in differential geometry:

(i) A smooth manifold M given as the vanishing locus of a C*-map R™ — R™.

(ii) A smooth manifold M given as a closed submanifold of R™.

(iii) A smooth manifold M.
Smooth manifolds are the basic objects of interest in differential geometry. Embedding a manifold M into
a Euclidean space or realizing it as the vanishing locus of a function are often useful ways to understand
M, but we do not consider this additional data to be part of the manifold M itself. The situation in
algebraic geometry is entirely similar: the basic objects of interest are affine schemes. Any affine scheme
X can be embedded into an affine space (X < A7) or realized as the solution functor of a system of
polynomial equations (X ~ Soly), but this data is not part of the affine scheme X itself.

1Accessibility of X is technical condition saying that X is a small colimit of representables. It is equivalent to the
condition that X preserves k-filtered colimits for some infinite cardinal x, which is usually easy to check in practice.
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A key difference between differential geometry and algebraic geometry is that it is much easier to
embed smooth manifolds into R™ than it is to embed schemes into A™. In fact, the former is always
possible under mild technical assumptionsﬂ (which are usually taken as part of the definition of smooth
manifold), but many interesting schemes are not affine. For example, the real projective space P*(R)
can be embedded in the Euclidean space R?", but we will see that the algebraic projective space P™ with
n > 1 cannot be embedded in AV for any N.

Remark 2.28 (Systems of linear equations). Let us spell out the analogy with linear algebra. A system
A of J linear equations in I variables over a ring k is a J-indexed family in the free k-module k), or
equivalently a k-linear map k) — k(). If (@ij)icr,jes is the corresponding I x J-matrix, a solution to
A in a k-module M is a family (m;);cr in M such that ). _;a;;m; = 0 for all j € J. This defines a
solution functor

icl

Solp : Mody — Set.

Unraveling the definitions, Soly (M) is exactly the kernel of the map M! — MY, obtained by applying
Map(—, M) to the given map k() — k(D It follows that Soly ~ Map(C, —), where C is the cokernel of
() — k(D Thus, we can think of a system of linear equations over k as a k-module C' equipped with
a presentation, and its solution functor as the k-module C' itself.

2.4. Examples of affine schemes.

Example 2.29 (The final scheme). The constant functor CAlg — Set sending every ring to a one-point
set is isomorphic to Spec(Z) and hence is an affine scheme. This is the final object of Fun(CAlg, Set).

Example 2.30 (The empty scheme). The functor

@ ifR#£0,

CAlg — Set, Rt .
x* if R=0,

is an affine scheme, isomorphic to Spec(0). It is called the empty scheme and denoted by @. Note that
@ is the initial object of Aff, but it is not the initial object of Fun(CAlg, Set), which is the constant
functor with value @.

Example 2.31 (The idempotent classifier). Let Idem: CAlg — Set be the functor sending R to the set
of idempotent elements of R. Then Idem is an affine scheme, isomorphic to Spec(Z x Z). Indeed, there
is a bijection
Mapcaig(Z % Z, R) = Idem(R),
p = ¢(1,0),
which is natural in R € CAlg.

Example 2.32 (The multiplicative group). The functor G,,: CAlg — Ab sending R to the group of
units R* is called the multiplicative group. It is an affine group scheme, meaning that the composition

CAlg &5 Ab 2278% Get

is an affine scheme. Indeed, it is isomorphic to Spec(Z[u*1]): for every ring R, there is a bijection
Mapeag(Z[u™'], R) = R,
@ = o(u).

Example 2.33 (The additive group). The functor G,: CAlg — Ab sending R to the underlying group
(R, +) is called the additive group. The composition

CAlg %25 Ab 2% Set

is simply the forgetful functor, also known as the affine line A'. Hence G, is an affine group scheme.
Example 2.34 (The matrix ring). Let n > 0 and let Mat,,: CAlg — Alg be the functor sending R to

the associative ring of n x n matrices over R. This is an associative ring object in affine schemes. Indeed,
since a matrix over R is simply a family of n? elements of R, the composition

CAlg Matn, Alg 8 gt

. . . 2 .
is isomorphic to A™ and hence is an affine scheme.

2namely: Hausdorff, second countable, and of bounded dimension
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Example 2.35 (The general linear group). Let n > 0 and let GL,,: CAlg — Grp be the functor sending
R to the group GL,(R) of invertible n x n matrices. Then GL, is an affine group scheme. Indeed, let
A =Z[z;;|(i,5) € {1,...,n}?] be the ring representing Mat,,, which contains the universal n x n matrix
X = (z45)i;. A matrix M € Mat,,(R) is invertible if and only if its determinant det(M) € R is a unit.
Hence, for any ring R, there is an isomorphism

Mapcag (Adet(x), B) = GLn(R),
@ = (0(2ij))ig

so that GL,, ~ Spec(Aget(x))-

Example 2.36 (The special linear group). Let n > 0 and let SL,,: CAlg — Grp be the functor sending
R to the special linear group SL,(R) of n x n matrices with determinant 1. Let X € Mat,,(A) be the
universal n x n matrix as in Example We then have

Mapcajg(4/(det(X) — 1), R) = SLn(R),
@ = (e(@i))i g
so that SL,, ~ Spec(A/(det(X) — 1)). The subfunctor inclusions SL,, C GL,, C Mat,, correspond to the

ring maps
A Adet(X) —» A/(det(X) — 1).

Example 2.37 (The affine space of a module). Let k be a ring and let M be a k-module. Consider the
functor A(M): CAlg, — Mody, defined by
A(M)(R) = {k-linear maps M — R} = (M ®; R)".
Then A(M) is a k-module object in affine k-schemes. Indeed, if Sym, (M) is the free k-algebra on M,
there is a bijection
MapCAlgk (Symk(M)a R) = A(M)(R)a
@ = oM,
so that A(M) ~ Spec(Sym,,(M)). The affine I-space is a special case of this construction: A} ~ A(k()).

Remark 2.38. Let k be a ring and let M be a k-module. Given Example[2.37] it is tempting to consider
the following “predual” of A(M): define AV (M): CAlg, — Mody, by
AY(M)(R) = M @, R.

There is a canonical map AY(M") — A(M), which is an isomorphism if and only if M is a vector space
(Definition [3.2)). Otherwise, AY (M) does not preserve limits and hence is not an affine k-scheme (in fact,
it is not even a scheme). For that reason, the functor AV (M) is rarely used.

2.5. Base change. Given a ring map ¢: k — k’, we can transform any system of polynomial equations
Y over k into a system ¢*(X) over k' by applying ¢ to all the coefficients. More generally, many types
of data over k can be transformed into data over k' using ¢, a process known as base change, change
of coefficients, or extension of scalars. Other examples are the functor ¢*: Mody — Modys sending a
k-module M to the k’-module M ®j, k', and the functor ¢*: CAlgy, — CAlg). sending a k-algebra A to
the k’-algebra A ®j k’. Unraveling these constructions, we see that there is a canonical isomorphism of
k'-algebras
Ko™ (3)] = " (K[X]).

In this section, we investigate the related process of transforming an algebraic k-functor into an algebraic
k’-functor.

Theorem 2.39 (Functoriality of presheaves). Let u: € — D be a functor, and let
u: P(D)—=P(C), Fr> Fou,
be the “restriction along u” functor.

(1) u* admits a left adjoint uy and a right adjoint u. given by

us(F)(d) = colim ((e xp Dg/)°P — € Ly Set) — colim F(c),

d—u(c)

we(F)(d) = lim ((e xp D )P — P Ly Set) = Jim F(c),
u(c)—

provided these colimits and limits exist (e.g., if C is small).
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ii e functor uy extends u: there is a canonical isomorphism
ii) Th # d h } ical i hi
Uy o Jie ~ JZD ou.
111 u 18 fully fatthful, then uy and u,. are fully faithful.
i) If u is full ithful, th 4 and ll ithful
(iv) If u is a localization, then u* is fully faithful.
(v) If the functor u has a left adjoint uy, (resp. a right adjoint ug), then there is a canonical isomor-
phism ug ~ uj (Tesp. u, ~ up).

Remark 2.40.
(i) Given F': C°P — Set, the presheaves uy(F') and u.(F) are special cases of Kan extensions: wuy(F)
is the left Kan extension of F' along u°P, and u.(F') is the right Kan extension of F' along u°P.
(ii) By the universal property of ke, the functor uy is the unique colimit-preserving extension of u
(up to unique isomorphism). However, there is no analogous characterization of u..

Corollary 2.41. Let C be a category, let Y — X be a morphism in C, and let u: €,y — C/x be the
forgetful functor.

i) The functor u*: P(C,x) — P(C,y) has a left adjoint uy given by
/ / #

WU —-X)= [ FOU-=Y).
maps U - Y
over X
(ii) If pullbacks along Y — X ewist in C, the functor u*: P(€,x) — P(C/y) has a right adjoint u.

given by
u(F) (U= X)=FUxxY =Y).

If k is a ring, then CAlg; ~ CAlg,, and hence CAlg;” ~ (CAlg°?),,. Using this identification, we
obtain the following special case of Corollary with € = CAlg®P:

Corollary 2.42. Let ¢: k — k' be a ring map. Then there is a triple of adjoint functors

Pt

i
Fun(CAlgy, Set) +~— Fun(CAlgy, Set),
P o
where:
e ©* is precomposition with the forgetful functor CAlgy — CAlgy, and it is the unique colimit-
preserving extension of ¢*: CAlg)® — CAlg));
e o, is precomposition with ¢*: CAlg, — CAlgy;
o 4 is given by
(X)) = I X,

k'-algebra
structures on A

and it is the unique colimit-preserving extension of the forgetful functor CAlg)y — CAlgy.

Definition 2.43. Let ¢: k — k' be a ring map, giving rise to the adjoint triple of Corollary

(i) The functor ¢* is called base change or extension of scalars along ¢ and is also denoted by
X = Xk"
(ii) The functor @, is called Weil restriction or restriction of scalars along ¢ and is also denoted by
R"P or Rk’/k-
Remark 2.44. Corollary @ says in particular that the functors ¢* and ¢y preserve affine schemes:
(i) For a k-algebra A, ¢*(Spec(A)) ~ Spec(A @y, k') in Fun(CAlgy, Set). Hence, for any system of
polynomial equations X over k, ¢*(Sols) >~ Sol - (5.
(ii) For a k'-algebra B, ¢y(Spec(B)) ~ Spec(B) in Fun(CAlgy, Set).
On the other hand, the functor ¢, does not always preserve affine schemes.
Example 2.45. Consider the affine scheme G,: CAlg — Set, R — R*. Let Gy, c: CAlge — Set be its

base change to C, i.e., its restriction along the forgetful functor CAlge — CAlg. The Weil restriction
Re/r(Gm,c): CAlgr — Set is given by

Re/r(Gm,c)(A) = Guc(A®r C) = (A®r C)™.
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One can check that R¢/r(Gum,c) is an affine R-scheme: for any R-algebra A, there is a bijection
Map (R[z,y, 2, w]/(zz — yw — 1,yz + 2w), A) = (A®g C)*,
¢ = o) +ip(y).
These equations ensure that ¢(x) + ip(y) is inverse to ¢(z) + ip(w). More generally, if £ C &’ is a finite

field extension, one can show that Weil restriction Ry, sends affine k'-schemes to affine k-schemes.

A fundamental property of sets is that maps of sets are equivalent to families of sets: there is an
equivalence of categories

Ar(Set) ~ Fam(Set),
where Ar(Set) = Fun({0 — 1}, Set) is the arrow category of Set and Fam(Set) is the category whose
objects are (set-indexed) families of sets (X;)ier, where a map (X;)ier — (Yj)jes consists of a map
u: I — J and maps X; — Y,,(;) for all i € I. In one direction, a map f: X — I corresponds to the family
of its fibers (f~'{i})ics. In the other direction, a family (X;);c; corresponds to the map [[,.; X; — I.
If we fix the target/indexing set I, we obtain an equivalence of categories
Set,; ~ Set!.

The following proposition generalizes this fact to presheaves of sets (we recover the last equivalence by
taking C = x):

Proposition 2.46 (Slices of presheaf categories). Let C be a category and let F' € P(C) be a presheaf on
C. Then there is an equivalence of categories

e
P(€)/r =5 P(ENF))

described as follows. If u: EI(F) — @ is the forgetful functor, there is a tautological map x+ — u*(F),
whose adjoint uy(x) — F is an isomorphism.

e Given H € P(EI(F)), the presheaf [ [ H over F' is ug(H) — uy(*) ~ F. Explicitly,

(HH) X)= [ (HX,2)—>.
F

zeF(X)

e Given G € P(C),p, the presheaf fibp(G) on EI(F) is the pullback u*(G) Xy« (p) *. Explicitly,
P
fibr (G)(X,2) = G(X) xrx) o} = 7

Specializing to the case of a representable presheaf, we get:

Corollary 2.47. Let C be a category, let X € C, and let u: C/x — C be the forgetful functor. Then the
functor uy induces an equivalence of categories

P(C/x) = P(C) /xx)-
Specializing further to € = CAlg®P, we get the following key result:

Corollary 2.48. Let k be a ring and let : Z — k be the unique map. Then the functor 4 induces an
equivalence of categories

Fun(CAlgg, Set) = Fun(CAlg, Set) ; spec(k)-

Remark 2.49. Because of Corollary[2:48] algebraic geometry over a base ring k is subsumed by algebraic
geometry over Z. In other words, working in the category Fun(CAlg, Set) of algebraic functors does not
restrict the generality, and we will often do so from now on. Note that the functor Spec of Notation [2.7
is independent of k, in the sense that the following square commutes:

~

CAlg,”? ————— (CAlIg®)

Specl lSpcc

Fun(CAlgg, Set) = Fun(CAlg, Set) /spec(k)-
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Remark 2.50. If f: X’ — X is a morphism of algebraic functors, there is a triple of adjoint functors

Ty

i
Fun(CAlg, Set) , x» «+—— Fun(CAlg, Set) x,
L

where f*(Y) =Y xx X’ and f4(Y') =Y’. Given Proposition this can be seen by applying Theo-
rem to the functor u: El(X’) — EI(X). This recovers Corollary when f is Spec(yp): Spec(k') —
Spec(k).

2.6. Functions. Recall that the affine line A! is the forgetful functor

A': CAlg — Set, R~ R.

Tautologically, A! has a structure of ring object in Fun(CAlg, Set), given by the factorization

CAlg

: -
ld/ -7 lfor get

-
-
-

Recall also that G,, is the subfunctor of A! given by R ++ R*, which has a structure of abelian group

(Example [2.32]).

Definition 2.51 (Function and nonvanishing function). Let X be an algebraic functor.

(i)

(i)

A function on X is a map X — Al. We denote by
O(X) = Map(X,A')
the set of functions on X. The ring structure on A! induces a ring structure on O(X).
An nonvanishing function on X is a map X — Gp,. We denote by
0*(X) = Map(X,Gn)

the set of nonvanishing functions on X. The abelian group structure on Gy, induces an abelian
group structure on O™ (X).

Remark 2.52.

(i)
(i)

(iii)

Since G, C A, we have 0% (X) C O(X).
By the Yoneda lemma, there is a canonical isomorphism O(Spec(R)) ~ R, i.e., the ring of
functions on Spec(R) is R itself. Hence, when restricted to affine schemes, the functor O: Aff°? —
CAlg is an equivalence of categories, which is inverse to Spec. Similarly, O* (Spec(R)) ~ R*.
For a general algebraic functor X, we have

O(X) ~ li R, — T

( ) x: Spelcr(I}%)—>X f (f ° 37)

where the limit is indexed by the category of elements EI(X)°P (Corollary [2.11)). Since the unit
group functor R+ R* preserves limits, it follows that O*(X) is precisely the unit group O(X)*.
By definition, the functor

O: Fun(CAlg, Set)°? — CAlg, X — O0(X),

is limit-preserving. By (ii) and the universal property of presheaves, it is the unique limit-pre-
serving extension of the identity CAlg — CAlg. Similarly, O* is the unique limit-preserving
extension of the functor CAlg — Ab, R+ R*.

Remark 2.53 (Size issues). The statement of Remarkiv) is actually nonsensical due to “size issues”.
Since the category CAlg is large, the limit in the formula for O(X) is indexed by a large category, so that
the ring O(X) is sometimes large. In this case, O(X) is not an object of CAlg, which is the category of
small rings. There are two standard ways to rectify this issue:

(i)

One can simply replace the target of O by the category C/ATg of large rings. One may then also
replace the category of sets in the source by the category Set of large sets. We obtain the functor

0: Fun(CAlg,S/;c)op — C/ATg,

which is the unique extension of the embedding CAlg < m that preserves large limits.
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(ii) Ome can replace the source of O by the subcategory Fun®*°(CAlg, Set) of accessible functors,
which are the functors that are small colimits of representables. For an accessible functor X,
O(X) is a small limit of small rings and hence is small. We therefore have a functor

O: Fun®“(CAlg, Set)°P — CAlg,

which is the unique extension of the identity CAlg — CAlg that preserves small limits. All
algebraic functors that arise in practice (including all schemes) are accessible, and all relevant
constructions preserve accessibility, so that this restriction does not have any undesirable conse-
quences.

Remark 2.54 (The adjunction between Spec and Q). Let X be an algebraic functor and A a ring. By
Corollary 211 and the Yoneda lemma, we have a sequence of natural isomorphisms

Map(X, Spec(4)) ~ (R,z)leilgll(X)OP Map(Spec(R), Spec(A4))

(sz)elgll(x)ola ap( 7R)
(R,z)€EL(X)°P
~ Map(4, 0(X)).

Thus, modulo the size issues discussed in Remark we have an adjunction
o
Fun(CAlg, Set) 4><T CAlgeP.
pec

2.7. Closed and open subfunctors. Roughly speaking, a closed subfunctor of an algebraic functor
is a subfunctor defined by the vanishing of functions, while an open subfunctor is one defined by the
nonvanishing of functions. This terminology is borrowed from topology, where the vanishing locus of a
continuous function is closed and its nonvanishing locus is open. We will see later in that there is
in fact a topological interpretation of open subfunctors, though not of closed subfunctors.

Definition 2.55 (Vanishing and nonvanishing loci). Let X be an algebraic functor and F C O(X) a set
of functions on X.
(i) The vanishing locus of F' is the subfunctor V(F') C X given by

V(F)(R)={zr € X(R)| f(x) =0 for all f € F}.
(ii) The nonvanishing locus of F is the subfunctor of D(F') C X given by
D(F)(R) ={z € X(R) | (f(x))fcr generates the unit ideal in R}.

Remark 2.56.
(i) Tt is clear that V(F') depends only on the ideal (F') generated by F', and D(F') only on the radical
ideal /(F") generated by F', since an ideal is the unit ideal if and only if its radical is.
(ii) We have the following implications:
(F)=0(X) = V({[)=wox <<= DF)=X.
Here, @x is the functor with @x(0) = X(0) and @x(R) = @ for R # 0. The reverse implication
holds if X is affine, by Proposition below.
Example 2.57 (Punctured affine spaces). Let I be a set. The punctured affine I-space AT — 0 is the
nonvanishing locus of the coordinate functions {z; |i € I'} on AT = Spec(Z[z; | i € I]). Explicitly:
(AT —0)(R) ={a € R | (a) = R}.
Note that A! — 0 is another name for the subfunctor G,, C A'. An I-tuple in R generating the unit ideal
is also called a unimodular row of length I.
Remark 2.58. A set of functions F C O(X) induces a map f: X — A¥. By definition, we have
V(F) = f71(0) and D(F)= f"'(A" —0).

Warning 2.59. The terminology suggests that D(F') should in some sense be the complement of V(F')
in X. This is true when evaluated on fields, but it is not true in the category of algebraic functors. In
fact, they are not even disjoint since V(F)(0) = D(F)(0) = X (0). We will see later that D(F) is the
complement of V(F) (i.e., the largest disjoint subobject) in various subcategories of Fun(CAlg, Set), such
as the category of schemes. Even then, the converse fails: V(F') cannot be the complement of D(F) in
general, since it can happen that V(F') # V(F') while D(F) = D(F").
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Proposition 2.60 (Formal properties of V and D). Let X be an algebraic functor.
(i) For any family (F;);cr of subsets of O(X),

Mier V(FI) = V(Uiel Fi)’
UiEI D(F;) c D(Uiel Fi)’
and the inclusion is an equality on local rings.
(ii) For any finite family Fy,. .., F, of subsets of O(X),
D(F)N---ND(F,) = D(F, ... F,),
V(F1)U---UV(F,) C V(F...F,),

and the inclusion is an equality on integral domains.

Example 2.61. Since 2 and 3 generate the unit ideal in Z, we have V(2) N V(3) = V(1) = @ as sub-
functors of Spec(Z) (where @ is the empty scheme of Example [2.30). On the other hand, D(2) UD(3) #
D(1) = Spec(Z). For example, idz € Spec(Z)(Z) belongs neither to D(2)(Z) = @ nor to D(3)(Z) = @.

Proposition 2.62 (Affineness of vanishing and nonvanishing loci). Let A be a ring.

~

(i) For any subset F' C A, the quotient map A - A/(F) induces an isomorphism Spec(A/(F)) =
V(F) C Spec(A). In particular, V(F) is affine.

(ii) For any f € A, the localization map A — Ay induces an isomorphism Spec(Ay) = D(f) C
Spec(A). In particular, D(f) is affine.

If F C A has more than one element, D(F') C Spec(A) is usually not an affine scheme. For example,
A™ — 0 is not affine for n > 2 (see Example [2.75]). This motivates the following definition:

Definition 2.63 (Quasi-affine scheme). Let k be a ring. An algebraic k-functor X is a quasi-affine
k-scheme if there exists a k-algebra A and a finite subset F' C A such that X ~ D(F) C Spec(A).
We denote by QAff, C Fun(CAlgy, Set) the full subcategory of quasi-affine k-schemes. A quasi-affine
scheme is a quasi-affine Z-scheme.
Definition 2.64 (Closed and open subfunctors). Let X be an algebraic functor.
(i) A subfunctor Z C X is closed if, for every z: Spec(R) — X, x~1(Z) = V(F) for some F C R.
(i) A subfunctor U C X is open if, for every z: Spec(R) — X, 2= *(U) = D(F) for some F C R.

Warning 2.65. Vanishing loci are always closed subfunctors and nonvanishing loci are always open
subfunctors, but the converse does not hold.

The following result generalizes the functorial Nullstellensatz (Corollary [2.25)):

Proposition 2.66 (Classification of closed and open subfunctors of affine schemes). Let A be a ring.

(i) The construction F + V(F) induces an order-reversing bijection
{ideals in A} = {closed subfunctors of Spec(A)}.
(ii) The construction F + D(F') induces an order-preserving bijection
{radical ideals in A} = {open subfunctors of Spec(A)}.

Definition 2.67 (Closed and open immersions). Let f: Y — X be a map of algebraic functors.

(i) f is a closed immersion or closed embedding if it is a monomorphism whose image is a closed
subfunctor of X.

(ii) f is an open immersion or open embedding if it is a monomorphism whose image is an open
subfunctor of X.

Definition 2.68 (Locally closed subfunctor, immersion). Let X be an algebraic functor.

(i) A subfunctor Y C X is locally closed if there exists an open subfunctor U C X containing Y as
a closed subfunctor.

(i) A map f: Y — X is an immersion if it is a monomorphism whose image is a locally closed
subfunctor of X.
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Proposition 2.69 (Closure properties of immersions).
(i) Consider a commutative triangle of algebraic functors

zZ—9 5y

N

If f and g are closed immersions, so is h. If h is a closed immersion and f is a monomorphism,
then g is a closed immersion. The same holds for open immersions and for immersions.
(ii) Consider a cartesian square of algebraic functors

v Lo x

|

y — 5 x.

If f is a closed immersion, so is f'. The same holds for open immersions and for immersions.

2.8. Zariski descent. Let (f;);er be a family of element in a ring R that generates the unit ideal. Then
the intersection of the vanishing loci V(f;) is the empty scheme but, in general, it is not true that Spec(R)
is the union of the nonvanishing loci D(f;) (see Example 2.61)). In this section, we will show that this
becomes true if we compute the union in the category of affine schemes. Concretely, this means that a
map Spec(R) — Spec(S) is uniquely determined by a family of maps D(f;) — Spec(S) that agree on all
the intersections D(f;) ND(f;). This is one of the most important results in the foundations of algebraic
geometry, which we will later recast as the statement that affine schemes satisfy Zariski descent.

Theorem 2.70 (Zariski descent for modules). Let R be a ring and (f;)icr a family of elements of R
generating the unit ideal.
(i) (Descent for morphisms) For any R-modules M and N, the diagram
Map(Nv M) — H Map(Nfi’ Mfi) = H Map(Nfifj7Mfifj)
i€l ijel
is an equalizer.
(ii) (Descent for objects) Suppose given
e an Ry,-module M; for each i € I and
e an Ry, g, -linear isomorphism ayj: (M;)y, = (M;)y, for each (i,j) € I?,
o such that oy, o iy = agg: (M), 5, = (My)g,g, for each (i, j,k) € I°.
Then there exists an R-module M with Ry, -linear isomorphisms f;: My, = M; for all i € I,
such that cij o B; = Bj: My, 5, = (Mj) g, for all (i,j) € I2. Moreover, this data is unique up to
unique isomorphism.

Taking N = R in Theorem i), we get the following special case:

Corollary 2.71. Let R be a ring and (f;)ier a family of elements of R generating the unit ideal. For
any R-module M, the diagram

M — HMfi = H My,
i€l i€l
s an equalizer in Modpg.

Specializing further to M = R, we get the following result:

Corollary 2.72 (Zariski descent for affine schemes). Let R be a ring and let (f;)icr be a family of
elements of R generating the unit ideal. For any affine scheme X, the diagram

X(R) — HX(sz) = H X(Rfifj)
iel igel
is an equalizer.
Remark 2.73. Since X(R) ~ Map(Spec(R), X), Spec(Ry,) ~ D(f;), and Spec(Ry,r;) ~ D(fi) N D(f;),
Corollary says that Spec(R) is the union of the open subschemes D(f;) in Aff. More precisely, if

Glue(I) is the poset with morphisms i « (i,5) — j for all 4,5 € I, then Spec(R) is the colimit of the
diagram Glue(I) — Aff sending ¢ to D(f;) and (¢, 7) to D(f;) N D(f;).

The following result is a generalization of Corollary of which it is in fact a formal consequence:



22 MARC HOYOIS

Corollary 2.74 (Functions on nonvanishing loci). Let R be a ring and (f;)icr a family of elements of
R with image F C R. For any affine scheme X, there is an equalizer diagram

Map(D(F), X) = [[X(Ry,) = [] XRBr.p).

iel ijel

Example 2.75. Using Corollarywith X = A!, we can easily compute that the inclusion AT —0 < Af
induces an isomorphism O(A?) = O(A! —0) as soon as |I| > 2. Since O: Aff°® — CAlg is an equivalence
of categories, this implies that A’ —0 is not an affine scheme. In particular, if n > 2, A" —0 is an example
of a quasi-affine scheme that is not affine.

Definition 2.76 (Zariski-local property). A property P of modules (resp. of linear maps, of algebras,
etc.) is Zariski-local if, for any ring R and family (f;);c; generating the unit ideal in R, an R-module M
(resp. an R-linear map M — N, an R-algebra A, etc.) has property P if and only if, for each i € I, the
Ry,-module My, (resp. the Ry,-linear map My, — Ny,, the Ry -algebra Ay, etc.) has property P.

Proposition 2.77 (Zariski-local properties). The following properties of modules are Zariski-local:
(i) being zero,
(ii) finite generation,
(iii) finite presentation,
(iv) projectivity,
(v) flatness.
The following properties of linear maps are Zariski-local:
(vi) being zero,
(vii) injectivity,
(viii) surjectivity,
(ix) bijectivity.
The following properties of algebras are Zariski-local:

(x) finite generation,
(xi) finite presentation,
(xii) finiteness,
(xiii) integrality.
The following properties of sequences of modules are Zariski-local:

(xiv) ezactness.

Remark 2.78. Further Zariski-local properties of modules are: being torsion, torsion-freeness. The
following properties of modules are not Zariski-local: freeness, injectivity.

Proposition 2.79 (Zariski-local nature of immersions). Let R be a ring and let u: X — Spec(R) be a
map of algebraic functors. Suppose that X satisfies Zariski descent in the sense of Corollary[2.73 Let
(fi)ier generate the unit ideal in R, and let u;: X Xgpee(ry D(fi) — D(fi) be the base change of u to
D(f:). For each of the following classes of maps, if each u; belongs to the class, so does wu:

(i) monomorphisms,
(ii) closed immersions,
(iil) open immersions,
(iv) immersions.

Proposition 2.80. Let X be a quasi-affine k-scheme and let Z — X be a closed immersion. Then Z
s a quasi-affine k-scheme.

2.9. Finiteness properties. Recall that a k-algebra is of finite presentation if it is isomorphic to k[X]
where Y is a system of finitely many polynomial equations in finitely many variables, and it is of finite
type if it is isomorphic to k[X] where ¥ has finitely many variables (but any number of equations). We
denote the respective full subcategories of CAlgy, by CAlgg’ and CAIg}?. It turns out that these finiteness
conditions can naturally be expressed in terms of the algebraic k-functor Spec(A): CAlgy — Set.

Definition 2.81 (Locally of finite presentation/type). Let X : CAlgy — Set be an algebraic k-functor.

(i) X is locally of finite presentation if it preserves filtered colimits.
(ii) X is locally of finite type if it preserves the colimits of filtered diagrams with injective transition
maps.
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Proposition 2.82. Let k be a ring and A a k-algebra.

(i) A is of finite presentation if and only if Spec(A): CAlg, — Set is locally of finite presentation.
(ii) A is of finite type if and only if Spec(A): CAlgy — Set is locally of finite type.

Example 2.83.

(i) Ai is locally of finite type if and only if I is a finite set, in which case it is also locally of finite

presentation. The same holds for the punctured affine spaces Aé —0.

(ii) The affine k-scheme A(M) is locally of finite presentation (resp. of finite type) if and only if the
k-module M is of finite presentation (resp. of finite type).

(iii) The algebraic k-functor AV (M) of Remark [2.38]is locally of finite presentation for any k-module
M, since the tensor product preserves colimits in each variable.

(iv) The affine Z-schemes *, &, Idem, G, G,, Mat,,, GL,,, and SL,, from are all locally of finite
presentation.

Remark 2.84. Since filtered colimits commute with finite limits in the category of sets, the condition
of being locally of finite presentation or of finite type is preserved by finite limits in Fun(CAlgy, Set).

Remark 2.85 (Compatibility with base change). Let ¢: kK — k' be a ring map. Since both the forgetful
functor CAlgy — CAlgy and its left adjoint ¢*: CAlg, — CAlgys preserve filtered colimits, it follows
from Corollary that both base change along ¢ and Weil restriction along ¢ preserve the property
of being locally of finite presentation or locally of finite type. On the other hand, the third functor ¢y
usually does not. For example, Spec(C) is locally of finite presentation as an affine R-scheme, but not
as an affine Q-scheme.

Recall that an algebraic k-functor can be thought of as a map of algebraic functors X — Spec(k)
(Corollary [2.48). Remark implies that, for any cartesian square

Spec(k’) —— Spec(k),

if f is locally of finite presentation or of finite type, so is f’. Consequently, we can extend Deﬁnitionm
to arbitrary maps of algebraic functors as follows:

Definition 2.86 (Morphism locally of finite presentation/type). Let f: X — S be a map of algebraic
functors.
(i) f is locally of finite presentation if, for every ring k and every k-point Spec(k) — S, the algebraic
k-functor X xg Spec(k) is locally of finite presentation.
(ii) f is locally of finite type if, for every ring k and every k-point Spec(k) — S, the algebraic
k-functor X X g Spec(k) is locally of finite type.

Concretely, under the equivalence of Corollary the base change of f: X — S along s: Spec(k) —
S is the algebraic k-functor CAlg, — Set given by

Example 2.87. Any open immersion is locally of finite presentation, and any closed immersion is locally
of finite type. A closed immersion i: Z < X is locally of finite presentation if and only if, for every ring
R and every x: Spec(R) — X, there exists a finite subset F' C R such that 271(i(Z)) = V(F).
Proposition 2.88 (Closure properties of morphisms locally of finite presentation/type).

(i) Consider a commutative triangle of algebraic functors

Z—9% 5y

N

If f is locally of finite presentation, then g is locally of finite presentation if and only if h is. The
same holds for “locally of finite type”.
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(ii) Consider a cartesian square of algebraic functors

vy L x

L

y — 4 x.

If f is locally of finite presentation, so is f'. The same holds for “locally of finite type”.

2.10. The Nullstellensatz. Consider a monic polynomial f € k[x] over a field k. By the functorial
Nullstellensatz (Corollary 7 we know that f is determined by its zero sets in all k-algebras. On
the other hand, by the elementary theory of fields, we know that f splits into linear factors over some
finite field extension of k. Hence, if we know the zero sets of f over any finite field extension of k,
then we know the original polynomial f provided it is separable (i.e., does not have multiple roots).
In general, the zero sets of f over finite field extensions of k determine the radical of f, which is the
product of the prime factors of f without multiplicity. The Nullstellensatz of Hilbert generalizes the latter
statement to systems of polynomial equations in several variables: given fi,..., fi, € k[x1,...,2,], the
sets of common zeros of these polynomials in all finite field extensions of k determine the radical ideal
V/(f1,..., fn). This nontrivial theorem was at the heart of classical algebraic geometry, which was only
concerned with solutions of polynomial equations in fields. In this section, we review this result while
also pointing out some shortcomings of the classical perspective.
For a ring k, define the maps

subsets of k[z1,..., 7, é subsets of k™1,
I

as follows:

V(F)={z€k™| f(x)=0for all f e F},

I(X)={f €klx1,...,zpn] | f(x) =0forall z € X}.
Note that both maps are order-reversing and that F' C I(V(F)) and X C V(I(X)) (in other words, this
is an adjunction between posets). Note also that I(X) is always an ideal in k[x1, ..., z,], and it is even

a radical ideal if k is reduced (if a power of f vanishes on X, so does f). Call a subset X C k™ algebraic
if it lies in the image of V, or equivalently if X = V(I(X)).

Theorem 2.89 (Hilbert’s Nullstellensatz). Let k be an algebraically closed field and let n € N. For any
subset F C k[z1,...,x,], we have

I(V(F)) = V(F).

Consequently, the maps V and I define a one-to-one correspondence

Y
{radical ideals in k[z1,...,z,]} %’ {algebraic subsets of k™}.

We can upgrade this result to an equivalence of categories as follows. Define the category AffSet of
affine algebraic sets over k as follows:

e An object of AffSety, is a pair (n, X) with n > 0 and X C k™ an algebraic subset.
e A morphism (n,X) — (m,Y) is a map f: X — Y such that there exists a polynomial map
k™ — k™ extending f.
red

Recall that a ring R is reduced if 0 is the only nilpotent element of R. We denote by CAlg;*“ the category
of reduced k-algebras.

Corollary 2.90. Let k be an algebraically closed field. Then there is an equivalence of categories
AffSety, =5 (CAlghredyor,
(n, X) = klz1,...,z,])/I(X).
Hence, AffSety, is equivalent to the full subcategory of Affy spanned by the reduced affine k-schemes of
finite type.

Remark 2.91. By Hilbert’s basis theorem, “finite type” and “finite presentation” are equivalent for
algebras over a field (and more generally over a noetherian ring).

We can also formulate a Nullstellensatz for an arbitrary field k as follows. Denote by Fieldi™ ¢ CAlgy
the full subcategory of finite field extensions of k.
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Corollary 2.92. Let k be a field and let n € N. Then there is an order-reversing bijection
V: {radical ideals in k[zy, ..., x,]} = {vanishing loci in A™: Field® — Set}.

Example 2.93 (Non-reduced intersections). Even in the context of algebraic geometry over an alge-
braically closed field k, there are geometric phenomena that are not captured by only considering solu-
tions in k. Consider for examples the vanishing loci L = V(y) and P = V(y — 2?) in A? = Spec(k[z, y]).
Since the k-algebras k[z,y]/(y) ~ k[t] and k[z,y]/(y — 2%) ~ k[t] are reduced, these affine k-schemes
are determined by the algebraic sets L(k) and P(k) in k? (by the Nullstellensatz). The intersection
L(k)N P(k) is the algebraic set {(0,0)} C k2, which in turn corresponds to the subfunctor V(z,y) C AZ.
However, the functorial intersection L N P C A? is the subfunctor V(z?,y), which is isomorphic to
Spec(k[t]/(t?)). One can think of V(z2,y) as a first-order infinitesimal neighborhood of the origin V(z,y)
along the z-axis; this captures the fact that the line L is tangent (to first order) to the parabola P,
so that they both contain the same infinitesimal horizontal segment at the origin. This residual tan-
gency information in the intersection can only be seen by evaluating the functor L N P on non-reduced
k-algebras.

P

LNnP

This also resolves another issue in classical algebraic geometry, which is that intersections do not vary
nicely in families. Consider for example the family of horizontal lines L, = V(y — a) for a € k. The
intersection L, (k) N P(k) has exactly two points for any a # 0 (since k is algebraically closed), but only
a single point when a = 0. On the other hand, the scheme-theoretic intersection L, N P is given by a
2-dimensional k-algebra for all a € k, namely k x k when a # 0 and k[t]/(t?) when a = 0.

Example 2.94 (Geometry in mixed characteristic). Another aspect that is not captured by classical
algebraic geometry over fields is algebraic geometry in mized characteristic, i.e., involving rings R that
do not contain any field. This is especially relevant in number theory, which studies rings of integers
in finite extensions of Q. Such rings can map to fields with different characteristics, which sometimes
allows us to transport results from one characteristic to another. As a very basic example, consider the
following proof that v/2 is irrational (which is a reformulation of the usual argument). A positive rational
number z such that 22 = 2 is the same thing as an element of X (Z) where X C P! is the solution functor
to the homogeneous polynomial equation 22 = 2y2. Since X is a functor, the ring map Z — Z/4 induces
amap X (Z) — X(Z/4). Since the squares in Z/4 are 0 and 1, none of the six elements of P*(Z/4) satisfy
the equation 2 = 2y?, so that X (Z/4) is empty. It follows that X (Z) is also empty, i.e., that there does
not exist z € Q with 22 = 2.

3. PROJECTIVE GEOMETRY

3.1. Projective spaces over a field. Let k be a field. The classical projective n-space over k is the
set of lines through the origin in "+

P"(k) = {1-dimensional subspaces of k" '}

Given a nonzero (n + 1)-tuple (aq,...,a,) € k" — {0}, we denote by [ag : ... : a,] the 1-dimensional
subspace of k"*! containing (ao, .. .,a,). This identifies P"(k) with the set of orbits of the (free) action
of kX on k"t — {0} by scalar multiplication:

(K™ — {0}) /B> = P (K),
(agy ... an) = [ag:...:ay).
The set P (k) is the union of the n + 1 subsets Uy, ..., U,, where

Ui={[ao:...:a,) € P"(k) | a; is a unit}.
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Each U; can be identified with A™(k) = k" via

a a; a
[aoz...:an] = (U,...,Z,...,n>,
a; a; a;
[ag:...: 1:...: ap) < (agy oy Qiyeonyap)

and can be identified with P"~!(k) by dropping the ith coordinate. We often think of P"(k) as the
completion of Uy = A™(k) obtained by adding a point “at infinity” on every line through the origin.
These points at infinity form the hyperplane at infinity Hy = P*~1(k) in P"(k).

Since the k-vector space k"1 is canonically self-dual, we can identify P"(k) with the set of 1-dimen-
sional quotient spaces of k™*1:

P" (k) ~ {1-dimensional quotient spaces of k" '},
L k"Lt

Concretely, the line [ag : ... : a,] corresponds to the coimage of the map (aq,...,a,): k" = k.

3.2. Vector spaces and lines. Our goal is to define the set P*(R) for an arbitrary ring R. To that
end, we need to make sense of lines over R. In this section, we define vector spaces and lines over rings,
as well as subspaces and quotient spaces.

Proposition 3.1. Let R be a ring. For an R-module V, the following conditions are equivalent:

(i) V is finitely generated and projective;

(ii) V is finitely presented and flat;

(iil) V is a direct summand of R"™ for some n € N;

(iv) there exist elements f1,...,f, € R generating the unit ideal such that each Vy, is a finitely
generated free Ry, -module;

(v) V is dualizable, i.e., there exists V! € Modg and a map e: V g V' — R such that e ® (—)

ezhibits V @r (=) as left adjoint to V' @g (—).

Definition 3.2 (Vector space). An R-module satisfying the equivalent conditions of Proposition is
called a vector space over RE| We denote by Vectp C Modg the full subcategory of vector spaces.

Recall that any module M over a field admits a basis and that all bases have the same cardinality,
which is called the dimension of M. To extend this notion to modules over a ring R, we consider R-fields,
i.e., R-algebras that are also fields:

Definition 3.3 (Rank of a module). Let R be a ring, M an R-module, and s an R-field. The rank of
M at k, denoted by 1k, (M), is the dimension of the k-module M ®pr k. We say that M has constant
rank r if k(M) = r for every R-field k.

Remark 3.4 (Residue fields). Let R be a ring. Recall that the residue field of R at a prime ideal p C R
is the R-field

k(p) = Ry /pRy ~ Frac(R/p).
The residue fields of R form an initial family of objects of the category Fieldg in the following sense: for

every R-field k, there exists a unique prime ideal p (namely the kernel of R — k) such that R — & factors
through (p), and the factorization is unique. In other words, the category of R-fields decomposes as

Fieldg = ] Field,y).-
pPCR

Since extension of scalars between fields preserves dimension, we have rk, (M) = rky,) (M) for any x in
the summand indexed by p.

3This definition is nonstandard: when k is a field, every k-module is traditionally called a “vector space”, but only the
finite-dimensional ones satisfy this definition.
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Remark 3.5 (Short exact sequences of vector spaces). Since vector spaces are projective, every short
exact sequence of vector spaces splits. Hence, for any ring map ¢: R — R’, the functor ¢*: Vectgp —
Vectr' preserves short exact sequences. In particular, if

0=-U—-V—->W=0
is a short exact sequence in Vectr and & is any R-field, then rk, (V) = rk,(U) + rk, (W).

Remark 3.6 (Modules of constant rank 0). By Propositions [3.1{iv) and 2.77(i), a vector space is zero
if and only if it has constant rank 0. Note that this is not true for more general modules. For example,
the Z-module Q/Z has constant rank 0.

Proposition 3.7. Let R be a ring, For an R-module L, the following conditions are equivalent:

(i) L is a vector space of constant rank 1.
(ii) L is invertible, i.e., there exists L' € Modpg such that L ® g L' ~ R.

Definition 3.8 (Line). An R-module satisfying the equivalent conditions of Proposition is called a
line over R. We denote by Liner C Vectgr the full subcategory of lines. A line is called trivial if it is
isomorphic to R.

Definition 3.9 (Universally injective map). Let R be a ring and let M and N be R-modules. An R-linear
map f: M — N is called universally injective if, for every ring map R — S, the map f®rS: M ®rS —
N ®p S is injective.

Remark 3.10.

(i) If the R-linear map f: M — N is universally injective, then for every R-module P, fQrP: M®g
P — N ®pg P is injective. This follows from applying the definition of universal injectivity to
the ring map R — Symp(P) and using that P is a direct summand of Sym g (P).

(ii) We need not consider the dual notion of wuniversally surjective map, since surjective maps are
preserved by base change. In other words, every surjective map is universally surjective.

Example 3.11.

(i) Any map with a retraction (equivalently, any direct summand inclusion) is universally injective.
(ii) The inclusion Py Z < [[yZ is an example of a universally injective map of abelian groups that
does not admit a retraction.
(iii) Let f € R. The “multiplication by f” map R — R is injective if and only if f is not a zero
divisor, but it is universally injective if and only if f is a unit (as it becomes the zero map after
base change to R/ f).

Remark 3.12. By Proposition 2.77] “vector space” and “line” are Zariski-local properties of modules,
and “universally injective” is a Zariski-local property of linear maps. In fact, by Proposition iv),
“vector space” and “line” are precisely the minimal weakenings of the properties “free of finite rank” and
“free of rank 1”7 that are Zariski-local.

Definition 3.13 (Subspace and quotient space). Let V be an R-module.

(i) A subspace of V is a submodule U C V such that U is a vector space and the inclusion map
U — V is universally injective.
(ii) A quotient space of V' is a quotient module V' —» W such that W is a vector space.

This definition is mostly used when V itself is a vector space. In this case, there are several useful
characterizations of subspaces and of quotient spaces:

Proposition 3.14 (Characterization of subspaces). Let R be a ring and let U and V' be vector spaces
over R. For a map f: U — V, the following are equivalent:
(i) f is universally injective.
(ii) For every R-field k, [ Qg K is injective.
(iil) f is injective and the cokernel of f is a vector space.
(iv) f admits a retraction.
(v) The dual map fV: VYV — UV is surjective.
Proposition 3.15 (Characterization of quotient spaces). Let R be a ring and let V. and W be vector
spaces over R. For a map f: V. — W, the following are equivalent:
(i) f is surjective.
(ii) For every R-field k, [ Qg Kk is surjective.
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(i) f is surjective and the kernel of f is a vector space.
(iv) f admits a section.
(v) The dual map f¥: WY — VV is universally injective.

Corollary 3.16. Let R be a ring and let V. and W be vector spaces over R. A map f: V — W is an
isomorphism if and only if, for every R-field k, f ®gr k is an isomorphism.

Corollary 3.17. Let R be a ring and let V and W be vector spaces over R such that rk, (V) = rk, (W)
for all R-fields k. For a map f:V — W, the following are equivalent:
(i) f is an isomorphism;
(ii) f is surjective;
(iil) f is universally injective.

Corollary 3.18. Let V be a vector space over R. Duality induces bijections
subspaces o ~ {quotient spaces o , quotient spaces o, ~ {subspaces o ,
b fV j f VY ' fV b f VY
U=V)= (VY »UY), (VasW) (WY = VY).

Remark 3.19. In practice, we do not distinguish between submodules of M and monomorphisms into
M, nor between quotient modules of M and epimorphisms out of M: we may always identify a monomor-
phism with its image and an epimorphism with its coimage. Two monomorphisms into M have the same
image if and only if they are isomorphic over M (in which case the isomorphism is unique). Similarly,
two epimorphisms out of M have the same coimage if and only if they are (uniquely) isomorphic under
M. These identifications are happening for example in the statement of Corollary

Warning 3.20. Let f: V — W be a map between vector spaces. In general, neither ker(f) nor coker(f)
is a vector space. By Propositions and ker(f) is a vector space if f is surjective, and coker(f)
is a vector space if f is universally injective (but injectivity does not suffice).

3.3. Projective spaces.

Definition 3.21 (Projective space). Let k be a ring and I a set. The projective I-space over k is the
algebraic k-functor
PL: CAlg, — Set, R {quotient lines of R},

We simply write P! when k = Z. For n > —1, the projective n-space over k is P} = IF’,EO"‘”H}. It is also
called the projective line if n = 1 and the projective plane if n = 2.
Remark 3.22.

(i) P, ! = P? is the empty k-scheme @ (Example [2.30).

(ii) P9 is the final k-scheme Spec(k).

(iii) If I is a finite set, Corollary provides a natural bijection

P! (R) ~ {sublines of R'}.

However, if I is infinite or more generally if we replace the R-module R) by some R-module
that is not a vector space (see Example [3.42)), then it is necessary to use quotient lines instead
of sublines in the definition.

Notation 3.23 (Projective coordinates). Let L be a line over R and let (ag, ..., a,) € L™*! be a family
generating L as an R-module. The induced map R™*! — L is then surjective and its coimage is a
quotient line of R"*!, which we denote by

Given another line M and generating family (bo,...,b,) € M, we have [ag:...:a,] = [bp:...:b,] if and
only if there is a (necessarily unique) isomorphism L = M sending each a; to b;.

The affine and projective spaces Ai and ]P’i are related via the punctured affine space Ai — 0 of
Example Recall that Al — 0 is a subfunctor of Al given by

(Ax —0)(R) ={a € R"|(a) = R}.

Under the identification of R’ with the R-linear dual of R), I-tuples generating the unit ideal correspond
to surjective maps RY) — R. In particular, there is a canonical map Ai —0— Pi sending an I-tuple to
the corresponding quotient of R(Y). We therefore have a zigzag of morphisms

Al oAl -0 Pl
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relating the affine space and the projective space. For n > —1, this specializes to a zigzag
1
AZ“ < AZ+ —-0— P}
Proposition 3.24. Let I be a set and R a ring. The map AT —0 — P! induces an injective map
(A" = 0)(R)/R* = P'(R),

where R* acts on (AT —0)(R) by scalar multiplication, whose image consists exactly of the trivial quotient
lines of RD. In particular, if every line over R is trivial (e.g., if R is a local ring or a principal ideal
domain), then this map is bijective.

Remark 3.25. The scaling action of R* on (Al — 0)(R) is functorial in R, i.e., it is an action of the
affine group scheme G,, on the algebraic functor A’ — 0. By Proposition the map AT —0 — P!
induces a monomorphism of algebraic functors (Al —0)/G,, < P?.

Remark 3.26.

(i) Unlike the affine space construction I + A, the constructions I + P! and I + A! — 0 are not
contravariantly functorial on the whole category of sets, but only on the subcategory of sets and
surjections.

(ii) A technical difference between affine and projective spaces is that Al is quasi-compact for all T
(this property will be defined in §7.3), whereas P! and A’ — 0 are quasi-compact if and only if
I is finite. For this reason, many basic results in projective geometry assume a finite number of

variables.
3.4. Graded rings.

Definition 3.27 (Homogeneous polynomial). Let k be a ring, I a set, and d € N. A polynomial in
E[z; | i € I] is homogeneous of degree d if it is a k-linear combination of monomials of the form [T, ;"
with ), ; n; = d. We denote by k[xz;|i € Iy C k[z;]i € I] the k-submodule of homogeneous polynomials
of degree d.

Note that there is a direct sum decomposition
Klo: i € 1) = Dkl | i € 1]a,
deN
which is compatible with the multiplication in the sense that the product of a homogeneous polynomial

of degree d with one of degree e gives a homogeneous polynomial of degree d + e. These properties are
abstracted in the notion of graded ring:

Definition 3.28 (Graded ring). Let (I',+,0) be a commutative monoid (typically N or Z). A I'-graded
ring is a ring A together with subgroups A, C A for all v € I' such that:

(i) A is the direct sum of the subgroups Ay: @ . Ay — A4;

(ii) 1 € Ag, and for all v,6 € I, A, A5 C Ayys.
Elements of A, are called homogeneous of degree . If k is a ring, a I'-graded k-algebra is a I'-graded
ring A with a ring map k& — A that lands in Ag.

yel’

Definition 3.29 (Graded module). Let A be a I'-graded ring. A T'-graded A-module is an A-module M
together with subgroups M., C M for all v € I" such that:

(i) M is the direct sum of the subgroups M,: @
(i) For all 7,6 € T, A, My C M. 5.
An ideal I C A is called homogeneous if it is a I'-graded A-module with I, = TN A,.

'yGFMW — M;

Remark 3.30. Let A be a I'-graded ring and M a I'-graded A-module.

(i) Ap is a subring of A, each A, is an Ag-module, and each M, is an Ap-module.

(ii) Let I' -+ A be a map of commutative monoids. Then A is also a A-graded ring with A; =
@,YH s Ay, and M is similarly a A-graded A-module. For example, any N-graded ring A is a
Z-graded ring with A,, = 0 for n < 0.

(iii) An ideal in A is homogeneous if and only if it is generated by homogeneous elements.

(iv) If I C A is a homogeneous ideal, the quotient ring A/I inherits a unique I'-grading such that
A —» A/I is a graded map. Moreover, the A/I-module M/IM has a unique I'-grading such that
M — M/IM is a graded map.
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(v) Let S C A be a set of homogeneous elements whose degrees are invertible in I". Then the localized
ring A[S™!] inherits a unique I'-grading such that A — A[S~!] is a graded map. Moreover, the
A[S7Y-module M[S~!] has a unique I'-grading such that M — M[S™1] is a graded map.

Example 3.31. Let k be a ring.
(i) For any set I, the polynomial algebra k[z; |7 € I] is an N-graded k-algebra with k[x; | i € I]4 the
subgroup of homogeneous polynomials of degree d.
(ii) The Laurent polynomial algebra k[z*!] is a Z-graded k-algebra with z in degree 1. More generally,
inverting any set of homogeneous polynomials in k[z; | i € I] yields a Z-graded k-algebra.
(iii) Let M be a k-module. The symmetric algebra Sym, (M) has a canonical N-grading

Symy (M) = @B Symji(M),
deN

where Sym¢ (M) is the dth symmetric power of M. This recovers (i) for M = k().
(iv) Let L be a line over k. Then @, L®? is naturally a Z-graded k-algebra.

Notation 3.32. Let A be a I'-graded ring, M a I'-graded A-module, and v € T.

(i) We denote by M (~) the I'-graded A-module whose underlying A-module is M with M(y)s =
M., ;5. This defines an endofunctor M +— M (7y), which is an equivalence if  is invertible in T".
(ii) We denote by A the N-graded ring €,y Any with (A™)), = A,.. Similarly, M) is an
N-graded A®)-module.
(iii) Suppose v invertible in I'. Given f € A,, Ay is a I'-graded ring and we write Ay = (Ay)o.
Similarly, My = (Mjy)o is an A(sy-module. Note that there is an isomorphism of Z-graded rings

neN

Aplat) =AY ae .
3.5. Homogeneous polynomial equations.

Definition 3.33 (System of homogeneous polynomial equations). Let k be a ring and let I and J be
sets. A system of J homogeneous polynomial equations in I variables over k is a J-tuple ¥ = (f;) e
of homogeneous polynomials in k[x; | i € I]. We denote by (X) the homogeneous ideal in k[x; | i € ]
generated by (f;)jes and by k[X] the N-graded k-algebra k[z; | i € I]/(X).

The point of considering homogeneous polynomial equations is that they have well-defined solutions
in projective space, as we now explain.

Remark 3.34 (Symmetric powers of lines). If L is a line over a ring R, the canonical quotient map
L% — Sym%(L) is an isomorphism. This follows from the observation that a d-linear map L% — M is
automatically symmetric.

Construction 3.35 (Evaluation of homogeneous polynomials). Let k be a ring, I a set, d € N, R a
k-algebra, and L a line over R. We construct an evaluation map

klzi|i € Iax L' = L®Y,  (f,a) = f(a),
as follows. An element a € L' is equivalently an R-linear map a: RY) — L. The map f  f(a) is then
the composite

Sym’}; a

klzi | i € I]q = Syml (kD) = Sym&(RD) S22, god (1) = o,

Concretely, this is the unique k-linear map sending a degree d monomial [, 2] to the tensor product
sal™ € L. Note that this recovers the usual evaluation when L = R, in which case also L®? = R.

Definition 3.36 (Vanishing locus). Let F C k[z; | ¢ € I] be a set of homogeneous polynomials. The
vanishing locus of F in PL is the subfunctor V(F) C PL given by

V(F)(R) = {a: RY = L| f(a) =0 for all f e F} c PI(R)
This is indeed a subfunctor: for any k-algebra map R — S, the induced map P/(R) — P!(S) sends
V(F)(R) to V(F)(S).

It is clear that the subfunctor V(F) C PL depends only on the homogeneous ideal (F). However,
unlike in the affine case, different homogeneous ideals can still have the same vanishing locus; we will

discuss this in
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Definition 3.37 (Solution functor). Let ¥ = (f;);jes be a system of J homogeneous polynomial equa-
tions in I variables over k. Its solution functor hSols: CAlg, — Set is the vanishing locus of {f; |j € J}
in Pi:

hSoly = V({f; | j € J}) C Pf.

Definition 3.38 (Projective scheme). A functor CAlg, — Set is a projective k-scheme if it is isomorphic
to hSoly, for some system of homogeneous polynomial equations ¥ in finitely many variables over k. We
denote by Proj,, C Fun(CAlgy, Set) the full subcategory spanned by the projective k-schemes.

Remark 3.39. The finiteness condition in the definition of projective k-scheme is a matter of convenience.
It implies for example that any projective k-scheme is locally of finite type (see Definition [2.81]). We will
later see that projective k-schemes are proper, and for this the finiteness condition is essential.

Next, we want to show that the solution functor hSoly depends only on the N-graded k-algebra k[X],
analogously to Soly ~ Spec(k[X]) (Lemma [2.22)). We first note that not every N-graded k-algebra A is
isomorphic to one of the form k[X]: this is the case if and only if A is generated by A; as a k-algebra,
i.e., if and only if the canonical map Sym,(A4;) — A is surjective. The following construction will be
generalized to arbitrary N-graded algebras in but the case of algebras generated in degree 1 is by
far the most important case in practice.

Construction 3.40 (Proj of N-graded algebras generated in degree 1). Let k& be a ring and A an
N-graded k-algebra generated by A;. We define the algebraic k-functor Proj(A): CAlg, — Set by

Proj(A)(R) = {quotient lines A; ®; R — L such that Sym;(A;) — Symp(L) factors through A}.

Proposition 3.41. Let ¥ be a system of homogeneous polynomial equations over k. Then there is a
canonical isomorphism

hSoly, ~ Proj(k[X]): CAlg), — Set.
Hence, an algebraic k-functor X is a projective k-scheme if and only if X ~ Proj(A) for some N-graded
k-algebra A that is generated by a finite subset of A;.

Example 3.42 (The projective space of a module). Let k be a ring and M a k-module. Consider the
functor P(M): CAlgy — Set defined by

P(M)(R) = {quotient lines of M ®j; R}.
If Sym, (M) is the free k-algebra on M with its natural grading, we have P(M) ~ Proj(Sym,(M)). In
particular, if M is finitely generated, then P(M) is a projective k-scheme. The projective I-space is a
special case of this construction: P} ~ P(k()).
Analogously to Remark [2.38] we can also define a “dual” functor PV (M): CAlg, — Set by
PY(M)(R) = {sublines of M ®j, R}.
If M is a vector space, then PV(MY) ~ P(M). In general, however, PV (M) is not a scheme.
Remark 3.43. If A is an N-graded k-algebra generated by A;, then Proj(A) is a subfunctor of P(Ay).

3.6. Loci associated with linear maps. Consider the projective n-space P* = Proj(Z[xo, ..., x,]),
whose R-points are quotient lines R{%~"} - L. Given a homogeneous polynomial f € Zlzo, ..., Tpla =

such that L®? is generated by the image of f, or equivalently such that the composite

R L5 Symf(RIO-m)) 5 194

is an isomorphism. This is similar to the nonvanishing locus of a function, except that f is not quite a
function on P" (as we will see later, it is a section of the line bundle O(d) on P™). For example, D(z;)
can be identified with the affine n-space A{%--%-n} The goal of this section is to show that D(f) C P"
is an open subfunctor, which is moreover relatively affine, in the sense that its preimage in any affine
scheme is affine.

We start with some generalities. Let P be a property of modules that is preserved by base change.
For any ring A and A-module M, we can then consider the locus “where M has property P”, which
refers to the following subfunctor of Spec(A):

R+ {p: A — R|the R-module ¢* (M) has property P}.

For example, M has a zero locus, a finite presentation locus, a flatness locus, etc. Similarly, properties
of linear maps, algebras, etc., that are preserved by base change have associated loci.
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Definition 3.44 (Loci associated with a linear map). Let A be a ring and let f: M — N be a map of
A-modules. We define the following subfunctors of Spec(A):

The vanishing locus V(f) of f is the locus where f is zero;

The epimorphism locus Epi(f) of f is the locus where f is surjective;

The monomorphism locus Mono(f) of f is the locus where f is universally injectiveﬂ
The isomorphism locus Iso(f) of f is the locus where f is bijective.

If N is a line (resp. if M is a line), the epimorphism locus (resp. the monomorphism locus) of f is also
called the nonvanishing locus of f and denoted by D(f).

Remark 3.45. Definition for X = Spec(A) can be viewed as a special case of Definition m if
F C Ais asubset and f: A¥) — A is the induced linear map, then V(F) = V(f) and D(F) = D(f).

Remark 3.46. Let f: V — W be a map of vector spaces. By Proposition [3.14] we have

Mono(f) = Epi(f¥) and Iso(f) = Epi(f) N Epi(fY).
If moreover V' and W have the same rank (e.g., are both lines), Corollary implies that
Tso( ) = Epi(f) = Mono(f).

Proposition 3.47. Let A be a ring and let f: M — N be a map of A-modules.

(i) If N is a vector space, then V(f) C Spec(A) is a closed subfunctor.
(ii) If N is a vector space, then Epi(f) C Spec(A) is an open subfunctor.

)
(iii) If M and N are vector spaces, then Mono(f) C Spec(A) is an open subfunctor.
(iv) If M and N are vector spaces, then Iso(f) C Spec(A) is an open subfunctor.

We now study more closely the nonvanishing locus of a map of lines s: L' — L over R. Since L' is
invertible, we can tensor s with the inverse of L’ without changing its nonvanishing locus, so it suffices
to consider the case L’ = R. We can then identify the R-linear map s: R — L with an element s € L.
In the special case L = R, the theory of localization of rings tells us that the nonvanishing locus of any
s € R is isomorphic to Spec(R,) (see Proposition [2.62{ii)). This theory can be generalized to nontrivial
lines as follows.

Definition 3.48 (Periodic module). Let R be a ring, L a line over R, and s € L. An R-module M is
s-periodic if the map

id]u@SlM@RR%M@RL

is an isomorphism.

Proposition 3.49. Let R be a ring, L a line over R, and s € L.

(i) There exists an initial s-periodic R-algebra Ry.

(ii) The forgetful functor Modgr, — Modpg identifies Modg, with the full subcategory of s-periodic
R-modules in Modg. Hence, the inclusion of this subcategory has a left adjoint M +— M, given
by Ms = M ®gr Rs.

(iii) The R-module My can be computed as the colimit of the sequence

M3SMrLS Mo L9 5.,

Corollary 3.50. Let R be a ring, L a line over R, and s € L. Then there is a canonical isomorphism
Spec(Rs) = D(s) C Spec(R). In particular, D(s) is an affine scheme.

Remark 3.51 (Improved Zariski descent). All the Zariski descent results from can be generalized
by replacing the family (f;);c; generating the unit ideal in R with a family (s;);e; generating some line
L over R. For example, the generalized version of Corollary says that, for any affine scheme X, the
diagram
X(R) = [[X(®s) = [ X(Rasy)
i€l ijel

is an equalizer diagram (where s;s; € L®?). For each result, we can either repeat the proof with no
essential changes, or reduce the new statement to the old one using that D(s) = D(F}), where Fy, C R is
the image by sV: LY — R of a generating family of LV.

“We need to use universal injectivity to define the monomorphism locus, as injectivity is not preserved by base change.
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Example 3.52 (Projective completions of affine spaces). Let k be a ring and M a k-module. Recall the
algebraic k-functors A(M) and P(M) from Examples and There is a canonical embedding
AM) = P(Mak), (a: M&,R— R)— ((a,idg): (M ®, R) ® R —» R).

We claim that this is an open immersion. Indeed, given any map Spec(R) — P(M @ k) classifying a
quotient line (M ®i R) ® R —» L, the preimage of A(M) in Spec(R) is exactly the isomorphism locus of
the composite

R (M®,R)®R » L,

which is open in Spec(R) by Proposition [3.47(iv) (and also affine by Corollary [3.50) Taking M = k()
we get a canonical open immersion
AT < pIUO}

identifying A? with D(z)  P!"{%}, For I = {1,...,n}, this is an open immersion A" < P".
3.7. The functor Proj. In this section, we define Proj(A) for any N-graded ring A. If A is finitely
generated as an Ag-algebra, which is usually the case in practice, we will see that Proj(A) reduces to
Construction [3.40] Thus, the increase in generality is minimal. Instead, the main result of this section
is that Construction [3.40] satisfies

Proj(A) ~ Proj(A@®).
This isomorphism gives rise to the Veronese embedding, which is a central feature of projective geometry.
Definition 3.53 (Eventually surjective map). A map of N-graded rings A — B is called eventually

surjective if for every d > 1 and every b € By there exists n > 1 such that A,q ® 4, Bo — Bpgq hits b™.
We denote by CAlg:*s the category of N-graded rings and eventually surjective maps.

Recall from Notation that A4 = D,en Ana and Agpy = (Ay)o.
Construction 3.54. We construct a functor
Proj: (CAlg™-®*)°P — Fun(CAlg, Set)

with a natural transformation Proj(—) — Spec((—)o). If A is an N-graded k-algebra, we can thus view
Proj(A) as an algebraic k-functor, and we will see in Theorem ii) that it recovers Construction
when A is generated by A;.

Let A be an N-graded ring. We first define

Proj;(A) € Fun(CAlg, Set) / spec(ay) =~ Fun(CAlga,, Set)

as follows. Given an Ag-algebra R, Proj,(A)(R) is the set of pairs (L, ¢), where L is a quotient line of the
R-module A1 ® 4, R and ¢: A®4, R — Symp(L) is a map of graded R-algebras extending the quotient
map A; ®a4, R - L. Note that ¢ is automatically surjective, so that we can alternatively describe
Proj, (A)(R) as the set of quotient N-graded R-algebras of A ® 4, R that are isomorphic to symmetric
algebras of lines.

For d € N, we define Proj,;(A) = Proj, (A®). For any n € N, there is then a canonical map

Proja(4) = Proj,g(4), (Ly¢) i (L7, 6™),
where L®™ is a quotient of A,q ®a, R via ¢,. This defines a functor
N 5 Fun(CAlg, Set), d — Proj,(A),
where N4V is the poset of natural numbers under divisibility. We then set

Proj(A) = sgll\lidrir& Proj,(A).
>0

Since 0 is the final object of N9V, this comes with a canonical map
Proj(A) — Projy(A) = Projl(A(O)) = Proj, (Ao[z]) = ]P’%D = Spec(Ayp).

Let a: A — B be a map of N-graded rings and let (L, ¢) be an R-point of Proj,(B) for some d > 1.
Then there exist b1, ...,b, € By whose images by ¢4 generate L. If for some n > 1, the powers b7, ..., 0"
are in the image of aq: Apg ®a, Bo — Bnd, then (L®", 0™ o () is an R-point of Proj, 4(A). Thus,
if « is eventually surjective, precomposition with « defines a map Proj(«): Proj(B) — Proj(A4).

Remark 3.55. For every d > 1, the inclusion dNdi§ € N3 is cofinal and hence induces an isomorphism

Proj(A) ~ Proj(A@®).
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Remark 3.56 (Degree d maps). We can enlarge the domain of definition of Proj as follows. If A and
B are N-graded rings and d € N, a degree d map from A to B is a graded ring map A — B(@_ If it is
eventually surjective and d > 1, then, by Remark [3.55] it induces

Proj(B) ~ Proj(B¥) — Proj(A).

This also works if d = 0: Proj(B) — Spec(By) = Proj(B(») — Proj(A). We can compose a degree d
map with a degree e map to obtain a degree d + e map. Thus, there is an enlargement of the category
CAlg"*s with the same objects and in which the set of maps from A to B is [] Mapcajgi.es (4, B@),
and the functor Proj extends to this category.

Proposition 3.57 (Zariski descent for Proj). Let A be an N-graded ring, let d € N, and let X be either
Proj (A) of Proj(A). For every ring R, every line L over R, and every generating family (s;)icr of L,

the diagram
R) = [[X(R) = [T X(Ri.s))
iel ijel

s an equalizer.
Lemma 3.58. Let A be an N-graded ring, let d > 1, and let f € Aq. Let D(f) C Projy(A) be the
subfunctor of pairs (L, ) such that o(f) generates L (which is open by Proposition [3.47).

(i) There is a canonical isomorphism D(f) =~ Spec(Ay)).

(ii) For every n > 1, the map Proj;(A) — Proj, (A) induces an isomorphism D(f) = D(f™).

Moreover, the square
D(f) ———— D(/")

l l

Proj,;(A) —— Proj,,,(A)

18 cartesian.
(iil) Let fi1,..., fx € A be homogeneous elements of positive degrees. Under the isomorphisms of (ii),
we have D(f1 -+ fr) =D(f1) N---ND(fi) inside Proj (A) for all sufficiently divisible d.

Theorem 3.59 (Structure of Proj). Let A be an N-graded ring and let d > 1.
(i) The map Proj,(A) — Proj(A) is an open immersion.
(ii) Suppose that A is generated as an Ag-algebra by homogeneous elements whose degrees divide d.

Then the map Proj,(A) — Proj(A) is an isomorphism. In particular, if A is generated by A<y,
then Proj;(A) = Proj(A).

Corollary 3.60. Let A be a finitely generated N-graded k-algebra such that k — Ag is surjective. Then
Proj(A) is a projective k-scheme.

Remark 3.61. The functor Proj functor extends the functor Spec as follows: there is a commutative
triangle (up to natural isomorphism)

CAlg 4> CAlghes

m J/PI‘OJ

Fun(CAlg, Set),

where the horizontal functor sends R to the N-graded ring R[x]. This follows from Theorem ii) as
Proj(R[z]) ~ Proj, (R[z]) = P% = Spec(R).

Definition 3.62 (Irrelevant ideal). Let A be an N-graded ring. The drrelevant ideal of A is the homo-
geneous ideal Ay = P ;5 Aa-

Remark 3.63 (Spec vs. Proj). The relation between Al and P! from extends to a relation between
Spec(A) and Proj(A). Namely, let D(A4) C Spec(A) be the nonvanishing locus of the irrelevant ideal.
Then there is a zigzag

Spec(A) <> D(A4) — Proj(A)
over Spec(Ay), natural in A € CAlg™*s, where the second map is defined as follows. Since any family
generating the unit ideal contains a finite generating subfamily, we have

D(Ay) = colim D(Aq).
>0
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The map D(A) — Proj(A) is then the colimit of the maps
D(Aq) = Projy(A), (¢: A= R) = (B,en @lan.: AD @4, R - Symg(R)).
There is a canonical action of the affine group scheme Gy, on Spec(A), which restricts to each D(Aq):
for any ¢: A — R and A € R*, we define Ap: A — R by
(A\¢)(a) = Xlp(a) for all a € Ay.

Each map D(A44) — Proj,;(A) is then G,-invariant, and we have the following generalization of Proposi-
tion[3.24} the induced map D(A;)/Gy, — Proj;(A) is a monomorphism, whose image consists exactly of
the trivial quotient lines; in particular, it is a bijection on local rings and principal ideal domains. This
does not hold for arbitrary d € N, but it will turn out that Proj,;(A) is still the quotient D(Ay)/Gyy, in
the category of schemes.

Definition 3.64 (Vanishing and nonvanishing loci). Let A be an N-graded ring and let ' C A be a
homogeneous subset.
(i) The vanishing locus of F is the subfunctor V(F) C Proj(A), which is the union over d € N of
the subfunctors V4(F') C Proj,(A) given by
Va(F)(R) = {¢: AD @4, R - Sympg(L) | ¢(f) =0 for all f € (F)?D}.
(ii) The nonvanishing locus of F is the subfunctor D(F) C Proj(A), which is the union over d € N4
of the subfunctors Dg(F') C Proj,(A) given by
Dy(F)(R) = {¢: AD @4, R Symp(L) | ¢((F)na) generates L& for some n € N}.

Remark 3.65. One can easily check that V and D satisfy exactly the same formal properties as in the
affine case (Proposition [2.60). Note also that V(F) depends only on (F) and D(F) only on /(F). If A
is generated by A<j, we have the following simpler descriptions as subfunctors of Proj;(A) >~ Proj(A):
V(F)(R) = {¢p: A@a, R Symg(L)| o(f) = 0 for all f € F},
D(F)(R) = {p: A®a, R - Symp(L) | (¢(F)) contains L®" for some n € N}.

Remark 3.66. Let A be an N-graded ring.
(i) For any homogeneous subset F' C A, there is a canonical isomorphism Proj(A/(F)) = V(F).
(ii) Let f € Ag with d > 1. Then the nonvanishing locus D(f) of Definition is contained in
Proj,(A) and matches the one from Lemma by part (ii) of the lemma. By part (i) of the
lemma, there is a canonical isomorphism Spec(As)) = D(f).
(iii) If f € Ao, there is a canonical isomorphism Proj(As) = D(f).
Proposition 3.67. Let A be an N-graded ring and let F C A be a homogeneous subset. Then:
(i) V(F) is a closed subfunctor of Proj(A).
(ii) D(F') is an open subfunctor of Proj(A).
Example 3.68 (The Veronese embedding). Let k be a ring, M a k-module, and d € N. The Veronese
embedding of degree d is the map of algebraic k-functors
pa: (M) = P(Sym{ (M)

sending a quotient line M ®j R - L to its dth symmetric power Sym¢ (M) ® R - Sym®% (L) = L&, If
M = kU the Veronese embedding of degree d is a map

Pd: ]P’i — Piymdm

)

where Symd(I ) is the quotient of ¢ by the action of the symmetric group X4. If M = k™1, this becomes
the map

n+d)_q
pa: P — IP’,E ") ,
which is given in coordinates by the formula
[ag : ...:ap] — [all degree d monomials in the a;’s].

We claim that pg is a closed immersion if d > 1. Indeed, p, is Proj of a surjective degree d map of graded
rings. Explicitly, it is the composite

Proj; (Symy, (M) — Proj,(Symy,(M)) — Proj; (Symy,(Symj(M))),
where the first map sends (L, ¢) to (L®%, o(9) and the second map is Proj, of the surjective map
Symy, (Symy (M)) = Symy (M)
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If d > 1, the first map is an isomorphism by Theorem m(ii), and the second map is a closed immersion

by Proposition [B.67(i).

Analogously to quasi-affine scheme, we define quasi-projective schemes as nonvanishing loci in projec-
tive schemes:

Definition 3.69 (Quasi-projective scheme). Let k be a ring. An algebraic k-functor X is a quasi-
projective k-scheme if there exists an N-graded k-algebra A, generated by a finite subset of A1, and a finite
homogeneous subset F' C A such that X ~ D(F) C Proj(A). We denote by QProj;, C Fun(CAlgy, Set)
the full subcategory of quasi-projective k-schemes.

Note that we could have assumed F' C A; without changing the definition: we can assume F C A,
by multiplying F' by a finite generating subset of A;, and if d > 1 is divisible by all degrees in F', we can
then replace A by A9 and each element of F by its power in Aq. We will see in that every quasi-
affine k-scheme of finite type is quasi-projective. Thus, under this finiteness assumption, quasi-projective
k-schemes subsume all types of k-schemes discussed so far.

3.8. Saturation. The goal of this section is to classify closed and open subfunctors of Proj(A4). This
is more subtle than the analogous result for Spec(A4) (Proposition [2.66]), since there can be different
homogeneous ideals in A with the same vanishing locus in Proj(A):

Example 3.70. The homogeneous ideals (z) and (22, zy) in Z[z,y] have the same vanishing locus in
P! = Proj(Z[z,y]). Since (z%,zy) C (x), we have V(z) C V(2?,zy). For the converse, consider an
arbitrary quotient line (a,b): R? = L in P'(R) such that a> = 0 and ab = 0 in L®2. Since Sym%(R?) —
L®? is surjective, L®? is generated by (a2, ab,b?), hence by b? alone. Since L is invertible, this implies
that b generates L. From ab = 0 we then deduce that a = 0, as desired.

Definition 3.71 (Saturation). Let A be an N-graded ring and let H C A be a homogeneous ideal. The
saturation of H is the homogeneous ideal

H*' = {x € Alfor all f € A, there exists n € N such that f"x € H}.
We say that H is saturated if H = H%*,

Remark 3.72.

(i) Saturated ideals are determined by their “tail”: if H C A is a homogeneous ideal and D C N is
an infinite subset, then H** = (@, Ha)*™.
(ii) If A is generated by A<y, we can replace A, by A; in the definition of H®*.
(iii) If H C A is a radical homogeneous ideal, then H**" is also radical.
(iv) A homogeneous prime ideal p C A is saturated if and only if p does not contain A .

Example 3.73.
(i) In Z[z,y], we have (22, 2y)** = (z).
(ii) In any polynomial ring k[z; | ¢ € I], (0) is saturated.

We briefly consider a more general context for this definition:

Definition 3.74 (I-nilpotent, I-local module). Let R be a ring, I C R a subset, and M an R-module.
An element z € M is called I-nilpotent if, for every f € I, there exists n € N such that "z = 0. The
I-nilpotent elements of M form a submodule I'yM C M. The module M is called:

o [-nilpotent it 'yM = M;
e [-local if every R-linear map h: P — @ with I-nilpotent kernel and cokernel induces a bijection

h*: Map(Q, M) = Map(P, M).
We denote the corresponding full subcategories of Modg by Mod{%’ nil and Modfg loc,

Note that these conditions depend only on the radical ideal generated by I. The categories Modg nil
and Mod{{ loc are abelian and fit in a “short exact sequence” of Grothendieck abelian categories

. Ly
Modf;™! & Modp 7= Modf;"**,
I

where the left adjoint functors are exact. In particular, an R-module M is I-nilpotent if and only if
LM =0, and I'; M is the kernel of the unit map M — L; M.
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Remark 3.75. An R-module M is I-nilpotent if and only if My = 0 for all f € I. Hence, an R-linear
map M — N induces an isomorphism L;M = LN if and only if it induces isomorphisms My = Ny for
all f € I. In particular, for any f € R, “{f}-local” is synonymous with “f-periodic”, and L¢3 M = M.

Remark 3.76. We will give later a geometric interpretation of Modfiloc when T is finite (Theorem [4.50]):
it can be identified with the category of quasi-coherent modules on the open subscheme D(I) C Spec(R).
In this case, Ly M can be computed explicitly as the equalizer

LM — [ My = T My,
fer f.gel
and we have already seen in Corollary that O(D(I)) = L;(R).

Warning 3.77. For a subset I C R, the construction Ly M should not be confused with the construction
M{[I~1], which are both called “localization”. They coincide when I has a single element but generalize
this case in different directions: for any f € I, there are canonical maps

LM — LipyM = My — M[I7"].

The geometric interpretation of these constructions is the following. If I is finite, then L;R is the ring
of functions on D(I), which is the union \/;; D(f) in the poset of open subfunctors of Spec(R) and is
usually not affine. On the other hand, the intersection fer D(f) is always affine (but usually not open
in Spec(R), unless [ is finite) and isomorphic to Spec(R[I~1]).

Example 3.78.
(i) Let L be a line over R and let s: R — L. Then an R-module is s-periodic if and only if it is
im(s")-local.
(ii) Let A be an N-graded ring. The saturation of a homogeneous ideal H C A is the kernel of
A — La, (A/H). In particular, (0)** =T 4, A.
Proposition 3.79 (Conservativity of Proj). Let A and B be N-graded rings and let A — B be an
eventually surjective map. The following conditions are equivalent:
(i) Proj(B) — Proj(A) is an isomorphism.
(i) For alld>1, La, A — La,BY is an isomorphism.
If A — B is surjective, these are further equivalent to:
(iii) For all d > 1, ker(A — B)@ is Ay-nilpotent.
If A is generated by A<1, it suffices to consider d =1 in (ii) and (iii).
Corollary 3.80 (Functorial projective Nullstellensatz). Sending a homogeneous subset F C k[x; |i € 1|
to its vanishing locus V(F) C PL induces an order-reversing bijection

V: {saturated homogeneous ideals in k[z; | i € I]} = {vanishing loci in Py }.
For simplicity, we state the next result for N-graded rings that are generated in degrees < 1.

Proposition 3.81 (Classification of closed and open subfunctors of projective schemes). Let A be an
N-graded ring generated by A<;.

(i) The construction F — V(F) induces an order-reversing injection
{saturated homogeneous ideals in A} — {closed subfunctors of Proj(A)},

which is bijective if A is finitely generated as an Ag-algebra.
(ii) The construction F + D(F') induces an order-preserving bijection

{saturated radical homogeneous ideals in A} = {open subfunctors of Proj(A)}.

Remark 3.82. Proposition m generalizes to all N-graded rings A as follows: (ii) remains unchanged,
but in (i) we must replace “saturated” by the following stronger condition on an ideal H: H contains
every homogeneous element x € A that satisfies (z)q C ker(A — Ly, (A/H)) for all d > 1. This is
arguably the correct definition of “saturated” in general, but it agrees with Definition when A is
generated by A<; or when H is radical.

Remark 3.83. For any N-graded ring A, the construction '+ F'N A, defines a bijection
{saturated radical homogeneous ideals in A} =% {homogeneous ideals H C A, with VAN A, = H}
with inverse H + H®'. This gives an alternative formulation of Proposition [3.81|(ii).
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It follows from Proposition i) that every closed subfunctor of a projective k-scheme is again a
projective k-scheme. We also have the following analogue of Proposition [2.80)

Proposition 3.84. Let X be a quasi-projective k-scheme and let Z — X be a closed immersion. Then
Z 1is a quasi-projective k-scheme.

3.9. Projective closure. Recall from Example that any affine space A’ admits a canonical open
embedding A7 «— P/} which identifies A’ with the nonvanishing locus of zg in P'Y{%}. The goal of
this section is to compare vanishing and nonvanishing loci in A7 and P/2{0},

Proposition 3.85. Let I be a set not containing 0, let F C klxo, ;| € I] be a homogeneous subset, and
let Fy C klz; | € I] be obtained from F by setting xo = 1. Consider the vanishing loci V(F) C Pi2{0}
and V(Fy) C AL and the nonvanishing loci D(F) C PP and D(Fy) € AL. Then

V(F)NAL =V(Fy) and D(F)NAL =D(F).
Next, we want to describe the projective closure of affine vanishing loci.

Definition 3.86 (Closure of subfunctor). Let X be an algebraic functor and Y C X a subfunctor. The
closure of Y in X is the smallest closed subfunctor of X containing Y. This is well-defined as arbitrary
intersections of closed subfunctors are closed (by Proposition 2.60fi)).

Definition 3.87 (Homogenization of polynomials). Let k be a ring and I a set (not containing 0).
(i) Let f € k[x; | ¢ € I]. The homogenization of f is the homogeneous polynomial
I =agf((5),e;) € Klwo, @i | i € 1,
where d is the maximal degree of a monomial with nonzero coefficient in f, or equivalently the

smallest integer for which the above expression is a polynomial.
(ii) Let F C k[z; | i € I] be an ideal. The homogenization of F is the homogeneous ideal

FM = (f"| f€F) Cklzg,z;|i€ 1]

Remark 3.88.

(i) We can recover any polynomial or ideal from its homogenization by setting 2o = 1. In fact, the
homogeneous polynomials in F" are exactly those whose evaluation at zo = 1 is in F. It follows
that homogenization preserves radical and prime ideals.

(i) We have (f)* = (f™), but this does not generalize to ideals with two or more generators. For
example, if F is the ideal in k[z1, 2] generated by f = 21 + x% and g = x9, then Fh = (z1,22),
but the ideal generated by f" = z¢z; + 22 and g" = x5 does not contain z;.

Corollary 3.89 (Projective closure of vanishing loci). Let I be a finite set and F C k[x; |i € I] an ideal
with vanishing locus V(F) C AL. Then V(F®) c PO js the closure of V(F).

Corollary 3.90 (Quasi-affine schemes of finite type are quasi-projective). Let k be a ring, A a k-algebra
of finite type, and F C A a finite subset. Then the subfunctor D(F) C Spec(A) is a quasi-projective
k-scheme.

Definition 3.91 (Finite scheme). Let k be a ring. An algebraic k-functor X is a finite k-scheme if there
exists a finite k-algebra A such that X ~ Spec(A4).

Proposition 3.92 (Finite schemes are projective). Let X C Al be a closed subfunctor such that every
function on X is integral over k, i.e., satisfies a monic polynomial equation over k. Then X is closed in
]P’iu{o}. In particular, every finite k-scheme is projective.

Remark 3.93. Conversely, if an affine k-scheme is projective, then it is finite; we will prove this later
using the notion of properness (Corollary . This means that any closed subscheme of A7, if not
finite, must “go to infinity” and not remain closed in P}}. This is in stark contrast to the analogous
situation in differential geometry, where there exist positive-dimensional closed submanifolds of R™ that
are “away from infinity”, i.e., remain closed in P"(R).

3.10. Examples of projective schemes.

Example 3.94 (Weighted projective spaces). Let I be a set and w: I — N5 a map. Then we we can
equip the polynomial k-algebra k[z; | i € I] with the N-graded structure in which z; is homogeneous of
degree w(i). The resulting algebraic k-functor P}’ = Proj(k[z; | ¢ € I]) is called the weighted projective
space with weights w. It is a projective k-scheme if I is a finite, by Corollary
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Example 3.95 (The Segre embedding). Let k be a ring and let M and N be k-modules. The Segre
embedding is the map of algebraic k-functors

¢: P(M) x P(N) = P(M &, N)

that sends a pair of quotient lines M ®j; R - K and N®; R —» L to their tensor product (M ®j; N)®j R —»
K ®p L. This is well-defined since the tensor product @ preserves lines and epimorphisms. If M = k()
and N = k(/), the Segre embedding is a map

¢: Pf x P — PLx7.
If M = k™! and N = k™!, this becomes the map
¢ PP x PR — Pt
which is given in coordinates by the formula
([ao: ... am],[bo:...:by]) > [all products a;b;].

More generally, we have a Segre embedding

¢ ﬁIP’(Mi) = P(é) Mi)

for any finite family of k-modules My, ..., M,. We claim that the Segre embedding is a closed immersion.
Given surjective maps M’ - M and N’ - N, we have a commutative square

P(M) x P(N) —— P(M ®; N)

[ [

P(M') x P(N') —— P(M' ®;, N'),

where the vertical maps are closed immersions. Hence, if the bottom horizontal map is a closed im-
mersion, so is the top horizontal map. We may therefore assume that M and N have bases (e;)icrs
and (f;)jes, so that M ®, N has basis (e; ® f;); ;. For any map Spec(R) — P(M ®;, N), the pullback
(P(M)xP(N)) Xp(rre, Ny Spec(R) satisfies Zariski descent, by Proposition and Corollary Using
Proposition we see that it is enough to show that each restriction
Gt < (Dl ® £)) = Dles @ £;)
of ¢ is a closed immersion. The open subfunctor D(e; ® f;) C P(M ®;, N) is an affine space on the set
(I xJ)—{(i,j)}. Its preimage <~ *(D(e; ® f;)) C P(M) x P(N) is the subfunctor D(e;) x D(f;), which
is an affine space on the set (I — {i}) U (J —{j}). By inspection, the map ¢;; is then Spec of the map of
polynomial rings
k[zkl | (k,l) € (I X J) — {(Z,])}] — k[:ck,yl | kel— {Z}, leJ— {]}], 2kl > TRy,

where z; = y; = 1. Since zi; — ) and z;; — ¥y, this map is surjective, so that ; ; is a closed immersion,
as desired.

Corollary 3.96. Let X and Y be projective k-schemes. Then X XY is a projective k-scheme.

Remark 3.97. The Veronese embedding of Example [3.68] is determined by the Segre embedding as
follows: for any k-module M and d > 1, there is a commutative square

B(M) ——s B(Sym(M))
a] [
B(M)** s (M),

where the vertical maps are the inclusions of the ¥ 4-fixed points. This gives another proof that pg is a
closed immersion.

Next, we consider a generalization of projective spaces where we replace quotient lines with quotient
spaces of arbitrary rank:

Definition 3.98 (Grassmannian). Let k be a ring, M a k-module, and n € N. The rank n Grassmannian
of M is the algebraic k-functor Gr,, (M) given by

Gr,(M)(R) = {quotient spaces of M ®;, R of constant rank n}.
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Remark 3.99. By definition, Gri (M) = P(M). If M is a vector space of constant rank 7, then duality
induces isomorphisms Gr,, (M) ~ Gr,_,(M") (Corollary [3.18).

Example 3.100 (The Pliicker embedding). Let M be a k-module and let n € N. The Plicker embedding
is the map of algebraic k-functors

w: Gra(M) — P(A}(M))

that sends a quotient space of rank n to its nth exterior power, which is a quotient line. We claim that
the Pliicker embedding is a closed immersion. For any surjective map M’ —» M, there is a commutative
diagram

Gr,, (M) —=— P(A}(M))

[ [

Gr(M') —— P(AR(M")),

where the vertical maps are closed immersions. We can therefore assume that M has a basis (e;):er,
so that AJ(M) has an induced basis (ey); (defined up to signs) indexed by the set (i ) of n-element
subsets of I. Zariski descent for modules implies, as in Proposition that Gr,, (M) satisfies Zariski
descent. By Proposition m it thus suffices to show that each map w;: w (D(es)) — D(ey) is a
closed immersion. The open subfunctor D(ey) C P(A}(M)) is an affine space on the set (fl) —{J}. The
preimage w~*(D(es)) C Gr, (M) is the subfunctor consisting of quotient spaces R!) - V such that the
composite R(Y) < RU) — V is an isomorphism, which is an affine space on the set (I — J) x I. By
inspection, the map wy is A(—) of the map of free k-modules given by

en s d i K= (T ={7h) Ui},
0 else.

As this map is evidently surjective, w; is a closed immersion, as desired. If M is of finite type, it follows
that the Grassmannian Gr, (M) is a projective k-scheme.

Definition 3.101 (Flag schemes). Let M be a k-module and let n = (n,...,ns) be an increasing
sequence of natural numbers.

(i) A flag of type n on M is a sequence of quotient modules
M —»Fg—=--- % F

where each Fj is a vector space of constant rank n;.
(ii) The type n flag scheme of M is the algebraic k-functor Flag,, (M) given by
Flag,, (M)(R) = {flags of type n on M ®j R}.
Remark 3.102. By definition, Flag,(M) = Gr,(M). If M is a vector space of constant rank r, then
duality induces isomorphisms Flag y(M) = Flag(,_,,. . n(MY).

M1y Mg

Example 3.103 (Projectivity of flag schemes). Sending a flag to its components defines a monomorphism
S
Flag,, (M) < [ ] Gr., (M).
i=1

We claim that it is a closed immersion, and hence that Flag, (M) is a projective k-scheme if M is of
finite type. Indeed, for any R-point x: Spec(R) — [[;_, Gry, (M) classifying quotient spaces Fi,. .., Fy
of M ®, R, the preimage of Flag, (M) by z is exactly the joint vanishing locus of the R-linear maps

ker(M Rk R —» Fi+1) — M ®; R—» F;
for 1 <4 < s—1, which is a closed subfunctor of Spec(R) by Proposition i).

3.11. The projective Nullstellensatz. Hilbert’s Nullstellensatz (Theorem implies an analogous
result for solutions of homogeneous polynomial equations in projective space. We record this classical
result here, although it is mostly of historical interest.

For a ring k, define the maps

{homogeneous subsets of k[zg, ..., x,]} # {subsets of P"(k)},
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as follows:

V(F)={z € P"(k)| f(z) =0 for all fe F},

I(X) ={f € k[xo,...,z,] homogeneous | f(x) =0 for all z € X}.
Note that both maps are order-reversing and that F C I(V(F)) and X C V(I(X)) (in other words,
this is an adjunction between posets). Note also that I(X) is always a saturated homogeneous ideal in

klxo, ..., Tn], which is radical if k is reduced. Call a subset X C P"(k) algebraic if it lies in the image of
V, or equivalently if X = V(I(X)).

Proposition 3.104 (Projective Nullstellensatz). Let k be an algebraically closed field and let n € N.
For any homogeneous subset F C k[xo, ..., T,], we have

sat

I(V(F)) = Vv (F)

Consequently, the maps V and 1 define a one-to-one correspondence
\
{saturated radical homogeneous ideals in k[xo, ..., x,]|} %> {algebraic subsets of P™(k)}.

Corollary 3.105. Let k be a field and let n € N. Then there is an order-reversing bijection

V: {saturated radical homogeneous ideals in k[xo, ..., x,]} = {vanishing loci in P": Fieldi" — Set}.

4. QUASI-COHERENT MODULES
4.1. Limits of categories.
Definition 4.1 (Category-valued functor). Let J be a category. A functor
F:J— Cat

consists of:

(i) for every object I € J, a category F(I);

(ii) for every map f: I — J in J, a functor F'(f): F(I) — F(J);

(iii) For every object I € J, a natural isomorphism 7y : idp ) ~ F(id);

(iv) for every pair of maps f: I — J and g: J — K in J, a natural isomorphism gy 4: F(g) o F(f) ~
F(go f);

satisfying the following conditions:

(v) for every map f: I — J in J, the following triangles commute:

F(f) —"= F(f)o F(id;) F(f) == F(id;) o F(f)
N J{Mid[’f \‘ J/Mf,id‘]
F(f), F(f);

(vi) for every triple of maps f: I — J, g: J — K, and h: K — L in J, the following square commutes:

F(h) o F(g) o F(f) =% F(h)o F(go f)

lffg,hl J{Hgof,h

F(hog)oF(f) ——— F(hogo f).

Hf,hog
Example 4.2 (Self-indexing functor). Let € be a category with pullbacks. There is then a functor
€ — Cat, X C/x,
called the self-indexing functor of C, sending a map f: Y — X in C to the pullback functor
[:¢x = Cx, UrUxxY.

The natural isomorphisms 7y : ide,, ~ idy and pgg: f* o g* ~ (go f)* are given by the canonical
isomorphisms U ~ U xx X and (U xx Y) xy Z =~ U xx Z, induced by the universal property of
pullbacks.
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Example 4.3 (Categories of modules). The assignment R — Modg is functorial in three ways:
(1) There is a functor
Mod*: CAlg — Cat, R+ Modg,

sending a ring map f: R — S to the extension of scalars functor
f*:MOdR*)MOds, M= M ®grS.

The natural isomorphisms ng: idvoa, =~ idp and pype: g* o f* =~ (g o f)* are given by the
canonical isomorphisms M ~ M ®r R and (M ®g S)®sT ~ M ®r T, induced by the universal
property of scalar extension.

(ii) There is a functor

Mod, : CAlg°® — Cat, R+ Modg,

sending a ring map f: R — S to the restriction of scalars functor
f«: Mods — Modgr, M+ M.

In this case, the natural isomorphisms ng and pys 4 are taken to be the identity.
(iii) Finally, there is a functor

Mod': CAlg — Cat, R+ Modg,
sending a ring map f: R — S to the coextension of scalars functor
f': Modg — Modg, M + Homg(S, M).

As in (i), the natural isomorphisms ng and py 4 are induced by the universal property of scalar
coextension.

Example 4.4 (Categories of algebras). The assignment R +— CAlgg is both covariant and contravariant
in R as in Example [4.3[(i,ii). There is however no analogue of Example iii) for algebras.

Example 4.5 (Subcategories of modules). Any property of modules that is preserved by extension of
scalars defines a subfunctor of Mod*: CAlg — Cat. This holds for the following properties, and any
combination thereof: finitely generated, finitely presented, flat, projective, free, vector space, line, etc.

Example 4.6 (Posets of ideals). If we view posets as categories, then a poset-valued functor ¢ — Pos
defines a category-valued functor (where n; and puy 4 are identities). For example, we have the following
functors CAlg — Pos:

(i) The poset Idg of ideals in R is functorial in R: a map R — S induces Idg — Idg, I +— IS.

(ii) The poset Radpg of radical ideals in R is functorial in R: a map R — S induces Radr — Radg,

I— VIS.

Notation 4.7. Let J be a category. The left cone J9 on J is the category obtained from J by adjoining a
new object —oo which is strictly initial, i.e., such that Map(—oo, I) = * for all I € J¥ and Map(I, —o0) =
@ for all I € J. Dually, the right cone J° is obtained from J by adding a strictly final object oco.

Definition 4.8 (Limits of categories). Let F': J — Cat be a functor. The limit of F, denoted by lim F’
or limyeg F(I), is the following category:

e An object of lim F' consists of objects z; € F(I) for all I € J and isomorphisms a: F'(f)(xzr) =
xy forall f: I — J in J satisfying the cocycle conditions:
(i) for every I € J, the following triangle commutes:

21 P ;) (2r)

k) J,aidl
xIr.

(ii) for every pair of morphisms f: I — J and g: J — K in J, the following square commutes:

F(g)(ay)
—5

F(g)(F(f)(x1)) F(g)(x)

Hﬁg(xf)l lag

F(go f)(x1) ——a— 7K.

Qgof
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e A morphism in lim F' from (z, ) to (y, 8) consists of morphisms ¢r: xy — yr for all I € J, such
that for each map f: I — J in J, the following square commutes:

F(f)(wr) =20 p()(y,)

| b

o Identities and compositions are defined pointwise.
By construction, there is an extension F': J¢ — Cat of F with F(—oo) = lim F. If F': J¥ — Cat is any
extension of F, then F' induces a functor F'(—oo) — lim F, and we say that F is a limit diagram if that
functor is an equivalence.

Remark 4.9 (Colimits of categories). Once limits have been defined, we can also define colimits: given
F:J — Cat, an extension F: J* — Cat is called a colimit diagram if, for every category &, the functor

Fun(F(—),€&): (I°°)¢ — Cat
is a limit diagram. One can show that colimits of categories always exist, although they are difficult to
describe explicitly in general.

Example 4.10 (Pullbacks of categories). Given functors € ENY A D, the pullback C xg D is the
category whose objects are triples (x,y,«) with x € €, y € D, and a: f(x) = ¢(y) in €.

Example 4.11. Let C be a category and consider the diagram € = € where both functors are the
identity. The limit of this diagram is equivalent to the category Fun(BZ, C) of Z-equivariant objects of C.

Example 4.12 (Zariski descent for modules). Limits of categories allow us to reformulate Theorelnm
more succinctly: it is exactly the statement that, if (f;);c; generates the unit ideal in R, then the diagram
of categories

Modg — [[Modg,, =% [] Modr,, = [] Moda,,,
iel i,jel i,j.kel
obtained by restricting the functor Mod* from Example i) is a limit diagram. In the case I = {1, 2},
this is equivalent to the simpler statement that the square of categories

MOdR —_— N[Ode1

| |

Mode2 — MOdel f2

is cartesian. Moreover, these results hold for any subfunctor of Mod* defined by a Zariski-local property
(as in Example , such as R — Vectr and R +— Lineg.

4.2. Quasi-coherence.

Definition 4.13 (Quasi-coherent objects). Let F': CAlg — Cat be a functor. For any algebraic functor
X, we define the category F(X) of quasi-coherent F-objects over X, or simply F-objects over X, as the
limit
F(X)= lim  F(R),
Spec(R)—X
where the indexing category is (the opposite of) the category of elements of X. For example:
(i) The category of quasi-coherent modules over X is Modx = limgyec(r)—x Modpg.
(ii) The category of quasi-coherent vector spaces over X is Vectx = limgpec(r)—x Vectr. These are
called vector bundles over X.
(iii) The category of quasi-coherent lines over X is Linex = limgpec(r)—x Lineg. These are called
line bundles over X.
(iv) The category of quasi-coherent algebras over X is CAlgy = limgpec(r)—x CAlgr.
(v) The poset of quasi-coherent ideals over X is Idx = limgpec(r)—x Idr.
(vi) The poset of quasi-coherent radical ideals over X is Radx = limgpec(r)—x Radg.

Remark 4.14 (Functoriality of quasi-coherent objects).

(i) The assignment X +— F(X) has a structure of functor Fun(CAlg, Set)°® — Cat. In particular,
for every map f: Y — X, we have a base change or pullback functor

P F(X)— F(Y),
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given by precomposition with the induced functor EI(Y)°P — EI(X)°P. The right adjoint to f*,
if it exists, is called the pushforward functor and denoted by f..

(ii) For X = Spec(R), evaluation at idr induces an equivalence of categories F(X) = F(R). In
other words, the construction of Definition [£:13]is an extension of F' along the Yoneda embedding
CAlg — Fun(CAlg, Set)°P (in fact, it is the right Kan extension). For example, a quasi-coherent
module (algebra, ideal, etc.) over Spec(R) is the same as an R-module (algebra, ideal, etc.).

(iii) There is an obvious notion of a natural transformation between category-valued functors. Any
natural transformation «: F' — G between functors CAlg — Cat extends automatically to a
natural transformation between their quasi-coherent extensions Fun(CAlg, Set)°®? — Cat. In
particular, for any algebraic functor X, there is an induced functor ax: F(X) — G(X).

Example 4.15 (Quasi-coherent modules). Let us spell out explicitly the definition of a quasi-coherent
module. A quasi-coherent module M over an algebraic functor X consists of the following data:

(i) for every z: Spec(R) — X, an R-module M (z);
(ii) for every commutative triangle

Spec(S)
o] x
Spec(R)

x

an S-linear isomorphism ¢*(M(x)) ~ M (y);

such that the isomorphisms in (ii) satisfy the cocycle conditions of Deﬁnition Under the equivalence
Modgpec(r) =~ Modp of Remark ii), the R-module M (z) in (i) is identified with the pullback z* (M),
and the isomorphism in (ii) is an instance of the natural isomorphism figpec(e),: Spec(p)* o x* ~ y*,
which is part of the functor Mod: Fun(CAlg, Set)°P — Cat of Remark [£.14(i).

Remark 4.16 (Pushforward of quasi-coherent modules). Let f: Y — X be a map of algebraic functors.
For quasi-coherent modules and algebras, the pushforward functor f, always exists, modulo “size issues”
as in Remark That is, if M is a quasi-coherent module over Y, then f.(M) is potentially a large
quasi-coherent module over X. This does not happen if X and Y are accessible, hence does not happen
in practice.

Example 4.17 (Set-valued functors). As a special case, we can apply Definition to any set-valued
functor F': CAlg — Set. By Corollary we then have F'(X) = Map(X, F) for any algebraic functor
X. In other words, the quasi-coherent extension of F' is Map(—, F').

Remark 4.18. Let F': CAlg — Cat be a functor. Any properties or constructions within the categories
F(R) that are compatible with base change automatically extend to the categories of quasi-coherent
F-objects. For example:

(i) (Properties of modules) A quasi-coherent module can be of finite type, of finite presentation, flat,
projective, free, etc. Vector bundles and line bundles form full subcategories of the category of
quasi-coherent modules: Linex C Vectx C Modx.

(ii) (Properties of module maps) A morphism of quasi-coherent modules can be zero, surjective,
universally injective, etc. On the other hand, injectivity does not a priori make sense, as this
property is not preserved by base change.

(iii) (Sums of module maps) Two morphisms f,g: M — N in Modx have a sum f+ g: M — N.
This defines an abelian group structure on Mapyy,q, (M, N).

(iv) (Colimits of modules) The category of quasi-coherent modules over X has colimits, which are
computed pointwise: (colim; M;)(x) = colim; M;(z). On the other hand, while limits exist if X
is accessible, they need not be computed pointwise.

(v) (Tensor products of modules) The category of quasi-coherent modules over X has a symmetric
monoidal structure with (M ® N)(z) = M(z) @ N(z).

(vi) (Powers of modules) For any d € N, there are symmetric, exterior, and divided power functors
Sym?, A%, T9: Mody — Mody.

(vii) (Operations with ideals) Quasi-coherent ideals I,J € Idx have a sum I + J and a product IJ,
defined by (I + J)(z) = I(z) + J(z) and (IJ)(x) = I(x)J(x).

(viii) (Radicals of ideals) Any quasi-coherent ideal I € Idx has a radical /I € Radx defined by
WI) (@) = T (@).
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(ix) (Properties of algebras) A quasi-coherent algebra can be of finite type, of finite presentation,
finite, integral, flat, free, etc. A quasi-coherent N-graded algebra A can be generated by A;,
finitely generated as an Ag-algebra, etc.

(x) (Properties of algebra maps) A morphism of quasi-coherent algebras can be surjective, a localiza-
tion, have a nilpotent kernel, etc. A morphism of quasi-coherent N-graded algebras can also be
eventually surjective.

(xi) (Underlying modules and symmetric algebras) There is a forgetful functor CAlgx — Modx with a

i) left adjoint Sym, such that the underlying quasi-coherent module of Sym(M) is P ;. Sym®(M).

xii) etc.

Warning 4.19. Beware that the forgetful functors Radg < Idgr — Modpg are not compatible with base
change, and so do not extend to arbitrary algebraic functors X (although they will when X is a scheme,
see §7.6): a quasi-coherent radical ideal over X need not have an underlying quasi-coherent ideal, and a
quasi-coherent ideal over X need not have an underlying quasi-coherent module.

Notation 4.20 (The quasi-coherent algebra of functions). Let X be an algebraic functor. We denote by
Ox € CAlgx the quasi-coherent algebra given by Ox (x: Spec(R) — X) = R. It is the initial object in
CAlgy, and its underlying quasi-coherent module, also denoted by Ox, is the unit of the tensor product
in Modx. For any map f: Y — X, there is a canonical isomorphism f*(Ox) ~ Oy in CAlgy.

Definition 4.21 (Global sections of a quasi-coherent module). Let X be an algebraic functor and M a
quasi-coherent module over X. A global section of M is a map Ox — M in Modx. We denote by M (X)
or T'(X, M) the abelian group of global sections of M. By definition of Modx, it is the limit

MX)=TI'(X,M) = lim Mapyoq, (R, M(2)) = lim M(x).

() =T(XM) = | lim  Mapyoq, (RM(@) = |l M(@)

Remark 4.22 (Functions as global sections). A global section of Ox is exactly a function on X in the
sense of Definition 2.51} I'(X,0x) = O(X). Hence, for any M € Mody, the abelian group M (X) has
a canonical structure of module over the ring of functions O(X). We can also see this module structure
as follows: if a: X — Spec(O(X)) is the canonical map (see Remark [2.54)), then M (X) = a.(M) as an
O(X)-module.

4.3. Classification of closed and open subfunctors.

Proposition 4.23 (Classification of closed and open subfunctors). Let X be an algebraic functor.

(i) There is an isomorphism of posets
V: {quasi-coherent ideals over X}°P = {closed subfunctors of X}.
(ii) There is an isomorphism of posets
D: {quasi-coherent radical ideals over X} = {open subfunctors of X}.

Definition 4.24 (Open complement). Let Z C X be a closed subfunctor defined by the quasi-coherent
ideal I. The open complement X — Z of Z in X is the open subfunctor defined by the quasi-coherent
radical ideal v/I.

Example 4.25.

(i) If Ais aring and F' C A is a subset, then D(F') is the open complement of V(F') in Spec(A). For
example, the punctured affine space A7 — 0 (Example is the open complement of 0 in A’.

(ii) If A is an N-graded ring and F' C A is a homogeneous subset, then D(F') is the open complement
of V(F) in Proj(A). For example, in P/P{0}, the affine space D(zg) ~ A’ is the open complement
of the hyperplane at infinity V(zg) ~ P!.

Warning 4.26. Different closed subfunctors can have the same open complement, since different ideals
can have the same radical (e.g., (z) and (z2) in Z[z]). For this reason, there is no notion of “closed
complement” of an open subfunctor.

Example 4.27 (Closed image). Any map of rings ¢: A — B admits a canonical factorization A -
A/ ker(p) — B, so that V(ker(y)) C Spec(A) is the smallest closed subfunctor through which Spec(yp)
factors. This factorization generalizes to algebraic functors as follows. If f: Y — X is a map of algebraic
functors, the closed image of f, also called the scheme-theoretic image, is the smallest closed subfunctor
of X through which f factors. By Proposition [4.23[i), the closed image of f is V(I) C X, where I is the
largest quasi-coherent ideal such that Ox — f.(Oy) factors through Ox /I in CAlgx.
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Remark 4.28 (Loci associated with maps of quasi-coherent modules). The loci from Definition M
have a direct generalization to any algebraic functor X: a map f: M — N in Modx defines subfunctors
V(f), Epi(f), Mono(f), and Iso(f) of X. These are characterized by the property that their preimage
along any R-point 2: Spec(R) — X is the corresponding locus for the R-linear map f(z): M(z) — N(x).
Proposition then immediately generalizes to this setting: if N is a vector bundle, then V(f) is a
closed subfunctor and Epi(f) an open subfunctor of X, and if both M and N are vector bundles, then
also Mono(f) and Iso(f) are open subfunctors of X.

Call a subfunctor clopen if it is both closed and open. Recall that Idem(R) is the set of idempotent
elements in a ring R.
Proposition 4.29 (Classification of clopen subfunctors). For any algebraic functor X, there is a bijection

Idem(O(X)) = {clopen subfunctors of X}, er» V(e)=D(1—e).
Remark 4.30. By Example [2.3T] and Remark there is a bijection
Map(X, Spec(Z x Z)) = Idem(O(X)), f+ f*(1,0).

Thus, clopen subfunctors are also in bijection with maps to Spec(Z x Z), which is the coproduct * LI x
in the category of affine schemes. This is analogous to the following (much more obvious) topological

statement: if T is a topological space, there is a bijection between clopen subsets of T' and continuous
maps T — * L *.

4.4. Relative Spec and Proj. The constructions Spec and Proj are compatible with base change in the
following sense. If A is an R-algebra (resp. an N-graded R-algebra) and R — S is a ring map, then the
following squares are cartesian:

Spec(A ®@pr S) —— Spec(A) Proj(A ®g S) —— Proj(A)
Spec(S) ——— Spec(R), Spec(S) ——— Spec(R).

This allows us to extend Spec and Proj to quasi-coherent algebras:
Definition 4.31 (Relative Spec and Proj). Let X be an algebraic functor.
(i) Let A be a quasi-coherent algebra over X. The algebraic functor Spec(A) over X is defined by
Spec(A)(R) = {(z,a) | x € X(R) and a is a section of Spec(A(x)) — Spec(R)}.

This defines a functor Spec: CAlgy’ — Fun(CAlg, Set) / x.
(ii) Let A be a quasi-coherent N-graded algebra over X. The algebraic functor Proj(A) over X is
defined by

Proj(A)(R) = {(x,a) | z € X(R) and a is a section of Proj(A(x)) — Spec(R)}.
This defines a functor Proj: (CAlgy®)°P — Fun(CAlg, Set) /x-

Definition 4.32 (Relative affine and projective spaces). Let X be an algebraic functor and let M be a
quasi-coherent module over X.

(i) The affine space A(M) over X is Spec(Sym(M)). Explicitly:
A(M)(R) ={(z,a) |z € X(R) and a: M(z) — R is an R-linear map}.
(ii) The punctured affine space A(M) — 0 over X is D(M) C Spec(Sym(M)). Explicitly:
(A(M) = 0)(R) ={(z,a) |z € X(R) and a: M(x) » R is a surjective R-linear map}.
(iii) The projective space P(M) over X is Proj(Sym(M)). Explicitly:
P(M)(R) ={(z,a) |z € X(R) and a: M(z) - L is a quotient R-line}.
Remark 4.33 (Morphisms into Spec and Proj). Using Corollary we obtain the following descrip-

tions of maps into Spec(A) or Proj(A). Let X and Y be algebraic functors.

(i) For any A € CAlgx, a map Y — Spec(A) consists of a map f: Y — X and a map f*(4) — Oy
in CAlgy (cf. Remark [2.54).

(ii) Let A be a quasi-coherent N-graded algebra over X generated by A;. Then a map Y — Proj(A)
consists of a map f: Y — X and a quotient line bundle f*(A;) - L in Mody such that the
induced map Sym(f*(A4;)) » Sym(L) factors through f*(A).
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The relative Spec and Proj functors allow us to relativize the notions of affine, quasi-affine, projective,
and quasi-projective schemes:

Definition 4.34 (Affine and quasi-affine morphisms). Let f: Y — X be a map of algebraic functors.

(i) We say that f is affine, or that Y is affine over X, if there exists A € CAlgx and an isomorphism
Y ~ Spec(A) over X. We denote by Aff x the category of algebraic functors affine over X.

(ii) We say that f is quasi-affine, or that Y is quasi-affine over X, if there exists V € Affx, I € Radf,
and an isomorphism Y ~ D(I) over X. We denote by QAff y the category of algebraic functors
quasi-affine over X.

Definition 4.35 (Projective and quasi-projective morphisms). Let f: Y — X be a map of algebraic
functors.
i) We say that f is projective, or that Y is projective over X, if there exists A € CAl N’es, enerated
y ) J €x -8
by A; and finitely generated, and an isomorphism Y ~ Proj(A) over X. We denote by Projy
the category of algebraic functors projective over X.
(ii) We say that f is quasi-projective, or that Y is quasi-projective over X, if there exists V' € Projy,
I € Rad%}, and an isomorphism Y ~ D(I) over X. We denote by QProjy the category of
algebraic functors quasi-projective over X.

Affineness turns out to be a “quasi-coherent property” in the sense that the functor X +— Affx is
right Kan extended from affine schemes:

Proposition 4.36 (Characterization of affine morphisms). Let X be an algebraic functor.
(i) A map Y — X is affine if and only if, for every ring R and every map Spec(R) — X, the
pullback Y x x Spec(R) is affine
(ii) The functor Spec defines an equivalence of categories

Spec: CAlgY = Affx,
whose inverse sends f: Y — X to f.(Oy).

Warning 4.37. The analogue of Proposition [4.36)i) does not hold for quasi-affine, projective, and
quasi-projective morphisms.

Example 4.38 (Closed immersions as affine morphisms). By Proposition any closed immersion
i: Z < X is affine, and Z ~ Spec(i.(Oz)). Moreover, an affine map f: Y — X is a closed immersion if
and only if the induced map Ox — f.(OQy) is surjective.

Example 4.39 (Integral and finite morphisms). A map of algebraic functors f: Y — X is integral (resp.
finite) if it is affine and the corresponding quasi-coherent algebra A € CAlgx is integral (resp. finite)
in the sense of Remark ix). Globalizing Proposition shows that, if f is integral, there is a
canonical closed immersion Y < P(A) over X. In particular, finite morphisms are projective.

4.5. Modules over quasi-projective schemes.

Definition 4.40 (Zariski-local epimorphism). A map of algebraic functors Y — X is called a Zariski-
local epimorphism if for every Spec(R) — X, there exists fi,..., f, € R generating the unit ideal such
that each composite Spec(Ry,) < Spec(R) — X lifts to Y.

Example 4.41.

(i) Any epimorphism is a Zariski-local epimorphism. In particular, any map with a section, such as
the projection A" x X — X is a Zariski-local epimorphism.

(i1) Let (F})ier be a family of subsets of O(X) whose union generates the unit ideal. Then the map
[;c; D(Fi) — X is a Zariski-local epimorphism.

(iii) Let L be a line bundle over X. A family (s;);es; of global sections of L is called generating
if, for every z € EI(X), the family (s;(x))icr generates the line L(x). In this case, the map
[1;c; D(si) = X is a Zariski-local epimorphism.

(iv) The map Al — 0 — P! is a Zariski-local epimorphism, by Proposition More generally, for
any N-graded ring A, the map D(4;) — Proj, (A) is a Zariski-local epimorphism (Remark [3.63).

Proposition 4.42 (Zariski descent for quasi-coherent modules). Let (Y; = X);ecr be a family of maps
of algebraic functors such that [[,.;Y: = X is a Zariski-local epimorphism. Then the following diagram
of categories is a limit diagram:

Modx — [[Mody, =% J] Modviuyy, = [ Modyixxv,xxvi-
i€l i,jerl i,j,k€l

iel
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In particular, the functor Modx — [],.; Mody, is conservative.

iel
Remark 4.43. Proposition [1.42]is a formal consequence of the Zariski descent property of Mod* from
Example for any functor F': CAlg — Cat that satisfies the latter property, its quasi-coherent

extension X +— F(X) also satisfies Proposition m For example, there are analogous statements for
quasi-coherent algebras, ideals, and radical ideals.

Corollary 4.44 (Zariski descent for functions). Let (Y; — X);er be a family of maps of algebraic
functors such that [{,.; Y; = X is a Zariski-local epimorphism. Then the following diagram of rings is
an equalizer:

0(X) = [To) = [ 00 xx¥)).
el i,j€1
For the following examples, recall the notion of I-local module and the associated localization functor

L;: Mod — Mod%'°¢ (Definition [3.74)).

Example 4.45 (Modules over nonvanishing loci). Let A be a ring and I C A a subset. Then the map
[ ;er Spec(Af) — D(I) is a Zariski-local epimorphism. By Proposition there is a limit diagram

Modp(sy — [[Moda, =% ] Moda,, = [ Moda,,,.
fel f.gel frg,hel

In particular, the pullback functor Moda — Modp (s factors through the localization functor L;.

Example 4.46 (Modules over Proj). Let A be an N-graded ring.

(i) Let I C A4 be a homogeneous subset such that Ay C y/(I). Then the map [[ ;. Spec(A(y)) —
Proj(A) is a Zariski-local epimorphism. Proposition m gives the limit diagram

Modpoja) — HModAm = H Moda,,,, 3 H Moda,,,,,-
fer f.gel fig,hel

(ii) Consider D(A;) C Spec(A). By Remark [3.63] the canonical map D(A;) — Proj, (A) is a Zariski-
local epimorphism, and it induces a monomorphism D(4;)/G,, < Proj;(A). Hence, the n-fold
fiber product of D(A;) over Proj;(A) is the same as its n-fold fiber product over D(A1)/Gy,
which is D(A4;) x G?~! since the action of Gy, on D(A;) is free. By Proposition we get a
limit diagram of the form

Modproj, (4) — Modp(a,) =X Modp(a,)xaG,, 3 Modp(4,)xGm x G -

Example 4.47 (Modules over P!). In the case of P; = Proj(k[z,y]), Example i) applies with the
two-element set I = {z,y}. We have k[z,y],) = k[u] with u = y/x, k[z,y]) = k[v] with v = 2/y, and
k[, y](zy) = k[t*!] with ¢t = y/z. Hence, the limit diagram may be rewritten as a cartesian square

MOde E— Modk[u]

|l

Modyp) U255 Modyg1).

A quasi-coherent module over P} is therefore a triple (M, N, «a), where M is a k[u]-module, N is a
k[v]-module, and o: M[u~'] = N[v~!] is an isomorphism of k[t*']-modules (i.e., an isomorphism of
k-modules such that the action of u on M[u~!] is inverse to the action of v on N[v™1]).

Example 4.48 (Modules over the affine line with doubled origin). Let X be the affine line with doubled
origin over k, which is the algebraic k-functor defined by

X(R)={(f,e)| f € R, e€ R/(f), and €* = e}.

Let Xg C X and X; C X be the loci where e = 0 and e = 1, respectively. One can check that:

e X, and X, are open subfunctors of X such that Xg L X; — X is a Zariski-local epimorphism;
e the map X — A}, (f,e) — f, restricts to isomorphisms

XO l) Allc, X1 l) Allm and XO n X1 l) Gm,k~
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By Proposition we obtain a cartesian square

Modxy — Modk[w]

|

Modk[x] M) Modk[zil] .

A quasi-coherent module over X is therefore a triple (M, N, «), where M is a k[z]-module, N is a
k[z]-module, and «: M[z~'] = N[z~!] is an isomorphism of k[z*!]-modules (or equivalently of k[z]-
modules).

Example 4.49 (Modules over Grassmannians). Let M be a k-module and let n € N. Let St,, (M) be
the algebraic k-functor given by

St (M)(R) = {surjective R-linear maps M @y R — R"},

called the Stiefel scheme of M. By Proposition i), this is an open subfunctor of the affine space
A(M™). There is an obvious map St,, (M) — Gr,, (M), which is a Zariski-local epimorphism since vector
spaces are Zariski-locally free. Moreover, there is a free action of the affine group scheme GL,, on St,,, such
that St,, (M) — Gr,(M) is GL,-invariant and induces a monomorphism St,,(M)/GL,, <= Gr,(M); in the
case n = 1, this recovers the known monomorphism (A(M) — 0)/Gy, < P(M). As in Example [4.46ii),
we then obtain a limit diagram of the form

Modg;,, (amy — Modsy, vy = Modst,, (v)xGL, 3 Modst,, (M)xGQL, xGL,. >
where each term can be further expanded using Example

Using Example we can identify quasi-coherent modules over quasi-affine schemes:

Theorem 4.50 (Quasi-coherent modules over quasi-affine schemes). Let A be a ring and let I C A be
a finite subset with nonvanishing locus D(I) C Spec(A). Then the pullback functor Moda — Modpp
induces an equivalence of categories

Mod/; ¢ = Modp ).

Corollary 4.51 (Affine completion of quasi-affine schemes). Let X be a quasi-affine scheme. Then the
canonical map X — Spec(O(X)) is an open immersion defined by a finitely generated radical ideal.

Construction 4.52 (Quasi-coherent module associated with a Z-graded module). Let A be an N-graded
ring. We define a functor

{Z-graded A-modules} — Modpoj(a), M M,

as follows. Let M be a Z-graded A-module and let 2: Spec(R) — Proj(A) classify a quotient N-graded
algebra : AW ® 4, R - Symp(L) for some d > 1 (if A is generated by A<;, we can take d = 1). Let ¢
be the induced map of Z-graded rings A4 — Dz LZ". We set

M(z) = ¢*(MD)y € Modg.

Note that for every d > 1 and f € Ag, the pullback functor Modp,,j4) — Mody,,, sends M to Mgy. In
particular, by Example i), the functor M +— M factors through the localization functor L. .

Using either (i) or (ii) of Example we can make the following computation:

Theorem 4.53 (Quasi-coherent modules over quasi-projective schemes). Let A be an N-graded ring
generated by A<y and I C Ay a finite subset with nonvanishing locus D(I) C Proj(A). Then the functor
M +— M induces an equivalence

{I-local Z-graded A-modules} — Modp ).
In particular, if A is a finitely generated Ag-algebra, then

{A;1-local Z-graded A-modules} = Modp,qj(a)-
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4.6. Serre twists. Let M be a Z-graded module over a Z-graded ring A and let d € Z. Recall from
Notation that M (d) denotes the Z-graded A-module with M(d), = Mp44.

Definition 4.54 (Serre twists). Let A be an N-graded ring and let d € Z. We denote by O(d) the quasi-
coherent module over Proj(A) associated with the Z-graded A-module A(d) (see Construction [4.52)).
Given M € Modp,qj(a), the dth Serre twist of M is the quasi-coherent module over Proj(A) given by

M(d) = M @ 0(d).

Remark 4.55. If A is generated by A<1, then an R-point € Proj(A)(R) is a quotient line A; ®4,R - L
satisfying some condition. Unraveling the definition, we see that O(d)(x) = L®.

Example 4.56 (Serre twists on P'). Over P!, there is a short exact sequence of quasi-coherent modules
0— O(-1) = 0% = 0(1) = 0.

Indeed, for any R-point Spec(R) — P! classifying a quotient line (a,b): R? - L, the kernel of (a,b) is

identified with LY via the map (b¥, —a"): LY — R2.

Proposition 4.57 (Properties of Serre twists). Let A be an N-graded ring generated by A<y.

(i) For any d € Z, O(d) is a line bundle over Proj(A). ) -
(ii) For any Z-graded A-module M and d € Z, there is an isomorphism M (d) = M(d). In particular,
for all d,e € Z, there are isomorphisms

O(d) ® O(e) = O(d+e) and O(1)%% = 0(d),

s0 that @4, O(d) has a structure of quasi-coherent Z-graded algebra over Proj(A).
(iii) There is a canonical map of Z-graded rings

La, A = DT (Proj(A),0(d)),
dez
and, for any Z-graded A-module M, a canonical map of Z-graded A-modules
La, M — DT (Proj(A), M(d)),
dez

which are isomorphisms if A is finitely generated as an Ag-algebra.

Remark 4.58. If A is an arbitrary N-graded ring and M a Z-graded A-module, there are still canonical
maps

M(d) — M(d) and (La, M)y — T'(Proj(A), M)
but they need not be isomorphisms. If A is generated over Ay by homogeneous elements whose degrees
divide d, then O(d) is a line bundle over Proj(A) and the first map is an isomorphism.

Definition 4.59 (Tautological line bundle). Let A be an N-graded ring generated by A<;. The line
bundle O(1) over Proj(A) is called the tautological line bundle.

Example 4.60. If A = k[xg,...,x,], then

+17 .
f =
LA = klzg ], 1 n =20,
A ifn>1

)

(this is exactly the computation of O(A} ™! — 0), see Remark [2.75). Hence, I'(P}¥, O(d)) =~ k[zo, ..., Ty]a
for all d > 0 and I'(P}, O(d)) = 0 for all d < 0 and n > 1. For d = 0, this says that O(P}) = k, i.e., that
every function on projective n-space is constant.

Example 4.61. Under the description of Modp: from Example the quasi-coherent module O(d) over
P! is the triple (k[u], k[v], a), where a: k[u*!] = k[v*!] is the k[t*!]-linear isomorphism sending 1 to v¢
(hence u" to vd~—").

Example 4.62 (Tautological vector bundles over Grassmannians). Let &k be a ring, M a k-module, and
n € N. The tautological vector bundle T on Gr,(M) is the rank n vector bundle such that, for any
R-point x: Spec(R) — Gr, (M) classifying a quotient space M ®; R - V, T(x) = V. For n = 1, this
recovers the tautological line bundle O(1) on P(M) = Proj(Sym,(M)). If w: Gr, (M) < P(AR(M)) is
the Pliicker embedding (Example , then w*(0(1)) ~ A™(T) in Vecta,, (ar)-
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Remark 4.63. Let A be an N-graded ring generated by A<;. If f € A is homogeneous of degree d, it
defines by Proposition a global section of O(d), or equivalently a map O(—d) — O in Modpyj(a)-
Hence, any homogeneous subset F' C A induces a map @fGF O(—ds) — O, where f has degree ds. One
can check that the loci V(F') and D(F) in Proj(A) defined in Remark coincide with the vanishing
and nonvanishing loci of this map, in the sense of Remark This is analogous to Remark in
the affine case. Thus, the loci associated with maps of quasi-coherent modules unify the vanishing and
nonvanishing loci in affine and projective geometry.

Remark 4.64 (Proj and line bundles). Note that the tautological line bundle O(1) on Proj(A) depends
on the N-graded ring A and not just on the algebraic functor Proj(A). For example, under the isomor-
phism Proj(A) ~ Proj(A@) for d > 1, the line bundle O(1) on Proj(A(®) corresponds to the line bundle
O(d) on Proj(A). In fact, by Proposition [1.57iii), the data of this line bundle is exactly what allows us
to recover (the A;-localization of) A from the algebraic functor Proj(A).

We can make this more precise as follows. Let CAlg™! ¢ CAlg™** be the full subcategory spanned by
the N-graded rings generated in degrees < 1. Let LineBdl be the category of pairs (X, L) where X is an
algebraic functor and L € Liney, whose morphisms (X', L') — (X, L) are pairs (f,\) with f: X’ — X
and A\: L/ = f*(L). Then there is functor

(Proj(—),0(1)): (CAlg™')°P — LineBdl,

which is fully faithful on the subcategory of N-graded rings of the form (L4, A)>¢, where A is finitely
generated over Ay.

5. LOCALES AND TOPOLOGICAL SPACES

5.1. Pointless topology. The starting point of “pointless topology” is the observation that most topo-
logical spaces (including for example all Hausdorff spaces) are determined by their posets of open subsets.
Since posets are ubiquitous in mathematics, this leads to the appearance of topology in unexpected places.
In this chapter, we will see that the poset of open subfunctors of any algebraic functor X is isomorphic to
the poset of open subsets of an associated topological space |X|, which we will describe explicitly when
X = Spec(A) or X = Proj(A).

Notation 5.1. Let P be a poset. Given a family (x;);cr in P, we denote by \/
upper bound) and by A

e %4 1tS supremum (least

ser i its infimum (greatest lower bound), if they exist.
Remark 5.2.

(i) If we view a poset as a category, suprema are colimits and infima are limits.
(ii) The supremum of the empty family (i.e., the colimit of the empty diagram) is the smallest element
(i.e., the initial object). Dually, the infimum of the empty family is the largest element.
(iii) A poset admits all suprema if and only if it admits all infima. Indeed, the infimum of a family
is the supremum of all elements below the family.

Definition 5.3 (Locale). A locale is a poset O satisfying the following conditions:

(i) (Completeness) O admits all suprema (hence all infima).
(ii) (Distributivity) For any « € O and any family (v;)er,

u A (\/ vi> =\/(uAw).

iel i€l
A morphism of locales f: O — O is a morphism of posets f*: O — O’ (in the other direction!) that
preserves colimits and finite limits. We denote by Loc the category of locales.

Example 5.4 (Totally ordered sets). Any totally ordered set with suprema is a locale. For example,
the posets NU {+o0} and R U {£o00} are locales.

Example 5.5 (The locale of a topological space). Let T be a topological space. The poset Open(T') of
open subsets of T is a locale:

e Given a family of open subsets (U;);cr, its supremum is the union | J,.; U; and its infimum is
the interior of the intersection (;.; U;.
e The distributivity law follows from the set-theoretic distributive law and the fact that finite

intersections of open subsets are open.

iel
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If f: T — S is a map of topological spaces, then f~1: Open(S) — Open(T) is a morphism of posets
that preserves colimits and finite limits. Hence, it is a morphism of locales Open(T’) — Open(S). This
defines a functor

Open: Top — Loc.

Remark 5.6. Locales are also called frames or complete Heyting algebras. However, these other names
come with different notions of morphisms, hence describe different categories.

Proposition 5.7 (Limits and colimits of locales). The category Loc admits limits and colimits, and the
inclusion Loc — Pos®P preserves colimits. The initial object of Loc is 0 = Open(&) = {@} and the final
object is 1 = Open(x) = {& — *}.

Definition 5.8 (Points of a locale). Let O be a locale. We define a topological space Pt(O) as follows:

e The elements of Pt(O) are the points of O, i.e., the morphisms of locales 1 — O.
e The open sets of Pt(O) are the subsets Pt(u) = {p: 1 — O | p*(u) = *} for all u € O.

Given a morphism of locales f: O' — O, the induced map Pt(O’) — Pt(O) is continuous, since the
preimage of Pt(u) is Pt(f*(u)). Hence, we have a functor

Pt: Loc — Top.

Remark 5.9 (Explicit description of points). Let P be a poset. A map of sets f: P — {& — *} is
determined by the subset F' = f~1(x) C P. It is a map of posets if and only if:

(i) F is upward-closed.

If this is the case and P has finite limits, then f preserves finite limits if and only if:
(ii) F is nonempty and z Ay € F' whenever z,y € F'.

If moreover P is complete, then f preserves colimits if and only if:

(iii) whevener \/,_; x; € F, there exists i € I with z; € F'.
Subsets F' C P satisfying (i) and (ii) are called filters on P, and they are called completely prime if they

also satisfy (iii). Thus, we can identify the points of a locale O with the completely prime filters on O.

Proposition 5.10 (The adjunction between topological spaces and locales). The functor Open: Top —
Loc is left adjoint to the functor Pt: Loc — Top. This adjunction is idempotent, i.e., it restricts to an
equivalence between the essential images of both functors.

Definition 5.11 (Sober spaces and spatial locales).

(i) A topological space T is sober if it lies in the essential image of Pt: Loc — Top, or equivalently
if the unit map 7' — Pt(Open(T)) is an isomorphism.

(ii) A locale O is spatial if it lies in the essential image of Open: Top — Loc, or equivalently if the
counit map Open(Pt(0O)) — O is an isomorphism.

Remark 5.12. By Proposition the adjunction Open - Pt restricts to an equivalence between the
category Top®™P of sober topological spaces and the category LocP?® of spatial locales. Moreover, the
inclusion Top®°® < Top has a left adjoint given by Pt o Open, called soberification, and the inclusion
Loc®P® < Loc has a right adjoint given by Open o Pt, called spatialization. In particular, limits of sober
spaces are sober and colimits of spatial locales are spatial.

sob

Proposition 5.13 (Characterization of sober spaces). Let T be a topological space. Then the points
of the locale Open(T) can be identified with the irreducible closed subsets of T, and the unit map T —
Pt(Open(T)) sends t to the closure of {t}. Hence, a topological space T is sober if and only if the map

{points of T} — {irreducible closed subsets of T},
t e {t},
s a bijection, i.e., if and only if every irreducible closed subset of T has a unique generic point.

Remark 5.14.

(i) Every Hausdorff space is sober, as its irreducible subsets are singletons.
(ii) Being sober is a local property: if T admits an open covering by sober spaces, then T is sober.
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5.2. Locales of radical ideals. Let R be a ring. Recall that the poset of open subfunctors of Spec(R)
is isomorphic to the poset Radg of radical ideals in R (Proposition ii)). We claim that it is a locale.
The supremum of a family of radical ideals (Kj)ies is the radical of ), ; K;. The distributivity law

reads
KN ZLZ» = Z(KﬂLi),

i€l i€l

and it follows from the following facts: we have K N L = /KL for any radical ideals K and L, and the
product of ideals distributes over sums. By contrast, the poset Idg of all ideals is usually not a locale,
since the intersection of ideals does not distribute over sums.

For any ring map R — S, the base change map Idg — Idg, I — IS, preserves products and sums of
ideals. It follows that the base change map Radr — Radg, I — /IS, preserves finite intersections and
suprema, hence is a morphism of locales Radg — Radpg.

We now compute the points of the locale Radg.

Definition 5.15 (Prime spectrum). Let R be a ring. The prime spectrum of R is the topological space
Prim(R) defined as follows:

e The elements of Prim(R) are the prime ideals of R.
e The open sets of Prim(R) are the subsets Prim(I) = {p|I ¢ p} for all I C R.

Since prime ideals are radical, Prim(I) depends only on the radical ideal 1/(I) generated by I.

Proposition 5.16 (The locale of a ring). Let R be a ring.

(i) There is a homeomorphism
Prlm(R) = Pt(RadR), p = {I € Radp | 1¢ p},

under which the open subset Pt(I) corresponds to the open subset Prim(I).

(ii) The locale Radg is spatial, i.e., the map from (i) induces an isomorphism Open(Prim(R)) =
RadR.

(iii) The topological space Prim(R) is spectral, i.e., it is sober and its quasi-compact open subsets
form a basis of the topology that is closed under finite intersections.

Remark 5.17. One can show that, conversely, every spectral space is homeomorphic to Prim(R) for
some ring R (which is however far from unique).

Let now A be an N-graded ring, and let hRad 4 be the poset of saturated radical homogeneous ideals
in A. By Proposition m (and Remark , the poset hRad, is isomorphic to the poset of open
subfunctors of Proj(A). This poset is also a locale: the distributivity law follows from the one in Rad 4
and the fact that saturation preserves finite intersections. We now compute the points of hRad 4.

Definition 5.18 (Homogeneous prime spectrum). Let A be an N-graded ring. The homogeneous prime
spectrum of A is the topological space hPrim(A) defined as follows:

e The elements of hPrim(A) are the saturated homogeneous prime ideals of A, or equivalently the
homogeneous prime ideals of A that do not contain Ay (Remark iv)).

e The open sets of hPrim(R) are the subsets hPrim(I) = {p | I ¢ p} for all homogeneous subsets
ICA.

Note that hPrim () depends only on the saturated radical ideal 4/ (1) o generated by I.

Proposition 5.19 (The locale of an N-graded ring). Let A be an N-graded ring.

(i) There is a homeomorphism
hPrim(A) = Pt(hRads), p+ {I € hRads|I ¢ p},

under which the open subset Pt(I) corresponds to the open subset hPrim([).

(ii) The locale hRad 4 is spatial, i.e., the map from (i) induces an isomorphism Open(hPrim(A4)) =
hRad 4.

(iil) The topological space hPrim(A) is sober and its quasi-compact open subsets form a basis of the
topology that is closed under binary intersections. If A is finitely generated as an Ag-algebra,
then hPrim(A) is spectral.
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5.3. The topological space of an algebraic functor. Let Open(X) denote the poset of open sub-
functors of an algebraic functor X. Since the preimage of an open subfunctor is open, we have a functor

Open: Fun(CAlg, Set) — PosP.

By Proposition ii), Open(X) is isomorphic to the poset Radx of quasi-coherent radical ideals over
X, so that there is an isomorphism of posets

X) = li .
Open(X) = spec(lgax Open(Spec(R))

In we saw that the restriction of Open to the subcategory Aff C Fun(CAlg, Set) of affine schemes
lands in the subcategory of locales. Combining these facts with Proposition we immediately deduce
the following result:

Proposition 5.20. The functor Open: Fun(CAlg, Set) — Pos®? lands in the subcategory Loc C Pos®P,
and the induced functor
Open: Fun(CAlg, Set) — Loc

s colimit-preserving.
Since colimits of spatial locales are spatial (Remark , we deduce:
Corollary 5.21. For any algebraic functor X, the locale Open(X) is spatial.

Remark 5.22. The final object in Open(X) is D(1) = X and the initial object is D(0) = @x, where
@x(0) = X(0) and @x(R) = & for all R # 0. For any U,V € Open(X), we have UANV =UNV.

We now define an explicit topological space | X | whose locale of open sets is Open(X). If X = Spec(R),
the prime spectrum Prim(R) is the unique sober space with this property, by Proposition On the
other hand, by Remark [3:4] there is a bijection

{connected components of Fieldg} = Prim(R), (¢: R — k) ker(p),
with inverse given by p = k(p).

Construction 5.23 (Underlying space of an algebraic functor). Let X be an algebraic functor and
let Fieldx C EI(X)°P be the full subcategory spanned by the field-valued points of X. We define a
topological space |X| as follows:

e The points of | X| are the connected components of the category Field x.
e A subset U C |X]| is open if and only if, for every ring R and every R-point x: Spec(R) — X,
the preimage |z|~1(U) C Prim(R) is open.

Proposition 5.24. The functor
Fun(CAlg, Set) — Top, X — |X]|,

1s colimit-preserving. Hence, for any algebraic functor X, there is a natural isomorphism of posets
Open(X) = Open(|X]), U |U|.

Remark 5.25.

(i) Since every field admits an algebraic closure, every point = € |X]| is represented by a k-point
where k is an algebraically closed field; such a k-point is sometimes called a geometric point of
X, although the exact meaning of “geometric point” varies from sources to sources.
(ii) If X is affine, then | X| is sober. However, as colimits of sober spaces need not be sober, | X]| is
not sober in general. Its soberification is the space Pt(Open(X)).
(iii) If X = Proj(A), then |X| is sober as it is covered by the open subspaces [Spec(Ay))|, which are
sober. Hence, the canonical map |X| — Pt(Open(X)) ~ hPrim(A) is a homeomorphism.

Remark 5.26 (Points in algebraic geometry). We now have introduced two distinct notions of “points”
of an algebraic functor X:
(i) If R is any ring, an R-point or R-valued point of X is an element of X (R).
(ii) A point of X can also refer to a point of the topological space |X |, which is an equivalence class
of field-valued points of X.

For fixed R, the R-points of X only form a set X (R), but for varying R they form a category, namely the
category of elements EI(X). On the other hand, the points of X in the sense of (ii) form a topological
space | X|. These two notions of points are related by the zigzag of functors

EI(X)°P > Fieldx - |X].
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Lemma 5.27 (Underlying space of pullbacks). Let Y — X < Z be maps of algebraic functors. Then
the canonical map

|Y Xx Z| — |Y| X|X| |Z|
18 surjective. It is bijective if Y — X is a monomorphism.

Proposition 5.28 (Underlying space of immersions). Let X be an algebraic functor and let Y < X be
an open immersion, a closed immersion, or an immersion. Then the induced map |Y| — | X| is an open
embedding, a closed embedding, or a locally closed embedding, respectively.

Remark 5.29 (Closed subfunctors vs. closed subspaces). By Proposition there is a map of posets
Closed(X) — Closed(| X|), Z+ |Z|.

In contrast to Proposition this map is almost never bijective, but it is surjective if X = Spec(A)
or if X = Proj(A): a preimage of a closed subset of |X]| is given by the vanishing locus of the radical
ideal in A corresponding to the open complement. In general, if Z C X is a closed subfunctor with open
complement U (Definition [£.24), then |Z| = |X]| — |U]|.

Definition 5.30 (Topological properties of algebraic functors). Let P be a property of topological spaces,
such as connected, locally connected, irreducible, or discrete. We say that an algebraic functor X has
property P if | X| has property PE|

Example 5.31. If X = Spec(R), so that |X| is the prime spectrum Prim(R), we have the following
standard results from commutative algebra:

(i) X is connected if and only if R has exactly two idempotent elements (see Remark below for
a generalization of this statement to arbitrary algebraic functors).
(ii) X is irreducible if and only if the nilradical v/O C R is prime.
(iii) X is discrete if and only if R is artinian.

Definition 5.32 (Topological properties of maps of algebraic functors). Let P be a property of maps of
topological spaces, such as surjective, injective, bijective, dominant, submersive, open, closed, or homeo-
morphismﬁ A map of algebraic functors f: Y — X is said to have property P if the map |f]: |Y]| — | X]
has property P. We say that f is universally P if for every X’ — X, the base change ¥ xx X' — X’
has property P.

Proposition 5.33. Let f: Y — X be a map of algebraic functors.

(i) Let P be any of the following properties: surjective, injective, bijective, dominant, submersive,
open, closed, or homeomorphism. Then f is universally P if and only if, for every ring R and
every Spec(R) — X, the base change Y X x Spec(R) — Spec(R) has property P.

(ii) f is universally surjective if and only if it is surjective.

(iii) If f is a monomorphism, then it is universally injective.

(iv) If f is a Zariski-local epimorphism, then it is universally submersive and in particular universally
surjective.

Example 5.34. With the exception of surjectivity, the properties listed in Proposition m(l) are not
automatically universal, even for maps between affine schemes:
(i) The map Spec(C) — Spec(R) is a homeomorphism, but it is not universally injective: its pullback
along itself is Spec(C x C) — Spec(C), which induces the map of topological spaces * LI x — .
(ii) If & is a field, then |Spec(k)| = * and hence any map X — Spec(k) is closed. The map A} —
Spec(k) is however not universally closed: its pullback along itself is the projection A2 — Al
which is not closed as it restricts to an isomorphism V(zy — 1) = Al —0.
(iii) An example of an open morphism that is not universally open is

f: Spec(k[t]) — Spec(k[z,y]/(y* —z* — 2?)), x=t*—1, yr=t(t* —1),

where k is a field of characteristic not 2, which is the resolution of singularities of the affine nodal
cubic. The map | f| is the quotient map |A}| - |A}|/(—1 ~ 1), which is open but whose pullback
along itself is not open. By Lemma [5.27] this implies that the pullback of f along itself is not
open.

5Provided this does not conflict with any other definitions. For example, an affine scheme X is called noetherian if the
ring O(X) is noetherian, which is strictly stronger than | X| being noetherian; the latter property is then called topologically
noetherian.

6A continuous map f: T — S is dominant if f(T) is dense in S, and it is submersive if it is surjective and S has the
quotient topology.
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Corollary 5.35 (Zariski codescent for the underlying space). Let (Y; = X)ier be a family of maps of
algebraic functors such that [[,.;Y: = X is a Zariski-local epimorphism. Then the diagram

[T 1Y xx v = []vil — X

i,5€1 i€l

iel

s a coequalizer diagram of topological spaces.

Definition 5.36 (Residue field). Let X be an algebraic functor and let x € |X|. Let Field x ,) be the
full subcategory of Fieldx spanned by the field-valued points hitting z. If the category Field x ;) has an
initial object, we call it the residue field of X at = and denote it by x(x).

Let f: Y — X be a map of algebraic functors, let y € |Y| and let = = f(y) € |X|. If both residue
fields x(y) and k(z) exist, then the universal property of k(z) gives a map of fields k(z) — k(y), called
the residual field extension of f at y.

Proposition 5.37 (Existence of residue fields). Let X be an algebraic functor, let Y — X be an
immersion, and let y € |Y| be a point with image x € |X|. Then the functor Field(y ) — Field x . is
an equivalence. In particular, the residue field of X at x exists if and only if the residue field of Y at y
exists, in which case the residual field extension k(x) — k(y) is an isomorphism.

Example 5.38.

(i) Let X = Spec(R) and let x € | X| be given by the prime ideal p C R. Then the residue field x(z)
exists and is the usual residue field x(p), by Remark

(ii) Let X = Proj(A) and let « € |X| be given by the saturated homogeneous prime ideal p C A. By
Remark iv), there exists a homogeneous element f € A, with f ¢ p. Then p(y) is a prime
ideal in Ay and the open immersion Spec(Ay)) <+ Proj(A) sends p(y) to p. By Proposition
and (i), the residue field x(x) exists and is given by &(p(s)) =~ &(p)o-

5.4. Open coverings. The notion of open covering of a topological space T' depends only on the locale
Open(T): a family of open subsets (U; C T);cr is an open covering if and only if its supremum in
Open(T) equals T. In the locale of an algebraic functor, there are several useful characterizations of this
property:

Proposition 5.39. Let X be an algebraic functor, let (U; C X);er be a family of open subfunctors, and
let K; € Radx be the quasi-coherent radical ideal of U;. The following conditions are equivalent:

(i) X =V, Ui in the poset Open(X).

(i) Ox = V,c; Ki in the poset Radx.

(iii) For every ring R and every x: Spec(R) — X, J;c; Ki(x) generates the unit ideal in R.
(iv) For every local ring R, X (R) = ;c; Ui(R).
(v) For every field k, X (k) = U;c; Ui(k).

N —

(vi) The induced map [1,.; Us — X is a Zariski-local epimorphism (Definition .
(vii) The induced map [],c; Ui — X is surjective (Definition .

Definition 5.40 (Open covering). A family of open subfunctors (U; C X);e; is called an open covering
of X if it satisfies the equivalent conditions of Proposition [5.39

Remark 5.41. By Proposition vii), open coverings of an algebraic functor X are equivalent to
open coverings of its underlying space |X]|.

Example 5.42 (Open coverings of affine and projective schemes).
(i) Let R be a ring and (F;);c; a family of subsets of R. Then (D(F;) C Spec(R))ics is an open

covering of Spec(R) if and only if (J,.; Fi generates the unit ideal of R, by Proposition [2.66(ii).
In general, the subfunctors D(F;) form an open covering of D (U, Fi)-

(ii) Let R be aring, L aline over R, and (s;);ecs a family of elements of L. Then (D(s;) C Spec(R))icr
is an open covering of Spec(R) if and only if (s;);c; generates L.

(iii) Let A be an N-graded ring and (F;);e; a family of homogeneous subsets of R. Then (D(F;) C
Proj(A))ier is an open covering of Proj(A) if and only if the saturated radical ideal generated by
U, Fi is the unit ideal of A, by Proposition m(u) For example, the affine open subschemes
D(f) ~ Spec(A(y)) with f € A} homogeneous form an open covering of Proj(A). In general, the
subfunctors D(F;) form an open covering of D (U, ; Fi)-

(iv) Let k be a ring, M a k-module, and n € N. For every a € M", let U(a) C Gr,(M) be
the subfunctor consisting of the quotient spaces ¢p: M ®; R - V such that poa: R* — V
is an isomorphism, which is open by Proposition (iv). If (c;)ier is a family in M™, then
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(U(cw) C Grp(M));cr is an open covering of Gry, (M) if and only if the image of (c;)ier in A} M
is a generating family (cf. Example [3.100).

Remark 5.43 (Clopen subfunctors vs. clopen subspaces). For any algebraic functor X, the map
Clopen(X) — Clopen(|X|), U |U],

is bijective. Indeed, let U C X be an open subfunctor such that |U] is clopen in |X|, and let V C X be
the open subfunctor such that |X| = |U|U|V]|. Then U and V form an open covering of X such that
UNV = @x, so that the map O(X) — O(U) x O(V) is an isomorphism by Corollary [4.44, We therefore
find an idempotent function e € O(X) such that U C D(e) and V C D(1 —e). Since UV V = X and
D(e) AD(1—e) = @x in Open(X), the distributivity law implies that U = D(e). As e is idempotent, we
have D(e) = V(1 — e), so that U is closed, as desired. In particular, by Proposition X is connected
(in the sense of Definition if and only if the ring O(X) has exactly two idempotent elements.

Proposition 5.44 (Closure properties of open coverings).

(i) (Refinement) A family of open subfunctors (U; C X);cr is an open covering if it is refined by an
open covering (V; C X)jeyg, i.e., if there exists oc: J — I such that V; C Uy ) for all j € J.

(ii) (Composition) If (U; C X)ier and (Vij C U;)jes, are open coverings, then (Vij C X)q jyel]
is an open covering.

(iii) (Intersection) If (U; C X)ier and (V; C X)jes are open coverings, then (U; N'V; C X)) jyerx.
is an open covering.

(iv) (Base change) If (U; C X);cr 48 an open covering and f: Y — X is a map of algebraic functors,
then (f~Y(U;) C Y)ier is an open covering.

ier Ji

6. SHEAVES

In this chapter, we introduce the formalism of Grothendieck topologies and sheaves. A Grothendieck
topology 7 on a category € determines (and is determined by) a subcategory Sh,(C) of the presheaf
category P(C), whose objects are called 7-sheaves on €. These are presheaves on C satsfying a certain
local-to-global condition with respect to the topology 7, called 7-descent.

In algebraic geometry, we typically use this formalism in the following situations:

(i) € is the category of open subsets of a topological space T', which has a canonical Grothendieck
topology; one then speaks of sheaves on T. This was the original notion of sheaf discovered by
Leray in the 1940s, before Grothendieck’s categorical generalization in the 1950s.

(i) € = CAlg® is the opposite of the category of k-algebras, or equivalently the category Aff) of
affine k-schemes, on which there is a plethora of commonly used Grothendieck topologies. The
main ones are the Zariski, Nisnevich, étale, fppf (“fidelement plat de présentation finie”), and
fpgc (“fideélement plat quasi-compact”) topologies.

(iii) The topologies in (ii) extend to various enlargements of Affj, such as the category Schy of
k-schemes (to be introduced in and even the whole category Fun(CAlgy, Set) of algebraic
k-functors.

All the “Zariski descent” statements established so far are examples of descent statements for the so-
called Zariski topology on CAlg°P (e.g., Corollary and Proposition or on Fun(CAlgy, Set) (e.g.,

Corollary [4.44)).

6.1. Sieves and descent.

Definition 6.1 (Sieve). Let C be a category and let X € €. A sieve on X is a subpresheaf of the
representable presheaf k(X): C°P — Set.

Remark 6.2 (Sieves as subcategories). A left closed subcategory of a category € is a full subcategory
D C € such that, if X € D and Y — X is any morphism in C, then Y € D. If R is a sieve on an object
X € @, its category of element EI(R) is a left closed subcategory of EI(&(X)) = C,x. This defines an
order-preserving bijection

El: {sieves on X} = {left closed subcategories of €, x }.

In practice, we think of sieves on X either as subfunctors of &(X') or as left closed subcategories of C,x,
depending on the situation.

Notation 6.3 (Pullback of sieves). Let R be a sieve on X and let f: ¥ — X be a map. We denote by
f*(R) the pullback R xy(x) &(Y), which is a sieve on Y. Concretely, f*(R) consists of all maps to V'
whose composition with f belongs to R.
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Definition 6.4 (Generated sieve). Let € be a category and let X € €. The sieve on X generated by a
family of maps (Y; — X);er is the image of the map [],.; &(Y;) — &(X), i.e., the sieve consisting of all
maps to X that factor through Y; for some 1.

iel

Definition 6.5 (Descent). Let € be a category, F' € P(C) a presheaf on C, and R a sieve on X € €. We
say that F' satisfies descent along R if the inclusion R C &(X) induces an isomorphism

F(X)=Map(&k(X),F) = Map(R, F).

Example 6.6 (The empty sieve). For any X € C, the empty subpresheaf of J(X) is a sieve on X, called
the empty sieve on X. Since the empty presheaf is an initial object in P(@), a presheaf F' satisfies descent
along this sieve if and only if F'(X) is a one-point set.

Example 6.7 (Sieve generated by two subobjects). Let X € €, let U,V C X be a pair of subobjects of
X, and let R be the sieve on X generated by U and V. If the intersection U NV exists, then R is the
pushout &(U) Uynyy &(V) in P(C). Hence, a presheaf I" on C satisfies descent along R if and only if
the square

F(X) ——— F(U)

| l

F(V)—— F(UNY)
is cartesian.

Lemma 6.8 (Presentations of sieves). Let R be a sieve on X and let (Y; — X)ier be a family of maps
generating R. Then the maps X(Y;) — R induce an isomorphism of presheaves

colim [ [T *(¥3) xyxx) £(V) S [[ (V) | = R.
u,jel iel
Proposition 6.9 (Characterization of descent). Let R be a sieve on X € € and let (Y; — X);cr be a
family of maps generating R. For a presheaf F € P(Q), the following conditions are equivalent:
(i) F satisfies descent along R.

(ii) The canonical map

F(X li FY
)= By £

is an isomorphism.
(iii) The diagram
F(X) = [[F) =[] Map(&(Yi) xxx) £(¥)), F)
il ijel
is an equalizer.

Remark 6.10. If in Proposition the pullbacks Y; x x Y; exist in €, we can rewrite Condition (iii) as
follows:
(iii") The diagram
F(X) = [[Fv) = [] FOGxx )
iel ijel
is an equalizer.

Example 6.11 (Monogenic sieve). Let R be the sieve on X € C generated by a single map ¥ — X. If
the pullback Y x x Y exists in €, then a presheaf F' € P(C) satisfies descent along R if and only if the
following diagram is an equalizer:

F(X) = F(Y) = F(Y xx Y).

Remark 6.12 (Descent for categories). We can define descent for a presheaf of categories F': €°P — Cat
(in the sense of Definition [4.1)) via Condition (ii) of Proposition Namely, if R is a sieve on X € C,
we say that F' satisfies descent along R if the canonical functor

F(X)— lim F(Y)

Y €El(R)

is an equivalence of categories. It turns out that this is not equivalent to Condition (iii) of Proposition[6.9]
Instead, assuming that the relevant fiber products exist in € for simplicity, it is equivalent to the following
condition:
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(iii”) The diagram of categories

F(X) = [[Fv) = [[ FOixxY) =[] F(Vixx Y xx i)

iel ijel ig,kel

is a limit diagram.
This explains why the descent condition takes this more complicated form for presheaves of categories.
Note that (iii”) is equivalent to (iii’) if F' is a presheaf of posets.

6.2. Grothendieck topologies and sheaves.

Definition 6.13 (Grothendieck topology, site). A Grothendieck topology T on a category €, or topology
for short, assigns to each object X € € a collection of sieves on X, called 7-covering sieves, subject to
the following conditions:
(i) If R is a 7-covering sieve on X and f: Y — X is any map, then the pullback f*(R) is a 7-covering
sieve on Y.
(ii) Let S be a sieve on X and let R be a 7-covering sieve on X. If for all f: Y — X in R, f*(9) is
T-covering, then S itself is 7-covering.
(ili) The maximal sieve &(X) on any X is 7-covering.
A family of maps (Y; — X);e is called a 7-covering family or a 7-cover if it generates a T-covering sieve.
A category equipped with a Grothendieck topology is called a site.

Remark 6.14. The following further properties of a Grothendieck topology 7 are consequences of the
axioms (i)—(iii):

(iv) If R is a T-covering sieve on X and S is any sieve on X containing R, then S is 7-covering.

(v) Any finite intersection of 7-covering sieves on X is 7-covering.

Definition 6.15 (Sheaf). Let C be a category and 7 a topology on €. A presheaf F' € P(C) is called
a T-sheaf if it satisfies descent along every 7-covering sieve. We denote by Sh,(C) C P(C) the full
subcategory of 7-sheaves.

Remark 6.16 (Poset of topologies). Let 7 and p be topologies on €. We say that 7 is coarser than
p and that p is finer than 7, and we write 7 < p, if every 7-covering sieve is a p-covering sieve. The
collection of topologies on € is a poset under the relation <. By definition, any intersection of topologies
on C is again a topology. The poset of topologies on € therefore admits all infima, and hence also all
suprema. In particular, any collection o of sieves on objects of C generates a topology &, which is the
coarsest topology on € containing o.

Example 6.17. On any category €, we can consider the following topologies:

(i) The discrete topology is the finest topology: all sieves are covering. The final presheaf * is the
only sheaf in the discrete topology (by Example .

(ii) The indiscrete topology is the coarsest topology: only the maximal sieves are covering. All
presheaves are sheaves in the indiscrete topology.

Example 6.18 (Locales and topological spaces). Let O be a locale, viewed as a category. If we define
a sieve on u € O to be covering if its supremum is u, we obtain a topology on O, called the canonical
topology. Indeed, Conditions (i) and (ii) follow from the distributivity law, and Condition (iii) is clear.

In particular, if T is a topological space, we have the canonical topology on the poset Open(T"). We
usually write Sh(T") for the category of sheaves Shean(Open(T')), which are simply called sheaves on T.
The covering sieves are exactly the sieves generated by open coverings, so that, by Proposition a
presheaf F': Open(7T)°P — Set is a sheaf if and only if, for every U € Open(T') and every open covering
(U; C U)jer, the diagram

FU)=[[Fw) = [[ FUinuy)
iel ijel

is an equalizer. For example, this holds for the presheaf MapTop(f, X) of X-valued continuous functions
for any topological space X.

Example 6.19 (Weiss topologies). Let T be a topological space and « a cardinal. The k- Weiss topology
on Open(T) is defined as follows: a sieve R on U is covering if any subset of U of size < & is contained in
some element of R. This recovers the discrete topology for k = 0 and the indiscrete topology for k > |T|
(Example . For k = 1, the covering sieves are exactly the nonempty sieves, and the corresponding
sheaves are the constant presheaves. For k = 2, the covering sieves are those of the canonical topology
(Example , except that the empty sieve does not cover the empty set.
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Warning 6.20. The notion of Grothendieck topology is not a direct generalization of the notion of
topology on a set. Example explains the relation between the two notions. Historically, Grothendieck
named the new concept “topology” because it replaced topological spaces in the context of sheaf theory.

Proposition 6.21 (The adjunction between topologies and subcategories). Let C be a category. The
map of posets

{topologies on C}°P — {subcategories of P(C)},
7+ Sh,(€),

has a left adjoint € > ¢, i.e., there exists a finest topology Te such that & C Sh,, (€). A sieve R on X
is Te-covering if and only if, for every map f: Y — X, every F € & satisfies descent along f*(R).

Corollary 6.22. Let (7;);er be a family of topologies on € and let 7 =\/,_; 7; be their supremum. Then

Sh,(€) = ] Shy, (€).

icl

i€l

Corollary 6.23. Let C be a category and let o be a collection of sieves on C that is closed under pullbacks
(i.e., satisfies Condition (i) of Definition . Let & be the topology generated by o. Then a presheaf
F on € is a g-sheaf if and only if it satisfies descent along all sieves in o.

In practice, topologies are often defined by means of covering families rather than covering sieves:

Definition 6.24 (Pretopology). A pretopology 7 on a category € assigns to each object X € € a
collection of families of €, x, called m-covering families or m-covers, subject to the following conditions:
(i) If (U; — X)qer is a m-covering family and f: Y — X is any map, then the pullbacks U; xx Y
exist in € and the family (U; xx Y — Y);cs is m-covering.
(ii) If (Ui = X)ier and (Vij — U;) e, are m-covering families, then (V;; — X)ier jes, is m-covering.
(iii) The singleton family (idx: X — X) is m-covering.
The topology associated with a pretopology 7 is the coarsest topology for which 7-covering families
generate covering sieves (which exists by Remark [6.16)).

Example 6.25. Let 7 be a topology on C. If (and only if) € has pullbacks, then the 7-covering families
form a pretopology on €, whose associated topology is 7. For example, if X is a topological space or an
algebraic functor, covering families for the canonical topology on Open(X) are precisely open coverings,
which in particular form a pretopology on Open(X).

Proposition 6.26 (Pretopologies and descent). Let C be a category, let m be a pretopology on C, and
let T be the topology associated with .
(i) A sieve is T-covering if and only if it contains a m-covering family.
(ii) A presheaf F is a T-sheaf if and only if, for every w-covering family (U; — X);cr, the following
diagram is an equalizer:

F(X) = [[FW) = [ FU xx Uj).
il ijel
Example 6.27 (The standard topology on Top). Open coverings form a pretopology on the category
Top of all topological spaces (and many similar categories, like that of smooth manifolds). If 7 is the
associated topology, Proposition [6.20] implies the following:
(i) A sieve on X is 7-covering if and only if it contains an open covering of X. Hence, a family
(Y; = X)ier is T-covering if and only if it locally has sections, i.e., if and only if every point of
X has a neighborhood that maps to some Y; over X.
(ii) A presheaf I': Top®® — Set is a 7-sheaf if and only if F|open(r) is a sheaf on T for each T' € Top.

For example, for every X € Top, the presheaf X(X) of X-valued functions is a 7-sheaf (by Example|6.18]).

Example 6.28 (The Zariski topology). There is a pretopology on CAlg®? whose covers are the families
(R — Ry,)icr such that (fi)icr generates the unit ideal in R. The associated topology is called the
Zariski topology. By Proposition [6.26] we have the following:

(1) A sieve S C Spec(R) is Zariski-covering if and only if the set of f € R such that R — R belongs
to S generates the unit ideal. Consequently, an arbitrary family (R — R;);e; is Zariski-covering

if and only if [[,.; Spec(R;) — Spec(R) is a Zariski-local epimorphism (Definition 4.40)).



ALGEBRAIC GEOMETRY 61

(ii) An algebraic functor X: CAlg — Set is a Zariski sheaf if and only if, for any ring R and any
family (f;)ier generating the unit ideal in R, the following diagram is an equalizer:

X(R) — HX(sz) = H X(sz‘fj)'
i€l ij€l
For example, any affine scheme is a Zariski sheaf by Corollary as is Proj(A) for any N-graded ring
A by Proposition Note that if we only consider families (f;);c; where I is finite, we obtain another
pretopology on CAlg®P, whose associated topology is also the Zariski topology. Hence, the condition
in (ii) is equivalent to the seemingly weaker condition where we require that I be finite. On the other
hand, by Proposition it is also equivalent to the following seemingly stronger condition: for every
Zariski-covering family (R — R;);er, the diagram

X(R) — HX(Ri) = H X(R; ®r Rj)
i€l ijel

is an equalizer.

Example 6.29 (The fpqc and fppf topologies). The definition of the Zariski topology on CAlg®P is a
special case of a more general construction. Let F be a class of ring maps, which contains isomorphisms
and is closed under composition and cobase change. Then there is a pretopology on CAlg®P whose covers
are the families (R — R;);er such that:

e [ is finite;

e [[;c; Spec(R;) — Spec(R) is surjective;

e ecach map R — R; belongs to E.
For example:

(i) If E is the class of localizations R — Ry, this recovers the Zariski topology of Example
(ii) If FE is the class of flat maps, the associated topology on CAlg®P is called the fpge topology.
(iii) If E is the class of flat maps of finite presentation, the associated topology on CAlg®P is called
the fppf topology.
Since the localization maps R — Ry are flat and of finite presentation, we have the following relations
between these topologies: Zar < fppf < fpqc.

Remark 6.30 (Finitary topologies). Let 7 be a topology on € associated with a pretopology whose
covering families are finite. By Proposition the condition of being a 7-sheaf can then be expressed
using only finite limits. It follows that the subcategory Sh.(€) C P(C) is closed under filtered colimits.
This applies to the Zariski topology on CAlg®P and all the topologies from Example [6.29

Definition 6.31 (Dense subcategory). Let (C,7) be a site. A dense subcategory of (€,7) is a full
subcategory D C € such that every X € € admits a 7-cover (U; — X );er with U; € D.

Proposition 6.32 (The “comparison lemma”). Let (C,7) be a site and D C € a dense subcategory. Let
T|p be the collection of sieves R|p C & (X) for all X € D and all T-covering sieves R C ke (X). Then
T|p is a topology on D and the functor P(C) — P(D), F + F|p, restricts to an equivalence of categories
Sh-(€) = Sh, |, (D).

Example 6.33 (Comparison lemma for presheaves). Let D C € be a full subcategory. Then D is dense
with respect to the indiscrete topology (Example [6.17(ii)) if and only if every object of € is a retract of
an object of D. In this case, the comparison lemma says that P(C) = P(D).

Example 6.34 (Basis of a topological space). Let T be a topological space and let B C Open(T) be a
basis of its topology. By definition, B is dense with respect to the canonical topology on Open(T), and
the restriction of the canonical topology to B consists of sieves generated by open coverings in B. Hence,
the comparison lemma provides an equivalence Sh(7') = Sh(B).

Example 6.35 (Sheaves on manifolds). Let Man,, be the category of n-dimensional topological man-
ifolds, equipped with the standard topology (induced by the pretopology of open coverings). Since by
definition every m-manifold admits an open covering by manifolds homeomorphic to R™, the full subcat-
egory {R"} C Man,, spanned by R™ is dense. By the comparison lemma, Sh(Man,) ~ Sh({R"}).
Example 6.36 (Sheaves on Spec(R)). Let R be a ring. Consider the following two full subcategories of
the locale Open(Spec(R)) ~ Open(Prim(R)) ~ Radg:

(i) OpenP"(Spec(R)) consists of open subfunctors of the form D(f) with f € R (called the principal

open subschemes of Spec(R));
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(ii) Open®(Spec(R)) consists of the affine open subfunctors of Spec(R).
We have OpenP"(Spec(R)) C Open*(Spec(R)), and both subcategories are dense in Open(Spec(R)),
since D(I) = \/;<; D(f). By the comparison lemma, the three categories of sheaves are equivalent. In
particular, every sheaf on OpenP'(Spec(R)) extends uniquely to a sheaf on Open(Spec(R)).

Example 6.37 (Sheaves on presheaves). Let C be a small category, which we view as a full subcategory
of P(@) via the Yoneda embedding. Any topology 7 on € extends canonically to a topology 7 on P(C)
as follows: a sieve R on a presheaf F is 7-covering if, for any J&(X) — F, the sieve of all Y — X such
that X(Y) — &(X) — Fis in R is 7-covering. Since every object of P(C) is a quotient of a coproduct of
representable presheaves, the comparison lemma applies to the Yoneda embedding € < P(C), so that

Sh,(€) ~ Sh: (P(C)).

(The assumption that € is small can be removed either by considering Set-valued sheaves or by replacing
P(C) by the full subcategory of presheaves that are small colimits of representables, cf. Remark )

Remark 6.38. The comparison lemma remains true for sheaves of categories (as in Remark .
Applied to € = CAlg°? and 7 the Zariski topology, Example [6.37] shows that a Zariski sheaf of categories
on CAlg°P extends uniquely to a sheaf of categories on Fun(CAlg, Set). By the proof of the comparison
lemma, this extension is given by right Kan extension, i.e., by forming categories of quasi-coherent objects
(Definition 4.13)). Granted this, Example justifies Remark

6.3. Sheafification.

Theorem 6.39 (Sheafification). Let C be a small category and T a topology on C. Then the inclusion
Sh,(€) C P(C) admits a left adjoint

ar: P(C) = Sh,(C),
called T-sheafification. Moreover:

(i) a, is left exact, i.e., preserves finite limits.
(ii) A sieve R C K(X) is T-covering if and only if a.(R) = a,(X(X)).

Remark 6.40. The assumption that € is small can be replaced with the following weaker assumption:
for every X € C, there exists a small collection J of T-covering sieves on X such that every 7-covering
sieve on X contains a sieve in J. This assumption holds for example for the Zariski and fppf topologies on
CAlg°P, so that Zariski sheafification and fppf sheafification of algebraic functors make sense. However,
it does not hold for the fpqc topology on CAlg®P, and indeed fpqc sheafification does not exist.

Corollary 6.41. Let (C,7) be a small site. Then the category Sh,(C) admits limits and colimits: limits
are computed objectwise, while colimits are computed by sheafifying objectwise colimits.

Corollary 6.42. Let C be a small category. Then there is an isomorphism of posets

{topologies on C}°P = {full subcategories of P(C) admitting a left exact left adjoint},
T+ Sh-(C).

Definition 6.43 (Local epimorphism, monomorphism, isomorphism). Let (C, 7) be a site, let f: F — G
be a map in P(C), and let Ay: F' = F X F be its diagonal.
(i) fis a 7-local epimorphism if, for every X € C and every x € G(X), the sieve on X consisting of
all u: Y — X such that «*(x) is in the image of f is a 7-covering sieve.
(ii) f is a 7-local monomorphism if its diagonal Ay is a 7-local epimorphism.
(iii) f is a T-local isomorphism if it is both a 7-local epimorphism and a 7-local monomorphism.

Proposition 6.44. Let (C, 1) be a small site and let f be a morphism in P(C). Then a,(f) is an epimor-
phism in Sh.(C) if and only if f is a T-local epimorphism. The same statement holds for monomorphisms
and for isomorphisms.

Corollary 6.45 (Epi-mono factorization). Let (C,7) be a small site. Every map f: F — G in Sh,(C)
factors uniquely (up to unique isomorphism) as

P fepi 1m7(f) Sfmono G,
where fepi is an epimorphism and fmono 5 @ monomorphism. This factorization is obtained by applying
ar to the factorization F — im(f) — G in P(C). In particular, fepi is the coequalizer in Sh,(C) of the
two projections ' xg F' = F'.
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Warning 6.46. A map in Sh.(€) is a monomorphism in Sh,(€) if and only if it is a monomorphism
in P(C) (since the inclusion Sh-(€C) < P(C) preserves limits and hence monomorphisms). However,
the corresponding statement for epimorphisms does not hold: epimorphisms in Sh,(€) are usually not
epimorphisms in P(Q), i.e., they are not objectwise surjective. For example, if R is a ring and (f,g) =
R, then Spec(Ry x R;) — Spec(R) is an epimorphism in Shz.,(CAlg°P), since it is a Zariski-local
epimorphism, but it is not objectwise surjective (unless f or g is a unit).

In the case of sheaves on a topological space, we can rephrase the criterion of Proposition [6.44] in
terms of stalks:

Definition 6.47 (Stalk). Let T be a topological space, let € T, and let F € P(Open(T)). The stalk
of F' at x is the set

F, = colim F(U),
xzeU
where the colimit is indexed by the poset of open neighborhoods of .
Remark 6.48. Since the colimit in the definition of the stalk F) is a filtered colimit, the functor
P(Open(T)) — Set, F = F,,
preserves colimits and finite limits.

Proposition 6.49 (Stalkwise characterization of epimorphisms, monomorphisms, and isomorphisms).
Let T be a topological space, let f: F — G be a map in P(Open(T)), and let a: P(Open(T)) — Sh(T)
be the sheafification functor. Then a(f) is an epimorphism (resp. a monomorphism, an isomorphism)
in Sh(T") if and only if, for every x € T, the induced map of stalks f,: F, — G, is surjective (resp.
injective, bijective).

Corollary 6.50. Let T' be a topological space and let F € P(Open(T)). Then the unit map F — a(F)
induces a bijection on all stalks.

Remark 6.51 (Underlying space and Zariski sheafification). Let X be an algebraic functor. By Corol-
lary and Proposition the unit map X — agz,,(X) induces an isomorphism of topological spaces
|X| = |azar(X)|. This implies that there is a factorization

Fun(CAlg, Set) Q Top,
1

aZarl /,//

Shyzar (CAlg®P)

where the dashed arrow is colimit-preserving.

7. SCHEMES
7.1. The category of schemes.

Definition 7.1 (Scheme). A scheme is a functor X : CAlg — Set satisfying the following two conditions:

(i) X is a sheaf for the Zariski topology on CAlg®P (Example [6.28));
(ii) X admits an open covering by affine schemes (Definition [5.40)).

We denote by Sch C Shgz,, (CAlg®P) the full subcategory spanned by schemes. For any scheme S, we

denote by Schg the slice category Sch,g, whose objects are called S-schemes. When S = Spec(k) for

some ring k, an S-scheme is also called a k-scheme.

Our goal in this section is to investigate the closure properties of the category of schemes inside the
larger category of Zariski sheaves.

Proposition 7.2. If X is a scheme and Y C X is a locally closed subfunctor, then Y is a scheme.

Example 7.3 (Examples of schemes).

(i) For any ring A, the affine scheme Spec(A) is a scheme, since it is a Zariski sheaf by Corollary
By Proposition every quasi-affine scheme is also a scheme.

(ii) For any N-graded ring A, Proj(A) is a scheme: it is a Zariski sheaf by Proposition and
it admits an open covering by the affine schemes D(f) ~ Spec(4y)) for f € A, homogeneous
(Example [5.42(iii)). In particular, for any ring k, every projective k-scheme is a scheme. By
Proposition every quasi-projective k-scheme is also a scheme.
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(iii) The affine line with doubled origin (Example is a scheme: it admits an open covering by
two copies of Al, and it follows from Zariski descent for modules that it is a Zariski sheaf.

(iv) We have the following relative generalization of (i) and (ii): if X is a scheme and Y — X is either
a quasi-affine morphism (Definition or a quasi-projective morphism (Definition , then
Y is also a scheme.

(v) Let k be a ring, M a k-module, and n € N. Proposition and the Pliicker embedding from
Example show that the Grassmannian Gr,, (M) is a scheme. More generally, for any increa-
sing sequence of natural numbers n = (nq,...,ny), the flag scheme Flag, (M) is a scheme, being
a closed subfunctor of the projective space P(Q);_; A} M) by Examples|3.103] [3.100} and |3.95|

Remark 7.4 (Residue fields of schemes). Let X be a scheme and let € |X|. By Example [5.38)(i) and
Proposition the residue field k(z) of X at x exists, and it coincides with the residue field at = of
any open subscheme U C X containing x. Moreover, by taking U to be affine, we see that the canonical
map Spec(k(x)) — X is a monomorphism.

Definition 7.5 (Equivalence relation). Let C be a category. An equivalence relation in C is a diagram
of the form

R— X
such that, for every object Y € C, the induced map Map(Y, R) — Map(Y, X) x Map(Y, X) is injective
and defines an equivalence relation on Map(Y, X). The coequalizer of the diagram, if it exists, is called
the quotient of X by R and denoted by X/R.

Remark 7.6 (Effective epimorphism). In a category with pullbacks, any map f: X — Y defines an
equivalence relation X xy X = X. The map f is called an effective epimorphism if it is recovered by
taking the quotient of this relation. In the category Set, and hence in any category of sheaves Sh,(€),
all epimorphisms are effective (Corollary, but this is not true in general. In Top, epimorphisms are
surjective maps, while effective epimorphisms are submersive maps. In CAlg, effective epimorphisms are
surjective maps, but there are non-surjective epimorphisms, such as Z < Q.

Definition 7.7 (Locally trivial relation). An equivalence relation s,¢: R = X in Shy,, (CAlg®P) is called
locally trivial if there is an open covering (U; C X);es such that the maps

_ t
sH U) > RS X
are open immersions.

Lemma 7.8. Let (X;)ier be a family in Shz,,(CAlg®P) with coproduct X. Then the canonical maps
X; < X are clopen immersions. In particular, (X; < X);er is an open covering of X.

Example 7.9 (Gluing datum). A gluing datum in Shz,,(CAlg°P) consists of families of objects (U;)ier
and (Uij)i,jel and maps Ui]‘ — U; x Uj such that:
(i) for all 4,5 € I, the maps U;; — U; and U;; — U, are open immersions;

(ii) the induced diagram
H Ui = H U;
i,jel il
in Shy,,(CAlg®P) is an equivalence relation.
By Lemma the relation in (ii) is then locally trivial. Condition (ii) means explicitly the following;:
o (Reflexivity) The diagonal map U; — U; x U; lands in Uj;.
e (Symmetry) The map U;; — U; x U; = U; x U; lands in Uj;.
e (Transitivity) The map Us; xy; Ujr — U; x Uy, lands in Ug.
If X is the quotient of the relation in (ii), then the maps U; — X are open immersions and form an open
covering of X such that U;; = U; xx U;. Conversely, given a Zariski sheaf X and an open covering
(U; C X)ier, we obtain a gluing datum by setting U,; = U; NUj, such that the quotient of the associated
relation is X.

Theorem 7.10 (Limits and colimits of schemes). The full subcategory Sch C Shyz,.(CAlg®P) is closed
under the following constructions:
(i) finite limits;
(ii) limits of cofiltered diagrams with affine transition maps;
(iii) arbitrary coproducts;
(iv) quotients of locally trivial equivalence relations.
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Example 7.11 (The initial scheme). Since the empty sieve on the zero ring is Zariski-covering, every
Zariski sheaf X satisfies X (0) = (Example. Hence, the empty scheme @ = Spec(0) (Example [2.30)
is the initial object in Shz,,(CAlg®P) and in Sch.

Example 7.12 (Coproducts of affine schemes). Let R and S be rings. In CAlg, the following square is

a pushout square:
RxS—— S

|

R——0.
By Example every Zariski sheaf X satisfies X (R x S) = X(R) x X(S). This means that
Spec(R) U Spec(S) = Spec(R x 5)
in Shz,, (CAlg®P) and hence in Sch.
Warning 7.13. By Examples and the inclusion Aff C Sch preserves finite coproducts. Note
however that it does not preserve infinite coproducts: given an infinite family of nonzero rings (R;)icr,

the scheme X = [[,.; Spec(R;) is not affine. Indeed, X admits an open covering by the subschemes
D(e;) = Spec(R;), but the family of functions (e;);er does not generate the unit ideal in O(X) = [[;¢; Ri-

Example 7.14 (Fibers of morphisms of schemes). If f: Y — X is a morphism of schemes and z € |X]|,
the fiber of f at x is the scheme

Y, = Spec(k(z)) xx Y.
Since Spec(k(x)) = X is a monomorphism (Remark [7.4)), we have a canonical homeomorphism |Y| =

{x} x x| |Y]| (Proposition [5.27).

Example 7.15 (Coproducts of projective spaces). Let k be a ring and let M and N be k-modules. The
two projections M & N - M and M & N —» N induce a canonical map of k-schemes

9: P(M)UP(N) — P(M & N),
which is an “additive” analogue of the Segre embedding (Example . If M = kU and N = k), this
is a map
9: PLUP] — PiHY.
If M = k™! and N = k™t this becomes the map
0: PP UPE — PRttt

which is given in coordinates by the formulas

[To:e  taxm] = [To: . ixm 0.2 0],

[Yoiv o oiyn] = [0 :0:y0: . ynl.
We claim that o is a closed immersion. If (e;);er and (fj)jes are generating families of M and N, then
P(M & N) has an open covering by the subschemes D(e;,0) and D(0, f;). As ¢ is a map of Zariski
sheaves, it suffices by Proposition to show that the pullback of ¥ to these open subschemes is a
closed immersion. Since the preimage of D(e;, 0) in P(N) is the empty scheme D(0), the pullback of ¢ to
D(e;,0) is the same as the pullback of ¥|p(as), which is a closed immersion. Similarly, the pullback of ¥ to
D(0, f;) is also the pullback of the closed immersion 19|p( ~), which proves the claim. More generally, there

is a canononical monomorphism of k-schemes [[;.; P(M;) < P(@D,c; M;) for any family of k-modules
(M;)ier, which is a closed immersion when I is finite.

Proposition 7.16. Let S be a scheme. Then the subcategories
AHS C QAHS C SChS D QPI'OjS D) PrOjS

of affine, quasi-affine, projective, and quasi-projective S-schemes are closed under finite limits and finite
coproducts.

Proposition 7.17 (Schemes as colimits of affine schemes). Let X be a scheme and let (U; C X);es and
(Uijr C Ui N Uj) ek, be open coverings by affine schemes. Then the diagram

[Hviw=]]vi—x
i.j,k i

is a coequalizer in Shy,,(CAlg®P) and hence in Sch.
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Example 7.18 (Proj via gluing). Let A be an N-graded ring and let I C A be a homogeneous subset
such that A, C \/(I), so that (D(f) C Proj(A))ser is an open covering. Since D(f) ~ Spec(4s)) and
D(f)nD(g) = D(fg), we obtain a coequalizer diagram

H Spec(A(sq)) = H Spec(A(y)) — Proj(A)

figel fel
in Shz,,(CAlg®P), which presents Proj(A) as a gluing of the affine schemes Spec(Ay)).

Example 7.19 (Projective space via gluing). Let n > —1 and let us specialize Example 7.18:‘50 the case
A =Z[zg, ..., 2], so that Proj(A) = P". Recall that P"(R) is the set of quotient lines of R1%~"}. For
i €{0,...,n}, D(x;) C P" is the subfunctor consisting of quotient lines a: R{®+"} — L such that a; is
an isomorphism, which is isomorphic to A™. The intersection D(z;) ND(z;) = D(z;x;) is the subfunctor
where both a; and a; are isomorphisms, which is isomorphic to A"~! x G,,, if i # j. We therefore have
a coequalizer in Shy,, (CAlg®P) of the form

[[a"! xG,) = JTA™ - P
i<j i=0

Example 7.20. Let X be the affine line with doubled origin (see Example [4.48)). Similarly to P!, X is
obtained by gluing two copies of A! along a copy of G,,. However, the gluing data for X and for P! are

different: if u: G,, < A! is the open immersion given by ¢ ¢ and v: G, <+ A! is the open immersion
given by t = t~!, then we have the following pushout squares of open immersions in Sch:

Gy —2— Al G —%s Al
| S
Al —— P, A —— X

Example 7.21 (Projective space via group actions). Let n > 0. The affine group scheme G, acts on the
punctured affine space A" —0 by scaling. By Proposition the canonical map (A" —0)/G,, — P"lis
a monomorphism as well as a Zariski-local epimorphism. By Proposition [6.44] it is thus an isomorphism
if we compute the quotient in Shz,, (CAlg®P). In other words, the diagram

act

Gum X (A" —0) — =2 A" -0 —— P!

project

is a coequalizer in Shz,, (CAlg®P). Since it is a diagram of schemes, it is also a coequalizer in the category
of schemes, i.e., P*~! is the quotient of A™ — 0 by the scaling action of G, in the category of schemes.
More generally, if A is an N-graded ring generated by A<y, then Proj(A) ~ D(A1)/Gy, as Zariski sheaves
and hence as schemes, where D(Ay) C Spec(A) (see Remark [3.63). For A an arbitrary N-graded ring,
one can show that Proj(A) is still the quotient D(A4)/G,, in the category of schemes, even though this
is not true anymore in Shz,, (CAlg°P).

Remark 7.22 (Zariski topology on the category of schemes). By Proposition any open subfunctor
of a scheme is a scheme. Hence, open coverings form a pretopology on Sch, whose associated topology is
called the Zariski topology. The inclusion CAlg®? ~ Aff C Sch satisfies the assumption of the comparison
lemma (Proposition[6.32)), so that the restriction functor P(Sch) — P(CAlg°P) induces an equivalence of
categories

Shyzar(Sch) =5 Shz,, (CAlg®P).

Definition 7.23 (Schematic morphism). A map of algebraic functors Y — X is called schematic if, for
every map S — X where S is a scheme, the pullback Y x x S is a scheme.

Example 7.24.

(i) Any morphism between schemes is schematic, by Theorem i).
(ii) Closed immersions, open immersions, and immersions are schematic, by Proposition
(iii) Affine, quasi-affine, projective, and quasi-projective morphisms (Definitions and |4.35|) are
schematic. This follows from the stability of these properties under base change (which in turn
follows from the compatibility of relative Spec and Proj with base change) and Example iv).
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7.2. Separatedness.

Definition 7.25 (Locally separated, separated). A morphism of algebraic functors f: Y — X is locally
separated if its diagonal Ay: Y — Y x x Y is an immersion, and it is separated if Ay is a closed immersion.
An algebraic functor X is locally separated (resp. separated) if the unique map X — Spec(Z) is, i.e., if
the diagonal Ax: X — X x X is an immersion (resp. a closed immersion).

For schemes, “locally separated” turns out to be vacuous, so this notion is rarely used:

Proposition 7.26 (Diagonal of schemes). Any schematic morphism f:Y — X is locally separated, i.e.,
its diagonal Ay: Y =Y xXx Y is an immersion.

Proposition 7.27 (Closure properties of separated morphisms).
(i) Consider a commutative triangle of algebraic functors

zZ—9% 5y

N

If f and g are separated, so is h. If h is separated, then so is g. If h is a closed immersion and
f is separated, then g is a closed immersion. The same results hold with “locally separated” and
“immersion”.

(ii) Consider a cartesian square of algebraic functors

v x

| b

y -1 x.
If f is (locally) separated, so is f'. The converse holds if X andY are Zariski sheaves and g is
a Zariski-local epimorphism.

Corollary 7.28 (Sections of morphisms of schemes). Let f: X — S be a schematic morphism and
s: 8 — X a section of f. Then s is an immersion. If f is separated, then s is a closed immersion.

Example 7.29.

(i) Any monomorphism is separated, since its diagonal is an isomorphism.

(ii) Any affine scheme is separated: the diagonal of Spec(R) can be identified with Spec of the
multiplication map R® R — R (which is the diagonal of R in CAlg®P), which is surjective. More
generally, any affine morphism and hence by (i) any quasi-affine morphism is separated.

(iii) If A is an N-graded ring, then Proj(A) is separated: using the standard affine open covering of
Proj(A) and Proposition ii), this follows from the observation that the multiplication maps
Ay ® Agg) — A(pg) are surjective. More generally, if A is a quasi-coherent N-graded algebra
over X, then Proj(A) — X is separated. In particular, any projective morphism and hence by (i)
any quasi-projective morphism is separated.

(iv) The affine line with doubled origin (Example is not separated.

7.3. Quasi-compactness and quasi-separatedness. By Proposition[7.17] any scheme can be written
as the colimit of a diagram of affine schemes and open immersions. A scheme is called quasi-compact
and quasi-separated, or qcgs for short, if a finite such diagram exists. In this section, we discuss in more
detail this finiteness condition, which makes sense more generally for algebraic functors.

Definition 7.30 (Quasi-compact and quasi-separated).

(i) An algebraic functor X is called quasi-compact if, for every Zariski-local epimorphism [[,.; Y; —
X, there exists a finite subset J C I such that J[,.;Y; — X is a Zariski-local epimorphism.

(ii) A morphism of algebraic functors f: Y — X is called quasi-compact if, for every morphism
Z — X with Z quasi-compact, the pullback Y X x Z is quasi-compact.

(iii) An algebraic functor X is called quasi-separated if, for every diagram ¥ — X + Z with Y and
Z quasi-compact, the pullback Y x x Z is quasi-compact.

(iv) A morphism of algebraic functors f: Y — X is called quasi-separated if its diagonal Ay: Y —
Y X x Y is quasi-compact.
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Proposition 7.31 (Characterizations of quasi-compactness). For an algebraic functor X, the following
conditions are equivalent:

(i) X is quasi-compact;
(ii) the unique map X — Spec(Z) is quasi-compact;
(iii) there exists a Zariski-local epimorphism [[,.;Yi — X where I is finite and each Y; affine.

Proposition 7.32 (Characterizations of quasi-separatedness). For an algebraic functor X, the following
conditions are equivalent:

(i) X is quasi-separated;
(ii) the unique map X — Spec(Z) is quasi-separated;
(iii) for all maps Y — X and Z — X where Y and Z are affine, Y X x Z is quasi-compact.

Proposition 7.33 (Composition of qc/qs morphisms). Consider a commutative triangle of algebraic
functors

A 4
N
X.
(i) If f and g are quasi-compact, then h is quasi-compact.
(ii) If f and g are quasi-separated, then h is quasi-separated.
(iil) If h is quasi-compact and f is quasi-separated, then g is quasi-compact.
(iv) If h is quasi-separated, then g is quasi-separated.
v) If h is quasi-compact and g is a Zariski-local epimorphism, then f is quasi-compact.
)

(vi) If h is quasi-separated and g is quasi-compact and a Zariski-local epimorphism, then f is quasi-
separated.

Proposition 7.34 (Base change of qc/qs morphisms). Consider a cartesian square of algebraic functors

v x

| b

y —L 5 x.
If f is quasi-compact, then f' is quasi-compact. The converse holds if g is a Zariski-local epimorphism.
The same statements hold with “quasi-separated”.

Example 7.35 (Quasi-compact immersions).

(i) By Proposition iii), a closed subfunctor of a quasi-compact algebraic functor is again quasi-
compact. It follows that any closed immersion is quasi-compact. In particular, as the terminology
suggests, any separated morphism is quasi-separated.

(ii) Let R be aring and let I C R. Considering the open covering (D(f) C D(I))er of D(I), we see
that the scheme D(I) is quasi-compact if and only if the radical ideal \/m is finitely generated
(i.e., equals \/m for some finite set J). Hence, an open immersion is quasi-compact if and only
if the corresponding quasi-coherent radical ideal is finitely generated.

(iii) Any monomorphism is quasi-separated, since its diagonal is an isomorphism.

Example 7.36 (Quasi-affine and quasi-projective schemes).

(i) By Example ii)7 any quasi-affine scheme is quasi-compact. It is also quasi-separated, since

it is separated by Example ii).

(ii) Let A be an N-graded ring and let I C A be a homogeneous subset. As in Example|7.35(ii), D(I)
is quasi-compact if and only if the saturated radical ideal generated by I is finitely generated.
In particular, for any ring k, any quasi-projective k-scheme is quasi-compact. It is also quasi-
separated, since it is separated by Example iii).

(iii) Tt follows from (i,ii) and Proposition that any quasi-affine or quasi-projective morphism of
algebraic functors is quasi-compact and quasi-separated.

For schemes, these finiteness conditions depend only on the underlying topological space, and they
can be checked using any affine open covering:
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Proposition 7.37 (Quasi-compactness for schemes). Let X be a scheme and (U; C X);c; an open
covering by affine schemes. The following are equivalent:
(i) X is quasi-compact;
(i) the topological space | X| is quasi-compact;
(iil) there exists a finite subset J C I such that (U; C X);c is an open covering of X.

Proposition 7.38 (Quasi-separatedness for schemes). Let X be a scheme and (U; C X);er an open
covering by affine schemes. The following are equivalent:
(i) X is quasi-separated;
(ii) the intersection of any two quasi-compact open subsets of | X| is quasi-compact;
(iii) for everyi,j € I, the intersection U; NU; is quasi-compact.

Proposition 7.39 (Quasi-compactness for morphisms of schemes). Let f: Y — X be a morphism of
schemes and (U; C X);er an open covering by affine schemes. The following are equivalent:
(i) f is quasi-compact;
(ii) the preimage by |f| of any quasi-compact open subset of | X| is quasi-compact;
(iii) for everyi € I, f~1(U;) is quasi-compact.

Remark 7.40. By Propositions and a scheme is quasi-compact and quasi-separated (often
abbreviated as gcgs) if and only if it can be written as a finite colimit of affine schemes as in Proposi-
tion [7.17] This finiteness property propagates to many invariants: for example, the underlying space of
a qcgs scheme is spectral, and its category of quasi-coherent modules is compactly generated.

As Example [7.36] shows, most schemes of interest are qcgs. Examples of schemes that are not quasi-
compact are infinite coproducts of nonempty schemes and projective spaces ]P’é where [ is an infinite
set and k a nonzero ring. An infinite-dimensional affine space with doubled origin is an example of a
quasi-compact scheme that is not quasi-separated.

The following standard definition combines the local “algebraic” finiteness properties of with the
global “topological” finiteness properties of this section:

Definition 7.41 (Morphism of finite presentation/type). Let f: X — S be a map of algebraic functors.

(i) fis of finite presentation if it is locally of finite presentation, quasi-compact, and quasi-separated.
(ii) f is of finite type if it is locally of finite type and quasi-compact.

For example, any quasi-projective morphism is of finite type.

7.4. Locally ringed spaces. If f: X — Y is a continuous map of topological spaces, the induced map
of posets f~1: Open(Y) — Open(X) preserves open coverings. It follows that the pushforward functor

fo=(f71)": P(Open(X)) — P(Open(Y)), fu(F)(V) = F(f~1(U)),

preserves sheaves:

P(Open(X)) — P(Open(Y))

J J

Sh(X) -—---*-——= Sh(Y).

Proposition 7.42 (Pullbacks of sheaves). Let f: X — Y be a continuous map. Then the pushforward
functor f.: Sh(X) — Sh(Y) admits a left exact left adjoint f*: Sh(Y) — Sh(X). Moreover, for any
F € Sh(Y) and any x € X, there is a canonical isomorphism of stalks f*(F)g ~ Fy ().

Remark 7.43. Let f: X — Y be a continuous map. Since both functors f. and f* preserve finite
products, they preserve algebraic structures (see Remark [2.13]). Hence, they induce adjunctions between
categories of sheaves of monoids, groups, rings, etc.

Definition 7.44 (Ringed space). Let k be a ring. A k-ringed space (X,0Ox) is a topological space X
together with a sheaf of k-algebras Ox on X. A morphism of k-ringed spaces (f,¢): (X,0x) — (Y,0y)
is a continuous map f: X — Y together with a map of sheaves of k-algebras ¢: Oy — f.(Ox).

We denote by RSy the category of k-ringed spaces. When k = Z, we write RS = RSy for the category
of ringed spaces.
Remark 7.45. By Proposition a map of sheaves of k-algebras ¢: Oy — f.(Ox) is equivalently a
map of sheaves of k-algebras f*(Oy) — Ox. Moreover, for any point z € X, the induced map on stalks
has the form

¢z Oy pz) = Ox,a-
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Definition 7.46 (Local map). A ring map ¢: A — B is local if it detects units, i.e., if AX = ¢~}(B*).

Remark 7.47 (Local maps between local rings). Let A and B be local rings with maximal ideals my4
and mpg. For a ring map ¢: A — B, the following are equivalent:
(i) ¢ is local;
(ii) ma = ¢~ (mp);
(iii) p(ma) C mp.
Definition 7.48 (Locally ringed space). Let k be a ring. A locally k-ringed space is a k-ringed space
(X, 0x) such that, for each € X, the stalk Ox , is a local ring. If (X,0x) and (Y, Oy) are locally
k-ringed spaces, a morphism of locally k-ringed spaces (f,¢): (X,0x) — (Y¥,0y) is a morphism of
k-ringed spaces such that, for each x € X, the map ¢, : Oy f(») = Ox s is a local ring map.
We denote by LRSy, the category of locally k-ringed spaces, which is a (non-full!) subcategory of RSy.
When k = Z, we write LRS = LRSy for the category of locally ringed spaces.

Remark 7.49 (Alternative description of locally ringed spaces). Let (X, Ox) be a ringed space. Given
an open U C X and a section s € Ox(U), let

Us={z€U]|sy € Ox is a unit}.

By definition of the stalk, U, is an open subset of U. Moreover, since Oy is a sheaf, the restriction of
s to Uy is a unit, so that Uy is the largest open subset of U with this property. Recall that a ring R is
local if and only if the non-units form a subgroup of (R, +), and a map of rings is local if and only if it
sends non-units to non-units. We deduce the following description of the subcategory LRS C RS:
(i) A ringed space (X,0x) is a locally ringed space if and only if Xy = X and for all open subsets
U C X and sections s,t € Ox(U), Ugyt C Us U Uy.
(ii) If (X,0x) and (Y, Oy ) are locally ringed spaces and (f,p): (X,0x) — (Y, Oy) is a map in RS,
then (f, ) is a map in LRS if and only if, for every open V C Y and every section t € Oy (V),
we have £ (Vy) = £ (V)i
This alternative description makes no reference to the points of the underlying spaces and can be used
to define the category of locally ringed locales, which enlarges the category of locally ringed sober spaces.

It turns out that the concept of locally ringed space unifies many kinds of geometric objects in
mathematics. To exemplify this, we introduce some notation:

Notation 7.50. Let k£ be a ring and let M be a collection of locally k-ringed spaces. We denote by
LRS;(M) C LRSj the full subcategory of locally k-ringed spaces (X, Ox) with the following property:
every € X admits an open neighborhood U such that (U, Ox|y) is isomorphic to an object of M.

Example 7.51 (Manifolds as locally ringed spaces).
(i) Let r € NU{oo,w}. For an open subset U C R"™, denote by C}; the sheaf of (R-valued) functions
of class C” on U. Let Diskcr be the collection of locally R-ringed spaces (U, Cf;) where U is the
open unit disk in R™ for some n € N. Then there are equivalences of categories

LRS(Diskcr) ~ LRSg(Disker) ~ {C"-manifolds}.
In particular, we get topological manifolds for r = 0, smooth manifolds for r = oo, and analytic
manifolds for r = w]]
(ii) For an open subset U C C™, denote by Hy the sheaf of (C-valued) holomorphic functions on U.

Let Diskc be the collection of locally C-ringed spaces (U, Hy ) where U is the open unit disk in
C™ for some n € N. Then there is an equivalence of categories

LRSc(Diske) ~ {complex manifolds}.
(iii) More generally, many categories of manifolds with boundary, with corners, and with various

types of singularities are equivalent to categories of the form LRSg,c(M).

Remark 7.52 (Colimits and limits of ringed spaces). The category RSy admits colimits and limits. If
(Xi,0x,)ieq is a diagram of k-ringed spaces, and if ¢;: X; — colim;eg X; and m;: lim;cg X; — X are the
canonical maps in Top, then

colim(X;, Ox,) = (colim X;, lim(¢;)«(Ox,)),

i€ i€ i€
lim(X;, Ox,) = (lim X;, colim(m;)" (O, ).

"It is common to further require C"-manifolds to be Hausdorff, second-countable, and of bounded dimension; these
conditions are equivalent to being embeddable in (R™, C") for some n.
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Proposition 7.53 (Colimits of locally ringed spaces). The category LRSy admits colimits and the
inclusion functor LRS; < RSy preserves colimits.

Remark 7.54. The category LRSS also admits limits, but this is more subtle as the inclusion LRS; —
RSy does not preserve them. For example, it follows from Theorem below that the final object
of LRSy, is the underlying space of Spec(k) (i.e., the prime spectrum of k) equipped with the sheaf of
functions.

7.5. Schemes as locally ringed spaces. Let X be an algebraic functor. Denote by Ox the presheaf
of functions on Open(X) ~ Open(|X|), given by

Ox(U) = O(U) = Map(U, A1),
By Corollary Ox is then a sheaf of rings on the underlying topological space |X|. This construction
defines a functor
(7.55) Fun(CAlg, Set) — RS, X (|X],0x).

By Zariski descent for the underlying space (Remark|6.51)) and for functions (Corollary [4.44)), this functor
factors through the Zariski sheafification functor ag,,: Fun(CAlg, Set) — Shz,, (CAlg°P).

Warning 7.56. The notation Ox is used for two different objects associated with the algebraic functor
X: it is the unit object in the category Modx of quasi-coherent modules over X (Notation , and it
is the sheaf of rings O|ppen(x) on the underlying space |X|. These are two different ways of restricting
the functor O: Fun(CAlg, Set)°P — CAlg to X. We will see in in which sense these two objects are
equivalent when X is a scheme.

Example 7.57 (Prime spectra as locally ringed spaces). Let R be a ring and let X = Spec(R). Then
the ringed space (| X|,Ox) has the following explicit description:
e The topological space | X| is the prime spectrum Prim(R).
e Under the equivalence of categories Sh(Prim(R)) ~ Sh(OpenP"(Spec(R))) of Example the
sheaf Ox is given by Ox (D(f)) = Ry.
Given a prime ideal p € Prim(R), the stalk of Ox at p is the local ring Ry:

O = colim Ox(D =colim R = R,.
xp = colim Ox(D(F)) = colim Ry = R,

Hence, the ringed space (Prim(R), Ogpec(r)) is in fact a locally ringed space. Moreover, for any ring map
¢: R — S, the induced map (Prim(S), Ogpec(s)) —+ (Prim(R), Ogpec(r)) is a map of locally ringed spaces:
for any prime ideal q € Prim(S), the induced map on stalks is the local map @q: Ry,-1(q) — Sq.
Recall that both functors
|—|: Fun(CAlg,Set) — Top and O: Fun(CAlg, Set) — CAlg®?

preserve colimits (Proposition and Remark iv)). Using the explicit description of colimits in
RS from Remark we deduce that the functor (7.55]) is colimit-preserving. By the universal property

of presheaves (Theorem (V)), it is therefore the unique colimit-preserving extension of the functor
CA]gOp —RS, R (PI‘II’II(}%)7 oSpec(R))~

This functor lands in the (non-full) subcategory LRS C RS by Example [7.57] By Proposition [7.53]
we deduce that its colimit-preserving extension ([7.55)) also lands in the subcategory LRS C RS. The
following proposition summarizes these observations:

Proposition 7.58. There is a factorization

Fun(CAlg, Set) =9, R

Shz., (CAlg®P) --------- » LRS.
Theorem 7.59 (The adjunction between rings and locally ringed spaces). The global section functor
LRS — CAlg®®, (X,0x) Ox(X)
has a right adjoint given by
CAlg®® — LRS, R (Prim(R), Ogpec(r))-

Since O(Spec(R)) ~ R, the counit of this adjunction is an isomorphism, which implies the following:
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Corollary 7.60. The prime spectrum functor
CAlg®® — LRS, R (Prim(R), Ogpec(r))
1s fully faithful.
The following result follows from Corollary [7.60] by standard descent arguments:

Theorem 7.61 (Schemes as locally ringed spaces). Let Prim be the collection of locally ringed spaces
(Prim(R), Ogpec(r)) where R is any ring. Then the functor (|—|,0): Fun(CAlg, Set) — LRS restricts to
an equivalence of categories

Sch = LRS(Prim).

Remark 7.62. Both the algebraic functor Spec(R) and the locally ringed space Prim(R) are universal
objects with ring of functions R in their respective categories:

(i) For any algebraic functor X and ring map ¢: R — O(X), there is a unique map X — Spec(R)
inducing ¢ on rings of functions.

(ii) For any locally ringed space X and ring map ¢: R — O(X), there is a unique map X — Prim(R)
inducing ¢ on rings of functions.

For Spec(R), this holds by “abstract nonsense” (Remark , whereas for Prim(R) it is the content of
Theorem [Z.591

7.6. Quasi-coherent modules on schemes. If X is an algebraic functor, the category Modx of quasi-
coherent modules over X is by definition a limit of a diagram of categories of modules over rings, with
transition functors given by extension of scalars (Definition [4.13). For any ring R, the category Modg
is an abelian category, and it is easy to show that the limit of a diagram of abelian categories and exact
functors is again an abelian category. However, extension of scalars is only right exact and not exact in
general, so that the category Modx is not necessarily abelian.

If X is a scheme, the situation is much better. Indeed, in the category of Zariski sheaves, we can write
X as the colimit of a diagram of affine schemes and open immersions. If j: Spec(B) < Spec(A) is an
open immersion of affine schemes, the ring map A — B is flat, so that the functor j*: Mod4 — Modp
is exact. Hence, using Zariski descent for the category of quasi-coherent modules (Proposition , we
can write Modx as the limit of a diagram of abelian categories and exact functors:

MOdX = lim MOdR.
Spec(R)—X
open immersion
This implies that Mod x is an abelian category, and that for any open immersion j: U < X, the functor
J*: Modx — Mody is exact. Thus, for any open covering (U; C X);er, the functor Modx — [],.; Mody,
is both exact and conservative, so that it preserves and detects monomorphisms, epimorphisms, and
isomorphisms.

Furthermore, while the forgetful functors Radgr < Idg < (Modg), g are not compatible with arbi-
trary base change and hence do not extend to algebraic functors, they are compatible with base change
along open immersions, so that they do extend to schemes: for any open immersion Spec(S) < Spec(R),
the squares

RadR — IdR — (MOdR)/R

I l

Rads Ids (MOds)/S

commute. These considerations lead to the following results:

Theorem 7.63 (Quasi-coherent modules and ideals on schemes). Let X be a scheme, let (U; C X)ier
be an open covering by affine schemes, and let u;: Spec(R;) = U; < X be the corresponding points.

(i) The category Modx is abelian.

(ii) For any open immersion j: U — X, the pullback functor j*: Modx — Mody is ezact.

(iii) A map f: M — N in Modx is a monomorphism if and only if the maps f(u;): M(u;) — N(u;)
are monomorphisms in Modg, for all i € I. The same statement holds for epimorphisms and
isomorphisms.

(iv) A quasi-coherent module M € Modx is a vector bundle (resp. a line bundle) if and only if each
M (u;) is a vector space (resp. a line) over R;.
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(v) There is an isomorphism of posets
Idx ~ {subobjects of Ox in Modx}.
(vi) There is an isomorphism of posets
Rady ~ {K € Idx | for all i € I, the ideal K(u;) C R; is radical}.

Finally, we explain how to identify quasi-coherent modules over a scheme X with certain sheaves on
the underlying topological space |X]|.

Definition 7.64 (Quasi-coherent sheaf). Let (X, Ox) be a ringed space and M an O x-module in Sh(X).
We say that M is a quasi-coherent sheaf on (X, 0x) if it admits a presentation locally on X, i.e., if for
every x € X there is an open neighborhood U of x and an exact sequence of the form

0y = o) = My — o0,
where I and J are sets.

Proposition 7.65 (Quasi-coherent modules as sheaves). Let X be scheme. Then the functor

Modx — Modo , (Sh(|X]))
M= (U T(UM)),

is fully faithful and identifies Modx with the category of quasi-coherent sheaves on (| X|, Ox).

Corollary 7.66 (Quasi-coherent sheaves on schemes). Let X be a scheme, F' an Ox-module in Sh(|X]),
and B a basis of | X| consisting of affine open subschemes. Then F is quasi-coherent if and only if, for
every inclusion V- C U in B, the restriction map F(U) @owy O(V) — F(V) is an isomorphism.

Given a map of ringed spaces (f,¢): (Y,0y) — (X, Ox), we have an adjunction

(f.9)"
Modo . (Sh(X)) # Modo, (Sh(Y))
sP)

defined as follows. The right adjoint (f, )« is the composition
Mode, (Sh(Y)) ELN Mody, (0,)(Sh(X)) £, Modg , (Sh(X)),

where f, is the pushforward of sheaves, which preserves module structures by Remark [7.43] and ¢, is
the restriction of scalars along ¢: Ox — f.(Ox). Its left adjoint (f,¢)* is

* by *
Modo , (Sh(X)) L5 Modj- (0 .y (Sh(Y)) £ Modo, (Sh(Y)),

where f* is the pullback of sheaves and (¢”)* is the extension of scalars along the ring map ¢”: f*(Ox) —
Oy adjoint to .
The fully faithful functor Modx < Mode , (Sh(| X)) of Proposition is natural in X as follows:

Proposition 7.67 (Pullback and pushforward of quasi-coherent sheaves). Let f: Y — X be a morphism
of schemes.

(i) There is a commutative square

Mody —— Modo, (Sh(|X]))

/| I

Mody —— Modg, (Sh(|Y])).
(ii) If f is quasi-compact and quasi-separated, then there is a commutative square

Mody —— Modo, (Sh(|Y))

i I

Mody — Modg, (Sh(|X])).
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7.7. Fpgqc descent. The fpqc topology on CAlg®°P was defined in Example Although schemes are
by definition Zariski sheaves on CAlg®P, it turns out that they are in fact fpqc sheaves. Moreover, almost
all of the Zariski descent results established so far remain true if we replace the Zariski topology by the
fpqc topology. Such results are very powerful, because the fpqc topology is much finer than the Zariski
topology. For example, any field extension is an fpqc covering, so we can often reduce questions over
general fields to the case of algebraically closed fields, where there are more tools at our disposal (e.g.,
the Nullstellensatz).

Proposition 7.68. The following conditions are equivalent for a flat ring map ¢: R — S:
(i) Spec(yp) is surjective.
(ii) ¢*: Modr — Modg is conservative.
(iii) ¢*: Modr — Modg is faithful.
Definition 7.69 (Faithfully flat). A map of rings is faithfully flat if it is flat and satisfies the equivalent
conditions of Proposition [7.68]
The following proposition is the key to all fpqc descent results:

Proposition 7.70. Let R — S be a faithfully flat map of rings and let M be an R-module. Then the
diagram
M—>MerS=MQQrS®rS
is an equalizer.
Recall the notion of fpgc-local epimorphism of algebraic functors from Definition [6.43

Corollary 7.71 (Fpqc descent for functions). Let (Y; — X);ecr be a family of maps of algebraic functors
such that [[,.; Yi — X is an fpgc-local epimorphism. Then the following diagram of rings is an equalizer:

0(x) = [To) = [ 00 xx¥)).

el i,j€l

el

Remark 7.72. The proof of Proposition [7.70] establishes the much stronger statement that the aug-
mented cosimplicial diagram

M — M®rS =2 M®RS®353 M®RS®R5®RS§
is a limit diagram in the derived category D(Modg). This is formally equivalent to the statement that
quasi-coherent modules on affine schemes have trivial fpqc cohomology in positive degrees.
The following two results generalize Propositions iv) and
Lemma 7.73. Any fpqc-local epimorphism of algebraic functors is universally submersive.

Theorem 7.74 (Fpqc codescent for the underlying ringed space). Let (Y; — X);er be a family of maps
of algebraic functors such that [],.; Y; — X is an fpgc-local epimorphism. Then the functor

(I-],0): Fun(CAlg, Set) — LRS

i€l

sends the diagram
[[Yvixxv;i=3][vi-x
i,jel iel
to a coequalizer diagram.
Corollary 7.75 (Fpqc descent for schemes). Any scheme is an fpge sheaf on CAlg®P.
The following theorem strengthens Theorem [2.70

Theorem 7.76 (Fpqc descent for quasi-coherent modules). Let (Y; — X);er be a family of maps of
algebraic functors such that [[,.;Y; — X is an fpgc-local epimorphism. Then the following diagram of
categories is a limit diagram:

Modx — [[Mody, =% J] Modviuyy, = [ Modyixxv,xxvi-
i€l i,je€l i,j,kel

icl

In particular, the functor Modx — [],.; Mody, is conservative.

il
A property P of modules (or of linear maps, of algebras, etc.) is called fpgc-local if for any ring R,
any R-module M, and any fpqc-covering family of flat maps (R — R;);cr, M has property P if and only

if each M ® g R; has property P. We then have the following strengthening of Proposition
Proposition 7.77 (Fpqc-local properties). All the properties listed in Pmpogitz'on are fpqc-local.
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8. PROPERTIES OF SCHEMES

Broadly speaking, there are four different types of properties in geometry. A property is called local
if it can be checked on a covering, and it is global otherwise. In algebraic geometry, local properties are
determined by their values on affine schemes and hence come from commutative algebra. For example, as
the name implies, “locally of finite presentation” is a local property, which in the affine setting corresponds
to the notion of finitely presented algebra (Proposition . We will see many more examples of local
properties of schemes in this chapter. On the other hand, “affine” and “connected” are global properties:
every scheme is locally affine, so affineness cannot be checked locally, and connectedness is unrelated to
local connectedness. In a different direction, there are absolute properties, which are properties of the
geometric objects themselves, and relative properties, which are properties of “objects over a base”, i.e.,
properties of morphisms. For example, projectivity is a property of S-schemes which heavily depends
on the base scheme S, and is thus a relative property: a nonempty projective C-scheme will never be
projective as a Q-scheme.

The following table lists a few important examples of all four types of properties in algebraic geometry,
as well as some implications between them:

relative absolute

locally of finite locally noetherian = locally connected

= locally of finite type

presentation
Tg regular = normal = reduced
o étale = smooth = syntomic = flat gU

ﬂ. ﬂ . . 1O.C&l complete = Gorenstein = Cohen—Macaulay
unramified local complete intersection intersection
affine =——=> quasi-affine

1t 1 irreducible = connected
= finite (4 16t)
§ 3 v local = affine = quasi-affine = quasi-compact
o0  projective = quasi-projective = quasi-compact ﬂ

ﬂ ﬂ separated = quasi-separated

proper ———> separated => quasi-separated

of finite presentation = lfp + qcgs noetherian = locally noetherian + qc

of finite type = Ift + qc integral = reduced + irreducible

Remark 8.1. Every relative property has an associated absolute property, since every scheme can be
regarded as a scheme over Spec(Z). For example, the absolute versions of “affine”, “quasi-affine”, “quasi-
compact”, “separated”, and “quasi-separated” are obtained from the relative versions in this way. But for
many relative properties, like smoothness and properness, the associated absolute property is not used,
since it is very restrictive (e.g., a nonempty C-scheme can never be smooth or proper over Spec(Z)).

8.1. Local properties. Given a property P of rings, we can consider schemes that admit an open
covering by spectra of rings with the property P; this property of schemes is usually called “locally P”
or simply “P”. This is only well-behaved when the property P is local in the following sense:

Definition 8.2 (Local property of rings). A property P of rings is local if the following holds:
(i) If R has property P and f € R, then R; has property P.
(ii) If (f1,..., fn) = R and each Ry, has property P, then R has property P.
Definition 8.3 (Local property of schemes). A property P of schemes is local if the following holds:
(i) If X has property P and U C X is open, then U has property P.
(ii) If (U; € X); is an open covering of X and each U; has property P, then X has property P.

Remark 8.4. Condition (i) of Definition says that P defines (for every scheme X) a presheaf of
truth values on Open(X), and Condition (ii) says that this presheaf is a sheaf for the canonical topology.
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Proposition 8.5 (Extending absolute local properties). Every local property of rings extends uniquely
to a local property of schemes.

For properties of morphisms, locality has two aspects: locality on the source and locality on the base:

Definition 8.6. Let P be a property of morphisms of schemes.

(i) P is local on the source if, for any morphism f: Y — X:
e If f has property P and V C Y is an open subscheme, then f|V:V — X has property P.
o If (V; C Y)er, is an open covering and each f|V;: V; — X has property P, then f has
property P.
(ii) P is local on the base if, for any morphism f: Y — X:
o If f has property P and U C X is open, then fy: Y xx U — U has property P.
o If (U; C X);es is an open covering and each fy,: Y x x U; — U; has property P, then f has
property P.
(iii) P is local if it is both local on the source and local on the base.
(iv) P is stable under base change if, for any cartesian square of schemes

Y —— Y

ol

X — X,

if f has property P, then f’ has property P.
(v) P is stable under composition if it contains isomorphism and if g o f has property P whenever
both f and g have property P.

Definition has an obvious analogue for morphisms of rings, and we have the following relative
version of Proposition (recall from Proposition i) that a morphism Y — X is affine if and only
if, for every Spec(R) — X, the pullback Y x x Spec(R) is an affine scheme):

Proposition 8.7 (Extending relative local properties). Let P be a property of morphisms of rings.

(i) If P is local on the base, then it extends uniquely to a property P of affine morphisms of schemes
that is local on the base. .
(ii) If P is local, then it extends uniquely to a local property P of morphisms of schemes.

In both cases, if P is stable under base change or stable under composition, then so is P.

Remark 8.8. A property of algebras (i.e., of morphisms of rings) is Zariski-local in the sense of Defini-
tion [2.76] if and only if it is local on the base in the sense of Definition [8.6]

Remark 8.9. Most relevant properties of morphisms are stable under base change and composition.
For such properties, locality on the source implies locality on the base.

Example 8.10 (Local finiteness properties). For morphisms of schemes, the properties “locally of finite
presentation” and “locally of finite type” from Definition [2.86] are local. Hence, a morphism of schemes
f:Y — X is locally of finite presentation (resp. locally of finite type) if and only if, for every y € |Y],
there exist affine open neighborhoods V of y and U of f(y) with f(V) C U such that O(V) is an
O(U)-algebra of finite presentation (resp. of finite type).

Example 8.11 (Flatness). Recall that a map of rings ¢: R — S is flat if the functor ¢*: Modg — Modg
is exact. This property of morphisms of rings is clearly stable under base change and under composition.
It is moreover a local property: in fact, ¢: R — S is flat if and only if, for every prime ideal q C 5, the
induced map of local rings R,-1(q) — Sy is flat (this follows immediately from the fact that, for any ring
R, the functor Modg — Hp Modp, is exact and conservative). Hence, by Proposition [8.7(ii), flatness
extends uniquely to a local property of morphisms of schemes, which has the following characterization:
f:+Y — X is flat if and only if, for every y € |Y'|, the map of local rings f*: Ox ¢, — Oy, is flat.

Example 8.12 (Properties local on the base). The following properties of morphisms of schemes are

local on the base, but not on the source (see Propositions ii), and :
(i) affine;
(ii) integral;
(iii) finite;
(iv) closed immersion;
(v) open immersion;
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) immersion;

) quasi-affine;
(viii) quasi-compact;

) quasi-separated;

) separated;

) of finite presentation;

(xii) of finite type.

All these properties are also stable under base change and composition. The first four are properties of
affine morphisms and hence arise from Proposition i). Properties that are not local on the base are
somewhat pathological; these include “projective” and “quasi-projective”. Properness is a weakening of
projectivity that is local on the base, which we will study in With the exception of “immersion”,
one can show that all of the above properties are even fpgc-local on the base.

8.2. Reduced schemes. Recall that a ring R is reduced if its nilradical Nil(R) = /0 is the zero ideal.
The reduction of a ring R is Ryeq = R/Nil(R)

Definition 8.13 (Reduced scheme). A scheme X is reduced if there is an affine open covering (U; C X);er
such that each ring O(U;) is reduced.

Lemma 8.14. “Reduced” is a local property of rings.
By Proposition [8.5] we deduce:

Proposition 8.15. “Reduced” is a local property of schemes. Moreover, Spec(R) is reduced if and only
if R is reduced.
Remark 8.16.

(i) A scheme X is reduced if and only if, for every point « € |X|, the local ring Ox , is reduced. The
forward implication follows from the fact that localizations of reduced rings are reduced, and the
converse from the fact that any ring R is a subring of Hp R,.

(ii) If X is a reduced scheme, then the ring O(X) is reduced. Indeed, if (U; C X);er is an open
covering of X by reduced affine schemes, then O(X) is a subring of the reduced ring [],.; O(U;).

Example 8.17 (Reduced Proj). Let A be an N-graded ring and let I C A} be a homogeneous subset
such that A, C \/(I). Recall that Proj(A4) has an open covering by the affine schemes Spec(4y)) for
f € I. Hence, Proj(A) is reduced if and only if each ring A(s) with f € I is reduced. A sufficient
condition is that A itself be reduced. For example, if R is reduced and n > —1, then P} is reduced.

If X is a scheme, recall that there is an embedding
Radyxy «— Idx

(Theorem vi)), so that “radical” is a meaningful property of quasi-coherent ideals over X. Concretely,
if K € Idx and (z;: Spec(R;) < X);es is an affine open covering of X, then K is radical if and only if
each ideal K(x;) € Idg, is radical.

Proposition 8.18 (Classification of reduced closed subschemes). Let X be a scheme. A closed subscheme
Z C X is reduced if and only if the quasi-coherent ideal I over X such that V(I) = Z is radical.

Corollary 8.19. Let X be a scheme. Then the composite
Closed™?(X) < Closed(X) 1=, Closed (]| X|)
1s bijective. In particular, the second map is surjective.

The following commutative diagram of posets summarizes the classification of closed and open sub-
schemes of a scheme X, where “c” means taking the complement (see Proposition Proposition

Remark Proposition [8.18)):
Closed(|X|)°? —=— Open(|X])

/ I—\T ZTI—\

Closed™d(X)°P ——— Closed(X)°? —— Open(X)

i v o

Rad y Idy —Y Rady.
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Example 8.20 (Reduced closed subschemes of Proj). Let A be an N-graded ring. Recall that the closed
subsets of |Proj(A)| are in bijection with the saturated radical homogeneous ideals I C A (Remark |3.82]).
By Corollary [8:19 and Example we obtain a bijection

{saturated radical homogeneous ideals in A} = Closed™d(Proj(A)), I+ V(I).
Definition 8.21 (Reduction). Let X be a scheme. The reduction of X is the closed subscheme
Xrea = V(V0) C X.

Proposition 8.22. Let Sch™! C Sch be the full subcategory of reduced schemes. Then the inclusion
Sch*®d < Sch has a right adjoint given by X + Xieq.

Remark 8.23. Let X be a scheme. Then the closed immersion X,.q < X induces an isomorphism on
underlying spaces. Indeed, the open complement of X,.q = V(1/0) in X is the empty scheme D(v/0) = @.
Hence, as a locally ringed space, X;eq has the form (| X[, %), where 0%¢¢ is given by U = O(Usea)-
Note that the sheaf OE?d is the sheafification of the presheaf of rings U + O x (U )yeq, since the canonical
map Ox (—)rea — 0% is an isomorphism on affine opens.

8.3. Noetherian schemes. Recall that a ring R is noetherian if every ascending chain of ideals Iy C
I, C I, C --- in R stabilizes. Equivalently, R is noetherian if every descending sequence of closed
subschemes Zy D Zy D Z3 D -+ in Spec(R) stabilizes.

Proposition 8.24 (Characterizations of noetherian rings). For a ring R, the following conditions are
equivalent:
(i) R is noetherian.
(ii) Every submodule of a finitely generated R-module is finitely generated.
(iii) Mod't is an abelian category such that the inclusion Modt < Modp is ezact.
(iv) Every R-module of finite type is of finite presentation: Mod = Mod;p.
(v) Every R-algebra of finite type is of finite presentation: CAlg% = CAlggg.

Remark 8.25. Condition (v) in Proposition implies that, if R is noetherian, then any finitely
generated R-algebra is again noetherian. The fact that the polynomial ring R[x1,...,z,] is noetherian
is Hilbert’s basis theorem.

Definition 8.26 (Locally noetherian, noetherian scheme). A scheme X is locally noetherian if there is
an affine open covering (U; C X );er such that each ring O(U;) is noetherian. A scheme is noetherian if
it is locally noetherian and quasi-compact.

Lemma 8.27. “Noetherian” is a local property of rings.
By Proposition [8.5] we deduce:

Proposition 8.28. “Locally noetherian” is a local property of schemes. Moreover, Spec(R) is locally
noetherian if and only if R is noetherian.

Example 8.29 (Noetherian Proj). Let A be an N-graded ring and let I C A, be a homogeneous subset
such that A, C \/m Then Proj(A) is locally noetherian if and only if each ring Ay with f € I is
noetherian. It is moreover quasi-compact if and only if a finite such set I exists. In particular, if A itself
is noetherian, then A, is a finitely generated ideal and hence Proj(A) is noetherian. For example, if R
is noetherian and n > —1, then P% is noetherian.

Remark 8.30 (Coherent rings). A ring R is called coherent if Mod%’ is an abelian category such that
the inclusion Mod%’ < Modpg is exact. By Proposition noetherian rings are coherent, but the
converse fails. For example, any valuation ring is coherent, and if R is noetherian and I is any set, then
the polynomial ring R[x; | i € I] is coherent. One can show that “coherent” is also a local property of
rings, so that it extends uniquely to a local property of schemes.

Proposition 8.31. A scheme X is noetherian if and only if every descending sequence of closed sub-
schemes Zog D Z1 D Zo D --- in X stabilizes.

Definition 8.32 (Noetherian space). A topological space T is noetherian if every descending sequence
of closed subsets Zg D Z1 D Z3 D -+ in T stabilizes.

Remark 8.33. If T is a noetherian space, then T is quasi-compact. Moreover, any subspace of T is
again noetherian, and hence quasi-compact.
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Remark 8.34. By Proposition and Corollary if X is a noetherian scheme, then the underlying
space |X| is a noetherian space. However, the converse is not true. For example, if k is a field, then
R = k[z1,72,...]/(2%,23,...) is a non-noetherian ring such that |Spec(R)| is a single point (since
Riea = k).

Remark 8.35 (Noetherian induction). To show that all closed subsets of a noetherian space have a
certain property P, it suffices to show that Z has property P whenever all W C Z have property P. The
same holds for closed subschemes of a noetherian scheme (by Proposition . This method of proof is
called noetherian induction.

Just like for noetherian rings, there is no difference between “finite presentation” and “finite type” for
noetherian schemes:

Proposition 8.36 (Finiteness properties for noetherian schemes).

(i) A locally noetherian scheme is quasi-separated
(ii) If X is locally noetherian and f:Y — X is locally of finite type, then'Y is locally noetherian and
f is locally of finite presentation.
(iii) If X 14s noetherian and f: Y — X is of finite type, then Y is noetherian and f is of finite
presentation.

8.4. Irreducible components. Recall that a topological space T is irreducible if it is nonempty and
for every nonempty open subsets U,V C T, the intersection U NV is nonempty. If T is sober (e.g., the
underlying space of a scheme), this is equivalent to the existence of a generic point, i.e., a point n € T
such that {n} = T (Proposition . According to Definition a scheme X is drreducible if its
underlying space | X| is irreducible.

Definition 8.37 (Irreducible components).

(i) The irreducible components of a topological space T are the maximal irreducible subsets of T'.
(ii) The #rreducible components of a scheme X are the irreducible components of the underlying
space |X]|.

Remark 8.38. Let T be a topological space.

(i) By Zorn’s lemma, every irreducible subset of 7' is contained in an irreducible component of T'.
In particular, since points are irreducible, T" is the union of its irreducible components.

(ii) A subset A C T is irreducible if and only if its closure A C T is. It follows that the irreducible
components of T are closed.

Example 8.39 (Irreducible components of affine schemes). Let R be a ring. Under the bijection
Radr = {closed subsets of Prim(R)},
I A{p|ICpl,

the irreducible closed subsets of Prim(R) correspond to the prime ideals of R. Hence, the irreducible
components of Spec(R) correspond to the minimal prime ideals of R. In particular, Spec(R) is irreducible
if and only if R has a unique minimal prime ideal. Since the intersection of all prime ideals is always the
nilradical, this is equivalent to the nilradical Nil(R) being prime.

Example 8.40 (Irreducible components of Proj). Let A be an N-graded ring. Recall that the closed
subsets of |[Proj(A)| are in bijection with the saturated radical homogeneous ideals I C A (Remark [3.82).
Under this bijection, the irreducible closed subsets correspond to the saturated homogeneous prime ideals,
and hence the irreducible components correspond to the minimal such ideals. In particular, Proj(A) is
irreducible if and only if Nil(A)%** is prime.

Example 8.41. Let k be a field.

(i) The affine k-scheme Spec(k[z,y]/(xy)) has two irreducible components, corresponding to the
minimal prime ideals (z) and (y) in k[x, y]/(zy). They meet in a single point, corresponding to
the maximal ideal (z,y).

(ii) The projective k-scheme Proj(k[x,y, z]/(zyz)) has three irreducible components, corresponding
to the minimal saturated prime ideals (z), (y), and (2) in klz,y, z]/(zyz). These components
are in a triangle configuration, each pair of components meeting in a single point away from the
third component.

Proposition 8.42 (Irreducible components of noetherian spaces). A noetherian topological space has
finitely many irreducible components. In particular, a noetherian scheme has finitely many irreducible
components.
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Definition 8.43 (Integral scheme, function field). A scheme X is integral if it is irreducible and reduced.
The function field of X (or field of rational functions on X) is the residue field k(n) of the generic point
n € [X].

Example 8.44 (Integral affine schemes). Let R be a ring. Then Spec(R) is integral if and only if R

is an integral domain (in which case the function field of Spec(R) is the fraction field Frac(R)). This
follows from Proposition and Remark

Proposition 8.45. Let X be an integral scheme with generic point n.
(i) For every nonempty open subscheme U C X, the map O(U) — k(n) is injective.
(ii) For every nonempty affine open subscheme U C X, the map O(U) — r(n) exhibits k(n) as the
fraction field of O(U).

(iii) For every point x € | X|, the map Ox o — k() ezhibits k(n) as the fraction field of Ox 5.
Example 8.46 (Integral Proj). If A is an integral N-graded ring such that A, # 0, then Proj(A) is an
integral scheme: this follows from Examples and (the assumption that A, # 0 ensures that
(0)%2* = (0)). By Proposition i), the function field of Proj(A) is then the fraction field of Ay for
any nonzero homogeneous element f € Ay, i.e., it is Frac(A)g. For example, if R is an integral domain
with fraction field K and n > 0, then P% is an integral scheme with function field K (z1,...,z,).

Remark 8.47 (Rational function). The notion of rational function can be defined for any scheme X
as follows. The sheaf of rational functions Kx on |X| is the sheafification of the presheaf of rings
U+ O(U)[S;'], where Sy € O(U) is the multiplicative subset of all functions f such that f[V is
not a zero divisor in O(V') for all opens V' C U. Since sheafification is left exact, there is a canonical
monomorphism of sheaves Ox — Kx. If X is integral with generic point 7, then Kx is the constant
sheaf with Kx (X) = k(n). If X is locally noetherian, one can show that

Kx(X) = colimO(U),
Ucx
where the colimit ranges over the open subschemes U C X whose closure is X (Definition |3.86]).

8.5. Dimension theory. We review the basics of dimension theory. Define the length of a poset P to
be the supremum of the lengths of chains in P:

length(P) = sup{n € N | there is a chain 29 S -+ S x,, in P} € NU {£o0}.
Definition 8.48 (Krull dimension, codimension). Let T be a topological space.

(i) The Krull dimension of T, denoted by dim(7'), is the length of the poset of closed irreducible
subsets of T'.

(ii) Given an irreducible subset K C T, the codimension of K in T, denoted by codim (K, T, is the
length of the poset of closed irreducible subsets of T' containing K.

If X is a scheme, we also apply these definitions to the underlying space of X
Remark 8.49 (Specialization). If T is a topological space and z,y € T, we say that x specializes to y,

and we write  ~» y, if y € {«}. This defines a partial order on the underlying set of T. If T is sober,
there is an isomorphism of posets

(T, ~) = ({irreducible closed subsets of T}, D), x> {x},

by Proposition We can therefore rephrase Definition [8.48|in terms of the poset of points of T'. For
example,
dim(T') = length(T, ~»).
Remark 8.50. Let T be a topological space.
(i) By definition, we have dim(7T") = supy codim(K,T), where K ranges over the irreducible closed
subsets of T'. If T is sober, we equivalently have
dim(T") = sup codim(z, T).
zcT
(ii) If (T; C T),er is either an open covering of T or a closed covering of T', then
dim(7T") = sup dim(7T3).
iel
(iii) Given = € T, we define the Krull dimension of T at the point x to be dim,(7T) = miny dim(U),
where U ranges over the open neighborhoods of x. By (ii), we then have

dim(T) = sup dim, (7).
zcT
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Definition 8.51 (Krull dimension of schemes and rings).

(i) If X is a scheme, the Krull dimension of X is the Krull dimension of its underlying space:
dim(X) = dim(| X]).
We similarly define codim(XK, X) for K an irreducible subset of |X| or subscheme of X.
(ii) If R is a ring, the Krull dimension of R is
dim(R) = dim(Spec(R)) = dim(Prim(R)) = length(Prim(R), C).
Remark 8.52. Let X be a scheme. For any x € |X| and any open neighborhood U of x, we have
codim(x, X) = codim(z,U) = dim(Ox ;).

Indeed, every point in X specializing to z lies in U, so the first two numbers are the lengths of the same
poset, and taking U to be affine, we see that this poset is isomorphic to the poset of prime ideals in Ox ;
(since the prime ideals of R, correspond to the prime ideals of R contained in p). By Remark i), we
deduce that

dim(X) = sup dim(Ox ).
zeX

Because of this, local rings play a central role in dimension theory.
Example 8.53. If R is a principal ideal domain, then

0 if R is a field,
1 otherwise.

dim(R) = {

Hence, if X is a scheme all of whose local rings are principal ideal domains, then dim(X) < 1.

Theorem 8.54. Let R be a noetherian ring and let X = Spec(R).

(i) (Krull’s principal ideal theorem) Let f € R and let K be an irreducible component of V(f) C X.
Then codim(K, X) < 1. The equality holds if f is not a zero divisor in Ryeqd.

(ii) (Krull’s height theorem) Let f1,..., fn, € R and letY =V(f1,..., fn) C X. For every irreducible
subset K C Y/,

codim(K, X) < codim(K,Y) + n.

(ili) Let K C |X| be an irreducible closed subset with codim(K, X) = n. Then there exist fi,..., f, €

R such that K is an irreducible component of V(f1,..., fn) C X.

Corollary 8.55. Let R be a noetherian ring and let p C R be a prime ideal. Then
codim(V(p), Spec(R)) < min {n eN ‘ there exists f1,..., fn € p with p =+/(f1,..., fn)} < 0.

We now investigate the behavior of Krull dimension under morphisms.

Definition 8.56 (Going-up and going-down properties). Let f: Y — X be a map of topological spaces.
(i) f has the going-up property if, for every y € Y and every specialization f(y) ~» 2/, there exists
a specialization y ~» y' with f(y") = 2.
(ii) f has the going-down property if, for every y € Y and every specialization z’ ~» f(y), there exists
a specialization ¢y’ ~» y with f(y') = a’.
Note that any closed map has the going-up property, while any open map has the going-down property.

The following assertions follow immediately from the definitions:

Proposition 8.57. Let f: Y — X be a map of topological spaces, let y € Y, and let x = f(y).
(i) If f has the going-up property, then dim(Y) > dim(f(Y)).
(ii) If f has the going-down property, then codim(y,Y) > codim(z, X) + codim(y, Yz).
(iii) If all fibers of f have Krull dimension < d, then codim(y,Y) < (d 4 1) codim(z, X) + d.

We recall the Cohen—Seidenberg theorems about integral ring maps:

Theorem 8.58 (Cohen—Seidenberg). Let ¢: R — S be an integral ring map and let f = Spec(y).

(i) (Going-up) The map |f| is closed and in particular has the going-up property.

(ii) (Incomparability) All fibers of | f| have Krull dimension < 0.

(iii) (Lying-over) If ¢ is injective, then |f| is surjective.

(iv) (Going-down) If ¢ is injective, S is a domain, and R is integrally closed, then |f| has the going-
down property.
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Corollary 8.59 (Integral maps and dimension). If f: Y — X is a surjective integral map of schemes,
then dim(Y) = dim(X).

Proposition 8.60 (Going-down for flat maps). Let ¢: R — S be a flat ring map and let f = Spec(yp).
Then | f| has the going-down property.

Corollary 8.61 (Flat maps and dimension). Let f: Y — X be a morphism of schemes, lety € |Y|, and
letx=f(y). If f*: Ox o = Oy, is flat, then

codim(y,Y) > codim(z, X) + codim(y, Y).

Proposition 8.62 (Dimension formula). Let f: Y — X be a morphism of schemes, lety € |Y|, and let
z = f(y). If Ox » and Oy, are noetherian, then

codim(y,Y) < codim(z, X) + codim(y, Yz).
Since A} has Krull dimension 1 when & is a field, Corollary and Proposition iii) imply that
dim(X) +1 < dim(X x A') < 2dim(X) + 1.
In the locally noetherian case, we have a much better result thanks to Proposition [8.62
Corollary 8.63. If X is a locally noetherian scheme, then dim(X x Al) = dim(X) + 1.

Example 8.64 (Affine and projective spaces). Let X be a locally noetherian scheme and let V' be a
vector bundle of constant rank n > 1 over X. Then

dim(A(V)) =dim(X)+n and dim(P(V))=dim(X)+n—-1
Indeed, as both statements are local on X by Remark [8.50(ii), we can assume that V is free, so that
A(V)~ X x A" and P(V) =~ X x P*~1. Since P"~! has an open covering by copies of A"~1 the claims
now follow from Corollary .63}

Theorem 8.65 (Dimension of schemes of finite type over a field). Let k be a field and let X be an
integral k-scheme locally of finite type with generic point n.

(i) The Krull dimension of X equals the transcendence degree of the function field k(n) over k.
(ii) For any irreducible closed subscheme K C X, we have dim(X) = dim(K) + codim(K, X).

Warning 8.66. Theorem ii) does not hold more generally for locally noetherian integral schemes.
For example, let X = Spec(Z;)[z]) and K = V(pz —1). Then X has dimension 2 (by Example and
Corollary , K has codimension 1 in X (by Theorem [8.54i)), but K ~ Spec(Q) has dimension zero.

8.6. Regular schemes. Combining Theorem iii) and Corollary [8.55] we obtain the following char-
acterization of the dimension of noetherian local rings:

Proposition 8.67 (Dimension of noetherian local rings). Let R be a noetherian local ring with maximal
tdeal m. Then

dim(R) = min {n € N | there exists f1,..., fn € m with m = \/(fl,...,fn)} < o0.

Definition 8.68 (System of parameters). Let R be a noetherian local ring of Krull dimension d with
maximal ideal m. A d-tuple (fi,..., fq) such that m = \/(f1,..., fq) is called a system of parameters of
R. By Proposition [8.67] every noetherian local ring admits a system of parameters.

The following result is a direct consequence of Proposition [8.67}

Corollary 8.69 (Quotients of noetherian local rings). Let R be a noetherian local ring of Krull dimension

d and let f1,..., fn € m. The following assertions are equivalent:
(i) The local ring R/(f1,-.., fn) has Krull dimension d — n.
(ii) The sequence (fi,..., fn) can be completed to a system of parameters of R.

Using Proposition and Theorem m(l) inductively, we deduce:

Corollary 8.70. Let R be a noetherian local ring and let (f1,..., fn) be a regular sequence in m, i.e.,
such that f; is not a zero divisor in R/(f1,..., fi—1) for each i. Then

dim(R/(f1,. .., fn)) = dim(R) — n.

Definition 8.71 (Depth). Let R be a noetherian local ring. The depth of R is the maximal length of a
regular sequence in m. By Corollary we have depth(R) < dim(R).
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Definition 8.72 (Cohen—Macauley, regular local ring). Let R be a noetherian local ring.
(i) Ris called Cohen—Macauley if depth(R) = dim(R), i.e., if m contains a regular sequence of length
dim(R).
(ii) R is called regular if it admits a system of parameters generating m, i.e., if m can be generated
by dim(R) elements.

Proposition 8.73 (Regular = Cohen-Macauley). Let R be a regular local ring of Krull dimension d.
Ifm=(f1,...,fa), then (f1,..., fa) is a regular sequence. In particular, R is Cohen—Macauley.

Example 8.74 (The coordinate axes in the plane). Let k be a field and let R be the local ring of
Spec(k[z,y]/(zy)) C A7 at the origin, with maximal ideal m = (x,y). Then

V(0) #m=/(z+y),

so that © + y is a system of parameters of R and dim(R) = 1. As = + y is not a zero divisor in R, we
also have depth(R) = 1, so that R is Cohen—Macauley. However, m cannot be generated by fewer than
two elements, so that R is not regular.

Example 8.75 (Regular local rings of dimension < 1). Let R be a noetherian local ring. Then R is
regular of Krull dimension 0 if and only if it is a field, as m must be the zero ideal, and it is regular
of Krull dimension 1 if and only if it is a discrete valuation ring, i.e., a noetherian domain in which
divisibility is a total order (or equivalently a local principal ideal domain) that is not a field. Indeed, if
R is principal and not a field, then it is regular of dimension 1 by definition. Conversely, if R is regular
of dimension 1, then m = (f) for some f # 0. Since (), .y m" = 0 by Krull’s intersection theorem, every
element of R has the form uf™ with n € N and u € R*, so that R is principal.

Definition 8.76 (Zariski (co)tangent space). Let (X, Ox) be a locally ringed space and let = € X.

(i) The Zariski cotangent space at z is the x(z)-module T (X) = m, /m2.
(i) The Zariski tangent space at z is the k(z)-module T,(X) = (m,/m2)V.

Example 8.77 (Tangent spaces in differential geometry). If the locally ringed space (X, O0x) is a C*-
manifold (see Example [7.51)), then there is a surjective map

{C-maps 7: (=1,1) = X such that 7(0) = ¢} » To(X), > ([f] = (£ 27) (0)),
which allows us to identify tangent vectors at = with equivalence classes of curves through .

Remark 8.78 (Regularity via the cotangent space). Let R be a noetherian local ring. The Zariski
cotangent space of Spec(R) at the closed point is the x(m)-module m/m? = m ® r(m). By Nakayama’s
lemma, we have

dim, () (m/m?) = min {n € N | there exists fi,..., f, € m with m = (f1,..., fa)}.

By Proposition we therefore have dim(R) < dimy,(ym)(m/m?). Moreover, R is regular if and only if
dim(R) = dim,{(m) (m/mz)

From Remark and Nakayama’s lemma, we get the following useful criterion:

Corollary 8.79 (Quotients of regular local rings). Let R be a regular local ring of Krull dimension d

and let f1,..., fn € m. The following assertions are equivalent:
(i) The local ring R/(f1,- .., fn) is regular of Krull dimension d — n.
(ii) The images of fi,..., fn in the Zariski cotangent space m/m? are r(m)-linearly independent.

Example 8.80 (The cuspidal cubic). Let k be a field and let X = Spec(k[x,y]/(y* — 23)). We have
dim(X) =1 (for example by Theorem i)). The Zariski cotangent space at a point (a,b) € X (k) is
then

T?a,b) (X) = (.13 —a,y— b)/(x -4,y — b)2 € MOdka
where the ideals are in the ring k[z,y]/(y? — 23). A straightforward computation shows that
Tlo0)(X) = (k@ k)/(2b, —3a).

This has dimension 2 if (a,b) = (0,0) and dimension 1 otherwise, so that the origin is the only singular
k-point of X.
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Theorem 8.81 (Properties of regular local rings). Let R be a regular local ring. Then:

(i) The canonical map of N-graded k(m)-algebras

Y11 ) (/%) > g1 () = @) m
ieN
is an isomorphism.
(ii) (Auslander-Buchsbaum theorem) R is a unique factorization domain.
(iii) For every prime ideal p C R, R, is a reqular local ring.

By Theorem iii), the following definition is compatible with the existing one for local rings:

Definition 8.82 (Regular ring, regular scheme).
(i) A ring R is called regular if it is noetherian and, for every prime ideal p C R, R, is a regular
local ring.
(ii) A scheme X is called regular if it is locally noetherian and, for every point = € |X|, the local
ring Ox , is a regular local ring.

From these definitions and Proposition [8.28] we immediately deduce:

Proposition 8.83. “Regular” is a local property of schemes. Moreover, Spec(R) is reqular if and only
if R is regular.

For completeness, let us mention the following module-theoretic characterization of regular rings,
which is the key ingredient in the proof of Theorem iii):

Theorem 8.84 (Serre’s homological characterization of regularity). Let R be a noetherian ring and let
n € NU{oo}. The following conditions are equivalent:
(i) R is regular of Krull dimension < n.
(ii) Every R-module admits a finite projective resolution of length < n.
(iii) For every ideal I C R, the R-module R/I admits a finite projective resolution of length < n.

8.7. Normal schemes. Let R be a ring and A an R-algebra. Recall that an element a € A is integral
over R if it satisfies a monic polynomial equation with coefficients in R, or equivalent if the R-subalgebra
of A generated by a is finite over R. The set of all such elements is an R-subalgebra of A, called the
integral closure of R in A. An integral domain R is integrally closed if it equals its integral closure in its
fraction field Frac(R).

Example 8.85. By Gauss’s lemma on primitive polynomials, unique factorization domains are integrally
closed. In particular, by the Auslander-Buchsbaum theorem (Theorem ii)), regular local rings are
integrally closed domains.

Proposition 8.86. Let R be an integral domain.
(i) If R is integrally closed, then R[S™1] is integrally closed for any subset S C R — {0}.
(ii) If Ry is integrally closed for every maximal ideal m C R, then R is integrally closed.
Definition 8.87 (Normal ring, normal scheme).
(1) A ring R is called normal if, for every prime ideal p C R, R, is an integrally closed domain.
(ii) A scheme X is called normal if, for every point z € |X|, Ox , is an integrally closed domain.

The following result follows immediately from the definitions:

Proposition 8.88. “Normal” is a local property of schemes. Moreover, Spec(R) is normal if and only
if R is normal.

Remark 8.89. By Proposition [8.86] an integral domain is normal if and only if it is integrally closed.

Remark 8.90 (Schemes whose local rings are domains). For a scheme X, the following conditions are

equivalent (cf. Remark 1)):
(i) For every z € |X|, Ox , is an integral domain.

(ii) X is reduced and its irreducible components are pairwise disjoint.
In general, this does not imply that X is a coproduct of integral schemes, but this is true if X is locally
noetherian, by Proposition (if a topological space has finitely many irreducible components that
are pairwise disjoint, then they are clopen). In particular, every locally noetherian normal scheme is a
coproduct of integral normal schemes.
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Construction 8.91 (Normalization). Let X be an integral scheme. The normalization of X is a
morphism X" — X, which is uniquely determined by the following properties:

(i) XV is a normal integral scheme;
(ii) X¥ — X is integral;
(iii) X¥ — X induces an isomorphism of function fields.

By (ii), X* must be Spec(A) for some integral quasi-coherent algebra A over X. To construct it, recall
from §7.6] that

CAng — Spe(?l(ll’r{r)l<—>x CAlgR
opeén 1mmersion
Let K be the function field of X. For any open immersion u: Spec(R) < X with R # 0, R is a domain
with fraction field K (Proposition ii)). Define A(u) to be 0 if R = 0 and the integral closure of R
in K otherwise. Using Propositioni), we see that for any open immersion j: Spec(S) < Spec(R),
the canonical map A(u) ®g S — A(u o j) is an isomorphism. The algebras A(u) and these canonical
isomorphisms form a quasi-coherent algebra A over X with the desired properties.

Example 8.92 (Normalization of the nodal cubic). Let X = Spec(R) where R = k[z,y]/(y? — 23 — 2?)
and k is a field. There is an isomorphism of k-algebras

R K262 —t) Ck[t], =t =1, yrt(t*—1).

Since t? comes from R, t is integral over R, so that k[t] is an integral (even finite) R-algebra. Moreover,
the map R — k[t] becomes an isomorphism after inverting x, so that R and k[t] have the same field of
fractions k(t). As k[t] is integrally closed in k(t), we deduce that k[t] is precisely the integral closure of
R in k(t). Hence, the normalization of X is A} = Spec(k[t]).

For a non-affine example, consider the projective closure X = Proj(k[z,y, z]/(y?2 — 2® — 222)) of X
in P%. The complement of the node (the locus where z is a unit) is isomorphic to D(y? — 1) C Spec(k[y]),
which is already normal. Hence, the normalization of X is Pi.

Proposition 8.93 (Characterization of integrally closed noetherian domains). A noetherian integral
domain R is integrally closed if and only if the following conditions hold:

(1) For every prime ideal p C R of codimension 1, Ry, is a discrete valuation ring (or equivalently,

by Example a regular local ring).
(ii) R is the intersection of its localizations R, C Frac(R) at the prime ideals p of codimension 1.

Corollary 8.94. Let X be a locally noetherian normal scheme.

(i) For every point x € |X| of codimension < 1, the local ring Ox  is reqular.
(ii) (Hartog’s theorem) Let U C X be an open subscheme containing all points of codimension < 1.
Then the map O(X) — O(U) is bijective, i.e., every function on U extends uniquely to X.

Example 8.95 (Dedekind schemes). Let X be a locally noetherian scheme of Krull dimension < 1. By
Corollary i), X is normal if and only if it is regular. Such a scheme X is called a Dedekind scheme.
An affine scheme Spec(R) is a Dedekind scheme if and only if R is a finite product of Dedekind domains
(by Remark [8.90).

If X is any locally noetherian integral scheme of Krull dimension < 1, the Krull-Akizuki theorem
implies that the normalization X" is again locally noetherian, and is therefore a Dedekind scheme.

Remark 8.96 (Serre’s conditions). Let X be a locally noetherian scheme. We can consider the following
conditions for all £ € N:

(Ri) For every point x € |X| of codimension < k, Ox , is regular.
(Sk) For every point z € |X|, depth(Ox ;) > min{k, codim(z, X)}

Note that these are local properties by definition, and that (Rg4+1) = (Rg) and (Sk+1) = (Sk). These
conditions can be used to give a uniform treatments of various properties of locally noetherian schemes:

(i) X is reduced if and only if it satisfies (Rg) and (Sy).
(ii) X is normal if and only if it satisfies (R1) and (S2).
(iii) X is regular if and only if it satisfies (Ry) for all k.
(iv) X is Cohen-Macauley if and only if it satisfies (Sy) for all k.
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9. SMOOTHNESS

9.1. Smooth and étale morphisms. Smooth morphisms in algebraic geometry are the analogue of
submersions in differential geometry, i.e., morphisms along which tangent vectors (and more general
tangential data) can be lifted. In particular, there is no relation to the usage of “smooth” to mean
“C°” in analysis (all maps in algebraic geometry are “smooth” in that sense, since they are polynomial
maps). Etale morphisms are smooth morphisms of relative dimension zero, and they are analogous to
local diffeomorphisms in differential geometry (indeed, submersions of relative dimension zero are local
diffeomorphisms by the inverse function theorem).

We begin with some recollections from differential geometry. If fi,..., f;, are C*>°-functions on R"”,
the implicit function theorem gives a sufficient condition under which the vanishing locus

X:V(flavfm)CRn

acquires a structure of C*°-manifold: it suffices that, for every point p € X, the Jacobian matrix

(gxf;@)) € Matyoscn(R)

have rank m. In that case, the m rows of this matrix form a basis of the normal space to X at p, whose
orthogonal complement in R” is the tangent space to X at p.

Remark 9.1. Like in algebraic geometry, the vanishing locus X = V(fy,..., fn) C R™ is a priori a
(possibly singular) geometric object called a “C*-scheme”. The Jacobian criterion above is then more
precisely a sufficient condition for the map of C*°-schemes X — * to be a submersion.

Remark 9.2. A peculiar feature of real fields & is that the standard scalar product on k™ remains non-
degenerate on any subspace of k™ (this is not the case over other fields, not even over C!). This implies
that every subspace of k™ is canonically isomorphic to its dual space, which can cause some confusion.
Generalizing the above discussion away from the real numbers reveals that the row space of the Jacobian
matrix is more canonically the conormal space, i.e., the dual of the normal space, whose elements are
the linear forms that vanish on tangent vectors.

We can copy this Jacobian criterion to define smooth morphisms in algebraic geometry:

Definition 9.3 (Smooth, unramified, and étale morphisms). Let f: Y — X be a morphism of schemes.
We say that f is smooth (resp. unramified; étale) if, for every point y € |Y|, there are affine open
subschemes V C Y and U C X with y € |V] and f(V) C U such that f|y factors as

VS V(H)CAL U

for some n € N and some subset H C O(AY) = O(U)[x1, ..., x,] with |H| < n (resp. |[H| > n; |[H| =n)
such that, for every v € |V, the Jacobian matrix

oh

<3(U)) € Mat g xn(k(v))
Zj h,j

has maximal rank. Note that smooth and étale morphisms are locally of finite presentation (as H is

finite), while unramified morphisms are locally of finite type (see Example [8.10]).

Definition [9:3] while fairly concrete, is difficult to work with. For example, it is not at all obvious
that smoothness is a local property, and it is not easy to show from this definition that a morphism is
not smooth. In this chapter, we will establish several characterizations of smoothness, which address
these issues. We record and sloganize the most important ones in the following theorems (flatness was
defined in Example the cotangent and conormal modules are defined in and formal smoothness

is defined in §9.5)):
Theorem 9.4 (Characterizations of smoothness). Let f: Y — X be a morphism of schemes locally of
finite presentation. The following assertions are equivalent:

(i) (Jacobian criterion) f is smooth.

(ii) (Infinitesimal lifting property) f is formally smooth.

(iii) (Cotangent complex is a vector bundle) The cotangent module Qy € Mody is a vector bundle
and the conormal module Ny € Mody is zero.

(iv) (Flat & cotangent module is a vector bundle) f is flat and the cotangent module Qy € Mody is
a vector bundle of rank y +— dim, (Yy(,)).

(v) (Flat & geometric fibers are regular) f is flat and for every algebraically closed field k and every
map x: Spec(k) — X, the scheme Y, is regular.
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Theorem 9.5 (Characterizations of étaleness). Let f: Y — X be a morphism of schemes locally of
finite presentation. The following assertions are equivalent:

(i) (Jacobian criterion) f is étale.
(ii) (Infinitesimal lifting property) f is formally étale.
(ili) (Cotangent complex vanishes) The cotangent module 1y € Mody and the conormal module
N¢ € Mody are both zero.
(iv) (Flat & cotangent module vanishes) f is flat and the cotangent module 1y € Mody is zero.
(v) (Flat & geometric fibers are sets) f is flat and for every algebraically closed field k and every
map x: Spec(k) — X, the k-scheme Y, is a coproduct of copies of Spec(k).

Theorem 9.6 (Characterizations of unramifiedness). Let f: Y — X be a morphism of schemes locally
of finite type. The following assertions are equivalent:

(i) (Jacobian criterion) f is unramified.

(ii) (Infinitesimal lifting property) f is formally unramified.

(iii) (Cotangent module vanishes) The cotangent module Q; € Mody is zero.

(iv) (Geometric fibers are sets) For every algebraically closed field k and every map x: Spec(k) — X,
the k-scheme Y, is a coproduct of copies of Spec(k).

Corollary 9.7. “Smooth”, “unramified”, and “étale” are local properties of morphisms of schemes that
are stable under base change and composition.

Remark 9.8. One can show that these properties are even fpqc-local on the base.
Corollary 9.9. A morphism of schemes is étale if and only if it is smooth and unramified.

Example 9.10 (Open immersions). Immersions are unramified, as we can take n = 0 in Definition
Open immersions are even étale, as we can also take H = @. We will see later that, conversely, a smooth
immersion is an open immersion (Remark [0.55(ii)). In fact, one can show that smooth monomorphisms
are open immersions, but this is more difficult.

Example 9.11. Let k be a ring and consider the affine curve C' = Spec(k[z, y]/(y* — 23 + x)) from
By definition, we have C' ~ V(y*> — 23+ x) C AZ. The corresponding Jacobian matrix is the 1 x 2-matrix
(=322 + 1,2y) over k[z,y]. A point v € |C| corresponds to a pair (a,b) € k(v)? with v? = a® — a, and
evaluating the matrix at v yields the matrix (—3a? + 1,2b) over x(v). This matrix only fails to have
rank 1 if char(k(v)) = 2 and (a,b) = (1,0). Thus, if k is a Z[}]-algebra, then the map C — Spec(k) is
smooth by Definition [9.3

If on the other hand 2 is not a unit in &, then C' — Spec(k) is not smooth: one can see this via
Theorem v), by computing that the Zariski cotangent space at the k-point (1,0) has dimension 2
when k is a field of characteristic 2, so that the base change of C' to any such field is not regular.

Example 9.12 (Finite separable field extensions are étale). Let k be a field and let k¥ C k¥’ be a finite
separable field extension. By the primitive element theorem, there is an a € k¥’ such that k' = k[a]. The
choice of a is equivalent to a choice of closed immersion Spec(k’) < A} over Spec(k). Let m € k[t] be
the minimal polynomial of a. As a is separable over k, a is not a multiple root of m, so that %(a) #0
in k’. By Definition this shows that Spec(k’) — Spec(k) is étale.

Conversely, if £ C k' is a finite field extension such that Spec(k’) — Spec(k) is smooth, then &’ is a
separable extension of k. We can see this via Theorem V) and the fact that if " is not separable over
k and k is an algebraically closed extension of k, then k' @, k is not reduced and hence not regular.

Remark 9.13 (Local structure of smooth and unramified maps). An advantage of the above definitions
in terms of the Jacobian criterion is that they immediately imply the following local structure theorems
for smooth and unramified maps, which are very useful:

(i) (Local structure of smooth maps) A map f: Y — X is smooth if and only if, for every y € |V,
there exist affine open subschemes V. C Y and U C X with y € |[V] and f(V) C U such that f|y
factors as

VAL = U,
where V' — A7 is étale and A, — U is the canonical map.

(ii) (Local structure of unramified maps) A map f: Y — X is unramified if and only if, for every
y € Y|, there exist affine open subschemes V' C Y and U C X with y € [V| and f(V) C U such
that f|y factors as

VeV U,
where V < V' is a closed immersion and V' — U is étale.
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9.2. Cotangent and conormal modules.
Definition 9.14 (Derivation). Let R — S be a ring map and let M be an S-module. An R-derivation
of S into M is a map (of sets) §: S — M such that:

(i) 4 is R-linear;

(ii) § satisfies the Leibniz rule: for every a,b € S, d(ab) = ad(b) + bd(a).
We denote by Derg (S, M) the set of R-derivations of S into M, which is an S-module under pointwise
addition and scalar multiplication.
Remark 9.15. An R-derivation 6: S — M is equivalently a Z-derivation such that §|z = 0.

Remark 9.16 (Split square-zero extensions). The following alternative description of derivations is often
useful. If M is an S-module, the split square-zero extension of S by M is the ring whose underlying
abelian group is S @ M with multiplication given by
(a,m)(b,n) = (ab,bm + an).
Note that both canonical maps S < S & M —» S are ring maps, and that M — S @ M is a square-zero
ideal. There is then a bijection
Derg(S, M) = {R-algebra sections of S & M —» S}, ¢+ (idg,9).

Definition 9.17 (Cotangent module, differential forms). Let R — S be a ring map. We denote by
d: § = Qg/r the universal R-derivation of S, i.e., the R-derivation such that, for every R-derivation
d: 8 — M, there is a unique S-linear map f: Qg/rp — M with fod = d:

SL> QS/R

I
I
V6 13!

v

M.

The S-module g/ is called the cotangent module of S over R, and its elements are called the differential
forms or simply the differentials of S over R.

Remark 9.18. The functor Derg(S, —): Mods — Mods has a left adjoint given by M — Qg/p @5 M.

Example 9.19. Let R — S be an epimorphism in CAlg, for example a surjection or a localization.
Then it follows from Remark that Derg (S, M) = 0 for any S-module M, so that Qg/g = 0.
Proposition 9.20 (Presentation of the cotangent module). Let R be a ring and let S be an R-algebra
with a presentation S = Rlx;|i € I]/(f;|j € J). Then the S-module Qg g is generated by the differentials
dx; for alli € I with relations given by >, ; g—ﬁdmi forall j € J.
Example 9.21 (Cotangent modules of polynomial and quotient algebras). The following computations
are important special cases of Proposition
(i) If P = R[xz; |4 € I] is a polynomial R-algebra, then Qp/p is a free P-module with basis (dx;)cr.
(ii) If R = S is a surjection, then Qg/r = 0.
Corollary 9.22 (Finiteness of the cotangent module). If R — S is a morphism of finite presentation
(resp. of finite type), then the S-module Qg g is of finite presentation (resp. of finite type).
Remark 9.23 (The de Rham complex). As in differential geometry, we define differential n-forms for
n € N by taking exterior powers of the cotangent module: Q% /R = N Qs /r- The universal derivation d
then extends to a cochain complex of S-modules

O p=550r=0r 0%, 50,5, dlgdfi A Adfa) =dgAdfi A Adf,

which is a commutative differential graded S-algebra under the exterior product. This complex is called
the de Rham complex of S over R, and its cohomology is called the de Rham cohomology of S over R.

We now discuss the functoriality of the cotangent module. Consider a commutative square of rings
R—— S
R — 9.

The map S — S’ 4, Qg is then an R-derivation of S, which induces an S-linear map Qg/r — Qg /g,
or equivalently an S’-linear map Qg/r ®sS" — Qg//p. This construction is easily seen to be compatible
with vertical composition of squares. To make this precise, consider the following category CAlgMod:
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e The objects of CAlgMod are pairs (R, M) where R is a ring and M is an R-module.

e A morphism (R, M) — (S, N) in CAlgMod is a pair (¢, f) where ¢: R — S is a ring map and
f is an R-linear map M — N (or equivalently an S-linear map M ®r S — N).

e Composition is defined componentwise.

There is a forgetful functor CAlgMod — CAlg sending (R, M) to R (also known as the cocartesian fibra-
tion classified by the functor Mod*: CAlg — Cat of Example [4.3{i)). We can then view the assignment
(R— S) > (S,Qs/r) as a functor making the following triangle commute:

CAlgMod
]
Ar(CAlg) ——— CAlg.

target

Proposition 9.24 (Properties of the cotangent module). Let R — S be a ring map

(i) (Base change) For any base change R' — S" of R — S, the S'-linear map Qg/gr ®s5 S" — Qg/ /g
is an isomorphism.
(ii) (Localization) For any localization S — S, the S’-linear map Qg/p ®sS" — Qg/ /g is an isomor-
phism.
(iii) (Quotients) For any surjection S —» S" with kernel I, the following sequence of S’'-modules is
exact:

I)1* % Qgp ®5 5 = Qg — 0.
Example 9.25. Let k be a ring and consider the ring maps
k5 k[z] % kl2]/(2?) = R.
By Proposition we have
9" (Qf) = Rdz and Qg = Rdz/(2zdx).
We thus have the following exact sequence, as predicted by Proposition (iii):
(#)/ (") % g () = Qos =0,
Note that the first map is not injective (if k # 0), since d(z*) = 32%dz = 0.

Proposition 9.26 (The fundamental exact sequence of cotangent modules). Let R — S — T be ring
maps. Then the induced sequence of T-modules

Qs/p®@sT — Qp/p — Qs — 0
18 exact.
Example 9.27. Let k be a ring and consider the k-algebra maps
B Ryl —2%) S R, gla) =2 g(y) =1
By Proposition we have
Qg = k[t]Jdt and g¢*(Qy) = (k[t]dz @ k[t]dy)/(2t*dy — 3t*dx),

and the k[t]-linear map ¢g*(25) — Q¢ sends dz to 2tdt and dy to 3t>dt. By Proposition we obtain
the following presentation of €:

Q, = coker(g*(Qy) — Qy5) = k[t]dt/(2tdt, 3t*dt).
Note that the map g*(Q25) — Qg also has a nontrivial kernel (if k& # 0), as it identifies 3¢tdz and 2dy.

As Example [9.27] shows, the fundamental exact sequence of Proposition [9.26] is not always a short
exact sequence. Our next goal is to extend this sequence to the left, generalizing Proposition iii).

Construction 9.28. Let R — S be a ring map and let 7: P = S be a surjection where P is a polynomial
R-algebra. Let I C P be the kernel of m. By the Leibniz rule, the universal derivation d: P — Qp/g
induces an S-linear map

de: I/I? = Qp/r ®p S,

whose cokernel is {25,z by Proposition iii). We denote the kernel of d, by Ng/r(m).
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Lemma 9.29. Given two polynomial R-algebras P and Q and a commuting triangle

the induced map Ng/r(m) — Ng/r(p) is an isomorphism.

Thus, the S-module Ng,g(7) is canonically independent of 7. For definiteness, we can define the
conormal module using the canonical choice of :

Definition 9.30 (Conormal module). Let R — S be a ring map and let 7: R[zs | s € S| = S be the
R-algebra map with 7(z,) = 5. The S-module Ng,r() is called the conormal module of S over R and
is denoted by Ng/g.
Example 9.31 (Conormal modules of polynomial and quotient algebras). We can compute the conormal
module Ng,g using any choice of 7: P = S, by Lemma For example:

(i) If P is any polynomial R-algebra, then Np/r = 0 (choose m = idp).

(ii) If R —+ S is a surjection with kernel I, then Ng/g = I/I? (choose P = R).

The conormal module has the same functoriality in R — S as the cotangent module:

dr

R—— S R——P T35 NS/R 1/12 QP/R®PS
[ =1 1 1= | |
RIHSI RIHP/L»S/ NS//R/*}I’/IQLQP//R/(@F)/S/,

where P = Rlzs|s € S], P’ = R'[z, |t € §'], I = ker(nw), I’ = ker(n’), and P — P’ is induced by S — 5.

Proposition 9.32 (Properties of the conormal module). Let R — S be a ring map.

(i) (Base change) For any base change R' — 8" of R — S such that Tori(S, R') = 0, the S'-linear
map Ng/gr ®s 8" — Ng/gs fits in an evact sequence

TorQS(QS/R, S/) — NS/R Rs S — NS//R’ — TOI'f(QS/p“ S/) — 0.
In particular, if R — R is flat or if R — S and Qg/g are flat, then Ng/p @5 S" = Ngr /g
(ii) (Localization) For any localization S — S', the S’-linear map Ng/gr ®s 5" — Ng/ g is an
isomorphism.

Corollary 9.33. If R — S is a flat epimorphism in CAlg, for example a localization, then Ng/r = 0.

Theorem 9.34 (The fundamental exact sequence of cotangent and conormal modules). Let R — S — T
be ring maps. Then there is an exact sequence of T-modules

77— NT/R — NT/S — QS/R ®s T — QT/R — QT/S — 0,
where 7 fits in an exact sequence
Tor5 (Qs/r,T) — Ng/r @5 T — ? — Tor} (Qs/r, T) — 0.

In particular, if Torf(QS/R,T) = 0 (e.g., if either Qg g or T is flat over S), then there is an exact
sequence
NS/R ®Rs T — NT/R — NT/S — QS/R ®Rs T — QT/R — QT/S — 0.

Remark 9.35 (The cotangent complex). The exact sequence of Theorem can be extended further
to a long exact sequence, which (like all long exact sequences) comes from a fiber sequence in a higher
category. Namely, if we repeat the definition of the cotangent module 25, but replace the category Mods
with its derived category D(Mods), we obtain the definition of the cotangent complex Lg/r € D(Mods),
such that
Ho(Ls/r) = Q2s/r, Hi(Ls/r) =Ns/r, Hco(Ls/r) =0.
The proof of Proposition [9.26] carries over to this setting: for every ring maps R — S — T, we obtain a
fiber sequence
Ls/r ®sT — Ly/gp — L1/5

in D(Modr), hence a long exact sequence of homology modules. This explains the mysterious module
in Theorem W ? = Hi(Lg/gp ®s T). It also explains the different nature of the definitions of Qg/r
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and Ng/g: the universal property of the cotangent complex Lg/r induces a universal property for 25/r
because Ho: D(Modgs)>o — Modg is left adjoint, but H;: D(Modg)>o — Modg is not left adjoint, so
Ng/r does not inherit any universal property.

9.3. The cotangent module of an algebraic functor. In this section, we globalize the constructions
of the cotangent and conormal modules from rings to schemes. In fact, the universal property of Qg/r
can be formulated for any morphism of algebraic functors:

Definition 9.36 (Cotangent module of a morphism of algebraic functors). Let f: Y — X be a map of
algebraic functors. We say that f admits a cotangent module if the following conditions hold:
(i) For every ring R and every R-point y: Spec(R) — Y, the functor Modgr — Set sending M to
the set of lifts

Spec(R) Y —

Spec(R @& M) — Spec(R) Tl X

~

is representable by an R-module Q¢ (y).
(ii) For every ring map ¢: R — S and every R-point y: Spec(R) — Y, the canonical S-linear map
Q¢(y) ®r S — Qf(¢*(y)) is an isomorphism.
When these conditions hold, the modules from (i) and isomorphisms from (ii) define a quasi-coherent
module 2y = Qy,x over Y, called the cotangent module of f.

Example 9.37. Any monomorphism of algebraic functors admits a cotangent module, which is zero.

Example 9.38. If ¢: R — S is a ring map and f = Spec(yp), then f admits a cotangent module and
Qf = Qg/r. To see this, we must show that, for any map y: Spec(T") — Spec(S), y*(Q2s/r) represents
the functor Mody — Set from Definition [9.36i). For any T-module M, the square

Spec(T) ——~—— Spec(S)

| l

Spec(T @& M) —— Spec(S @ y.(M))

is cocartesian in the category of affine schemes, since the corresponding square of rings is cartesian.
Together with Remark this shows that the given functor is isomorphic to Derg (S, y.(—)). But we
have natural isomorphisms Derg(S,y.(—)) ~ Map(Qg/ g, y«(—)) =~ Map(y*(Q2s,r), —), as desired.
Example 9.39 (Cotangent modules of affine and projective spaces). Let X be an algebraic functor and
let M € Modx be a quasi-coherent module over X.

(i) The map f: A(M) — X admits a cotangent module, given by Q; = f*(M) € Moda(ar)-

(ii) Consider the map f: P(M) — X. Let z: Spec(R) — P(M) be an R-point classifying a quotient
line g: M(f(x)) - L. Using the fact that the functor Linegp — Linegrgy is essentially surjective,
we see that the functor Modr — Set of Definition ml) is given by

N + coker(¢*: Homp(L, N @ L) < Hompg(M(f(z)), N @ L)).

Since the short exact sequence ker(q) < M (f(x)) - L is split, this functor is represented by the
R-module ker(q) ®g L1, which is preserved by any scalar extension R — S. Hence, f admits a
cotangent module and we have a short exact sequence

0—Qp — fY(M)(—1) = Opary — 0

in Modp(s), called the Euler sequence. When M = 02, we obtain an isomorphism Qp1 ~ O(—2)
using Example [4.56[

The cotangent module of Definition has a similar functoriality as for ring maps. Namely, for any
commutative square of algebraic functors

y' oy

ol

X — X,

8This isomorphism is not completely canonical, as there are two possible choices of signs in Example M
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if both f and f’ admit cotangent modules, then there is a canonical map h*(Q¢) — Q in Mody~. This
makes f +— € into a functor on the full subcategory of Ar(Fun(CAlg,Set))°? consisting of maps that
admit a cotangent module.

The following two propositions are generalizations of Propositions [0.24) and [0.26} as in the affine case,
they are formal consequences of the universal property defining the cotangent module.

Proposition 9.40 (Properties of the cotangent module). Let f: Y — X be a map of algebraic functors
admitting a cotangent module.

(i) (Base change) For any cartesian square of algebraic functors

y' vy

7| |#

X — X,

[ admits a cotangent module and the map h*(2p) — Qy is an isomorphism.

(ii) (Open immersions) If j: U < Y is an open immersion, then f o j admits a cotangent module
and the map j*(Qf) = Qyo; is an isomorphism.

(iii) (Closed immersions) Ifi: Z < Y is a closed immersion, then foi admits a cotangent module and
the map i*(Qy) — Qo is an epimorphism. If I € Idy s the quasi-coherent ideal corresponding
toi and if z: Spec(R) — Z is any point, the kernel of Qr(ioz) - Qyoi(2) is exactly the pullback
of I by the canonical map Spec(R® Qy(ioz)) — Y.

Proposition 9.41 (The fundamental exact sequence of cotangent modules). Consider a commutative
triangle of algebraic functors

z —2 =Y
N
X.
If f and h admit cotangent modules, then g admits a cotangent module, and the induced square

g () —— Dy

| |

00—y

in Modyz is cocartesian.

Proposition 9.42 (Existence of cotangent modules for schemes). Let f: Y — X be a schematic mor-
phism of algebraic functors.

(i) f admits a cotangent module.
(ii) For every Spec(R) — X and every open immersion Spec(S) < Y X x Spec(R), the pullback of
Qy to Spec(S) is Qg/R-

We now discuss the connection between the cotangent module and tangent vectors, which we already
considered in

Notation 9.43 (Dual numbers). If R is a ring, we denote by R[e] the ring of dual numbers R[z]/(x?),
which is the split square-zero extension of R by the R-module R. If X is an algebraic functor, we write
X|[e] for X x Spec(Z]e]).

Definition 9.44 (Tangent functor, tangent vector). Let X be an algebraic functor. The tangent functor
T(X) of X is the algebraic functor defined by

In other words, T(X) is the Weil restriction Ry.j,z(X[e]) (see Definition [2.43)). The ring maps Z[e] - Z
and Z < Z[e] induce a canonical map T(X) — X with a section X < T(X), called the zero section of
the tangent functor. Given an R-point x € X(R), a preimage of x by the map T(X) — X is called a
tangent vector to X at x.
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If f: Y — X is a map of algebraic functors, the tangent functor T(f) = T(Y/X) of f is defined by
the cartesian square

T(f) —— X

] I

T(Y) —— T(X).

In other words, the elements of T(f) are the tangent vectors to Y that become zero in T(X). Note that
T(X) = T(X/ Spec(Z)).

Example 9.45. Let k be aring, I a set, f € k[x; |7 € I] a polynomial in I variables, and R a k-algebra.
For any family of dual numbers a + ue € R[e]!, we have

fla+ue) = fla) + Vf(a)(u)e € Rlel,
where the gradient V f(a) = ((0f/0x;)(a))icr € RY) is viewed as an R-linear map R! — R.

Given an affine k-scheme X = Spec(k[z; |i € I]/(f; | j € J)), it follows that an R-point of T(X/k) is
a pair (a,u), where a is an R-point of X and u € R! is a vector satisfying V f;(a)(u) = 0 for all j € J.

Let R — S be a ring map. By Remark [0.16] the set of R-algebra sections of S[e] = S can be identified
with the tangent module Qg /R = Homgs(2g/r,S). The following result generalizes this observation to
maps of algebraic functors. Recall that any quasi-coherent module M € Modx has an associated affine
space A(M) = Spec(Sym(M)) over X (Definition [£.32). By Proposition [.36{ii), sections of A(M) — X
are in bijection with maps M — Ox in Modx.

Proposition 9.46 (Relation between the cotangent module and the tangent functor). Let f: YV — X
be a map of algebraic functors admitting a cotangent module. Then there is a canonical isomorphism

A(Qy) = T(f) overY.

We now turn our attention to the conormal module. Since it cannot be characterized by a universal
property like the cotangent module, we construct the conormal module of a map of schemes “by hand”,
by gluing conormal modules of maps of rings.

Remark 9.47. Let f: Y — X be a morphism of schemes. Then Y is covered by its affine open sub-
schemes that map to affine open subschemes of X. By Zariski descent, to define a quasi-coherent module
over Y, it suffices to specify modules over theses affine open subschemes and base change isomorphisms
between them satisfying the cocycle conditions. More precisely, we can write

Mody pass (hm) 1\/[0(157
z,y

where the limit is indexed by the full subcategory of Ar(Sch),; spanned by the squares

Spec(S) —4— Y

Lo

Spec(R) —— X,
where x and y are open immersions.

Construction 9.48 (Conormal module of a morphism of schemes). Let f: Y — X be a morphism of
schemes. We will construct a quasi-coherent module Ny = Ny, x over Y, called the conormal module of
f, which is uniquely determined by the following properties:
(i) f = Ny is a functor on Ar(Sch)°P, which extends the conormal module functor for ring maps.
(ii) For any square (z,y) as in Remark the map y*(Ny) — Ng/g is an isomorphism.

For any such (z,y), set N(z,y) = Ng/r € Mods. Given a commutative square
Spec(S’) —*— Spec(S)
Spec(R’) AN Spec(R),

where j and k are open immersions, we get an induced S’-linear map ;1 : N(z,y) ®s 5" — N(zj, yk) by
the functoriality of conormal modules, and these maps automatically satisfy the cocycle conditions. By
the compatibility of N with flat base change and localization (Proposition [9.32)), ¢; x is an isomorphism.
Thus, the modules N(z,y) and the isomorphisms ;s define an object Ny of Mody ~ lim(, ,y Mods.
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The following proposition and theorem globalize Proposition and Theorem from which they
directly follow by Zariski descent:
Proposition 9.49 (Properties of the conormal module). Let f: Y — X be a morphism of schemes.

(i) (Base change) For any cartesian square of schemes
vy
s
X 45X,
if g is flat or if f and Qy are flat, then the map h*(Ny) — Ny is an isomorphism.

(ii) (Open immersions) If j: U < Y is an open immersion, then the map j*(Ny) — Nyo; is an
isomorphism.

Theorem 9.50 (Fundamental exact sequence of cotangent and conormal modules). Consider a commu-

tative triangle of schemes
z 2 =y
N %
X.

Then there is an exact sequence in Modz
7= Np = Ng = g"(Q) = Qp, = Qg =0,
where 7 fits an exact sequence
Log™(Q2¢) = g*(Ny) = 7 —= Lig"(Q5) — 0.
In particular, if either Qf or g is flat, then 7 = g*(Ny).
Remark 9.51 (Relation with the Zariski cotangent space). Let (X, Ox) be a locally ringed space. By
Example ii), the Zariski cotangent space of X at x is the conormal module of Ox , - k(x).
If X is a scheme, applying Proposition i) with the flat map Spec(Ox ) < X yields a canonical

isomorphism Ngpec(r(z))/x = Tr(X). In words, the Zariski cotangent space at a point is the conormal
module of the inclusion of the point.

Remark 9.52 (Conormal module of the diagonal). Let f: Y — X be a map of schemes. Consider the
diagram
id

A

YﬁX.

By the fundamental exact sequence and the compatibility of 2 with base change, we obtain two canonical
isomorphisms

ar: Na, =~ A3(Qr,) = Ajms(Qf) = Qp  and  az: Na, = A%(Qr,) = Afmy(Qr) = Qp,

which differ by a sign: a; = —ay. Indeed, they differ by the automorphism Na, =+ Na, induced by the

cartesian square
id

o [
YxxY 25 Y xxY,
where o is the swap map, which is seen to be —id by considering the affine case.
The following theorem establishes the equivalence (i) < (iii) of Theorem [9.4

Theorem 9.53 (Smoothness via the cotangent complex). Let f: Y — X be a morphism of schemes.
(1) f is smooth if and only if it is locally of finite presentation, Qy is a vector bundle, and Ny = 0.
(i) f is unramified if and only if it is locally of finite type and Qy = 0.
(iil) f is étale if and only if it is locally of finite presentation, Qy =0, and Ny = 0.
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Remark 9.54. Theorem already establishes Corollary Indeed, smoothness is clearly stable
under base change, while the property “Qf is a vector bundle and N is zero” is local by Propositions

1,ii) and [9.49((i,ii) and stable under composition by Theorem
Remark 9.55. In addition to Corollary Theorem has the following immediate consequences:

(i) Any monomorphism locally of finite type is unramified, by Example m Hence, a monomor-
phism is smooth if and only if it is étale.

(ii) An immersion is smooth if and only if it is an open immersion. Indeed, if I C R is a finitely
generated ideal with I/1? = 0, then there exists f € 1+ I with fI = 0 by Nakayama, so that

V(I) = D(f).
m ma 1s unramified if and only if 1t 1s loca of finite type an 1S an open lmmersion.
(iii) A map f i ified if and only if it is locally of finite typ d Ay i pen i i
Indeed, as 2y ~ Na, by Remark and Ay is an immersion by Proposition the claim
follows from (ii).

Remark 9.56 (Smoothness of closed subschemes). Let R — S be a smooth ring map, let I C S be a
finitely generated ideal, and let T = S/I. Set X = Spec(R), Y = Spec(S), and Z = Spec(T). Consider
the commutative triangle

Z sy
N
X
and the associated fundamental exact sequence

0= Ny = I/T? -5 i*(Qf) = Q, — 0.

By Theoremand Proposition an open subscheme U C Z is smooth over X if and only if (I/1?)|¢s
is a vector bundle and d|y is universally injective. Given z € |Z], we deduce from Nakayama’s lemma that
g is smooth in a neighborhood of z if and only if there exist f1,..., fm, € I with m =1k, (Qy) — rk. ()
whose images generate the k(z)-module I/I? @7 k(z).

Proposition 9.57 (Local structure of smooth closed subschemes). Let f: Y — X be a smooth morphism
of schemes and let Z C'Y be a closed subscheme such that f|z: Z — X is smooth. For every z € |Z|,
there exists an open subscheme V. C Y containing z and an étale map g: V. — A% over X such that
ZNV =g Y AY™), where n = rk.(Qy) and m =rk.(Nzy).
9.4. Smoothness over a field. We now relate smoothness over a field to regularity.
Remark 9.58 (Separable field extensions). Recall that a finitely generated field extension k — k' is
separable if it admits a separating transcendence basis, i.e., if it factors as

k— k(xy,...,2.) = K,

where each z; is transcendent over k and where k' is a finite separable extension of k(z1,...,z,). By
Example k is then étale over k(x1,...,x,), and by the compatibility of 2 and N with localization,
the cotangent module of k — k(x1,...,x,) is free of rank r and its conormal module vanishes. By the
fundamental exact sequence, we deduce that

Qk’/k = @ k/dl'z and Nk’/k =0.
i=1
Remark 9.59 (Fundamental exact sequence of the inclusion of a point). Let k be a field, X a k-scheme
locally of finite presentation, and = € |X|. The residue field x(z) is then a finitely generated field
extension of k. Consider the commutative triangle

Spec(k(x)) ——— X

™~

Spec(k).
The associated fundamental exact sequence of k(x)-modules is
7 — Nn(m)/k — m/m2 — QX/k(I) — Qm(w)/k — O7
where m is the maximal ideal of Ox ,. If k(z) is separable over k, it reduces by Remark to a short
exact sequence
0 — m/m* = Qx/i(z) = K(z)" =0,
where r = trdeg,, (k(z)).
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Remark 9.60 (Dimension at a point). Let X be a scheme locally of finite presentation over a field k
and let z € |X|. If X is irreducible, then we have dim(X) = dim(U) for any nonempty open U C X
by Theorem [8.65(i), and hence dim,(X) = dim(X) (see Remark [8.50(iii) for the definition of dim,).
In general, dim,(X) is therefore the maximum of the dimensions of the irreducible components of X
passing through z. Using Theorem ii,i), we deduce that

dim, (X) = codim(z, X) + dim({z}) = dim(Ox ) + trdeg (x(x)).
Combining Remarks and we obtain the following result:

Lemma 9.61. Let k be a field, X a k-scheme locally of finite presentation, and x € |X| a point such
that k(z) is separable over k. Then Ox , is regular if and only if k. (Qx /i) = dimg(X).

Lemma 9.62. Let ¢: R —» S be a surjective map of rings. If R is a domain and dim(R) < dim(S) < oo,
then ¢ is an isomorphism.

Theorem 9.63 (Smoothness over a field). Let k be a field, let X be a k-scheme locally of finite presen-
tation, and let € |X|. Consider the following conditions:

(i) There exists an open neighborhood of x that is smooth over k.

(i) ke (Qx/k) = dimg(X).

(ii) Ox,y is a regular local ring.

Then (i) < (ii) = (iil). If k(x) is a separable extension of k, then also (iii) = (i).

Corollary 9.64 (Smoothness over a perfect field). Let k be a perfect field and X a k-scheme locally of
finite presentation. Then X is smooth over k if and only if X is regular.

Applying (iii) = (i) to the generic points of the irreducible components of X, we get the following
useful corollary:

Corollary 9.65. Let k be a perfect field and let X be a reduced k-scheme locally of finite presentation.
Then there exists a dense open subscheme U C X that is smooth over k.

Remark 9.66.

(i) The implication (iii) = (i) in Theorem does not always hold if x(x) is not separable over k.
For example, if &’ is an inseparable finite field extension of k, then k& — &’ is not smooth as Q. /4,
has rank > 1: if ¥’ = k(a), it has rank exactly 1 by Example and in general we deduce that
it has a rank 1 quotient by the fundamental exact sequence.

(ii) If X is smooth over k and = € | X|, then x(z) need not be separable over k. Indeed, any finitely
generated field extension of k is the residue field of a point in A} for some n € N.

Corollary 9.67 (Etaleness over a field). Let k be a field and X a k-scheme. The following conditions
are equivalent:

(i) X is étale over k.
(il) X is unramified over k.
(iii) X ~]1,c; Spec(k;) for some family (k;)icr of finite separable field extensions of k.

Note that the implication (ii) = (iii) in Theorem proves the implication (iv) = (v) in Theorem|[9.4]
Given Corollary the following result establishes the implication (v) = (i) in Theorem

Proposition 9.68 (Fiberwise smoothness). Let f: Y — X be a flat morphism locally of finite presen-
tation such that, for every algebraically closed field k and every map x: Spec(k) — X, the scheme Y, is
smooth over k. Then f is smooth.

9.5. Formal smoothness.

Definition 9.69 (Thickening, square-zero extension). Let R be a ring. A thickening of R is a surjective
ring map R’ - R whose kernel [ is a nilideal (i.e., an ideal whose elements are nilpotent). It is called
an nth-order thickening if "™ = 0. A first-order thickening is also called a square-zero extension.

Example 9.70.

(i) A split square-zero extension R & M —» R is a first-order thickening. In fact, the construction
M +— R @& M defines an equivalence between the category of R-modules and that of first-order
thickenings of R with a section.

(ii) For n € N, the standard nth-order thickening of a ring R is 7,,: R[z]/(2"™!) = R, 0.
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(iii) Let p be a prime number and n € N. The map Z/p"*! — F,, is an nth-order thickening, which is
easily seen to be the initial object in the category of nth-order thickenings of IF,. More generally,
any perfect Fp-algebra k has an initial nth-order thickening W, (k) = W(k)/p" !, where W(k)
is the ring of p-typical Witt vectors of k.

Remark 9.71. The notion of thickening has a natural extension to algebraic functors: a thickening of
an algebraic functor X is a closed immersion X < X’ defined by a quasi-coherent nilideal. Equivalently,
by Proposition m(i,ii), it is a surjective immersion.

Definition 9.72 (Infinitesimal neighborhoods). Let X be an algebraic functor, let Z C X be a closed
subfunctor defined by a quasi-coherent ideal I € Idx, and let n € N. The nth infinitesimal neighborhood
Z™ of Z in X is the closed subfunctor of X defined by I"*! (Remark vii)). Note that the inclusion
Z c Z™ is an nth-order thickening.

Definition 9.73 (Completion). Let X be an algebraic functor and let K C |X| be a closed subset. The
completion Xz of X along K is the largest subfunctor of X whose underlying space maps to K. In other
words, if I € Rady is the quasi-coherent radical ideal of the open complement of K, then

Xp(R) = {z € X(R)| I(z) = v0}.

If Z C X is a closed subfunctor, we also write X7 for X |/\Z‘.

Remark 9.74 (Completion as union of infinitesimal neighborhoods). Let X be an algebraic functor and
Z C X a closed subfunctor. There is an inclusion colim,_,., Z™ C X 2, which is an equality if Z < X
is of finite presentation. Indeed, if I C R is a finitely generated nilideal, then I"*! = 0 for some n.

Example 9.75.

(i) The standard nth-order thickening 7, : R[z]/(z""!) - R is the nth infinitesimal neighborhood
of the origin in A}, and the thickening Z/p"*! — F, is the nth infinitesimal neighborhood of
V(p) in Spec(Z).

(i) The algebraic functor R + Nil(R) is the completion of A! at the origin. The property “p is nilpo-
tent” is the completion of Spec(Z) at V(p).

Warning 9.76. As Example [0.75[(ii) shows, the completion of a scheme along a closed subset is not
usually a scheme; it belongs to a larger class of algebraic functors called formal schemes.

Definition 9.77 (Tangential datum). Let X be an algebraic functor, z: Spec(R) — X an R-point, and
7: R’ - R a thickening of R. A 7-tangential datum at x in X is a lift of = along 7:
Spec(R) L}{ X.
Spec(T)\[ L
Spec(R’/)
Example 9.78 (Jets of curves). Let n € N. For the standard nth-order thickening 7,,: R[z]/(z"*!) - R,

a T,-tangential datum is also called an n-jet. For example, a 1-jet is a tangent vector (Definition [9.44]).
As in loc. cit., we can define the n-jet functor J,(f) of a map of algebraic functors f: Y — X by

In(f)(R) = Y (R[z]/(z"*1)) X x(Rla] /(@ +1)) X (R).

There is then a tower
Joo(f) = lim Jn(f) = - = J2(f) = J1(f) = T(f) = Jo(f) =Y,

where the limit Jo(f) is known as the arc space of f.

If X = Spec(k[z; |i € I]/(f; |j € J)) is an affine k-scheme, its n-jet functor J,,(X/k) is also an affine
k-scheme, which is the solution functor of a system of (n+1)J polynomial equations in (n+1)I variables:
an R-point of J,,(X/k) is a tuple (ao, . .., a,) € (RT)"! such that f;(ao+---+a,2™) = 0in R[z]/(2"*!)
for all j € J.

Definition 9.79 (Formally smooth, formally unramified, formally étale). A map of algebraic functors
f:Y = X is called formally smooth (resp. formally unramified; formally étale) if, for every ring R, every
first-order thickening 7 of R, and every R-point y € Y (R), the induced map

{7-tangential data at y in Y} — {7-tangential data at f(y) in X}

is surjective (resp. injective; bijective).
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Example 9.80.

(i) Y C X is any intersection of open subfunctors of X, then ¥ < X is formally étale. This
follows directly from the fact that thickenings induce surjective maps of underlying spaces.

(ii) For any projective quasi-coherent module M over X, the maps A(M) — X and P(M) — X are
formally smooth. In fact, the induced map of 7-tangential data is surjective for any thickening
7: R" - R. This is clear for the former, and for the latter it follows from the fact that the
functor 7*: Linegr, — Linep is essentially surjective and from the openness of the epimorphism
locus (Proposition [3.47|ii)).

(iii) A separable algebraic field extension is formally étale, and a separable finitely generated field
extension is formally smooth. Indeed, purely transcendental extensions are formally smooth by
(i) and (ii), so it suffices to prove the first claim, which is an instance of Hensel’s lemma: if R’ - R
is a square-zero extension and m € R'[z], then any root @ of m in R such that m/(a) € R* lifts
uniquely to a root of m in R’. This follows immediately from the fact that R* — R detects units
and from the Taylor expansion m(a + h) = m(a) + m'(a)h when h? = 0.

Example 9.81 (Nilinvariant functors). An algebraic functor X is nilinvariant if it sends thickenings to
isomorphisms. Any map between nilinvariant functors is in particular formally étale. The inclusion of
the full subcategory of nilinvariant algebraic functors has a left adjoint X +— Xj,¢ given by

Xinf(R) - X(Rred)7

which therefore sends all maps to formally étale maps. The algebraic functor Xj,¢ is called the infinites-
imal stack of X (or its de Rham stack if X is an algebraic Q-functor).

To investigate the formal properties of Definition[0.79] it is useful to consider a more abstract situation
(which will also be relevant in the study of properness):

Definition 9.82 (Lifting properties). Let C be a category and T a class of maps in €. Amap f: YV — X
in C is called a T-epimorphism (resp. T-monomorphism; T-isomorphism) if, for every commutative
square

A——Y

/7!
{7
B X

with ¢ € T', there exists at least one (resp. at most one; exactly one) map B — Y making both triangles
commute. We also say that f has the right lifting property with respect to T if it is a T-epimorphism,
and that it has the unique right lifting property with respect to T if it is a T-isomorphism.

Remark 9.83. Let T be a class of maps in C.

(i) Every monomorphism is a T-monomorphism and every isomorphism is a T-isomorphism.
(ii) A map is a T-isomorphism if and only if it is both a T-epimorphism and a T-monomorphism.
(ili) Suppose that the diagonal Ay exists in €. Then f is a T-monomorphism if and only if Ay is a
T-epimorphism.

Example 9.84 (Lifting properties in Set). Let € be the category of sets.

(i) f T = {@ — x}, then a map is a T-epimorphism (resp. T-monomorphism; T-isomorphism) if
and only if it is surjective (resp. injective; bijective). The same holds whenever T is a collection
of injective maps containing at least one non-surjective map.

(ii) If T = {* U* — «x}, then all maps are T-monomorphisms, and a map is a T-epimorphism if and
only if it is injective. The same holds whenever T is a collection of surjective maps containing
at least one non-injective map.

Example 9.85 (Projective and injective modules). Let R be a ring. An R-module M is projective if
and only if every surjective map has the right lifting property with respect to {0 — M}. Dually, M is
injective if and only if the map M — 0 has the right lifting property with respect to all injective maps.

Proposition 9.86. Let C be a category and T a class of maps in C.

(i) The classes of T-epimorphisms, T-monomorphisms, and T-isomorphisms are closed under base
change and composition.
(ii) The classes of T-monomorphisms and T-isomorphisms are closed under limits in Ar(C).
(i) If g o f is a T-epimorphism and g is a T-monomorphism, then f is a T-epimorphism. If go f
is a T-monomorphism, then f is a T-monomorphism. If go f is a T-isomorphism and g is a
T-monomorphism, then f is a T-isomorphism.
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(iv) Let T' be the closure of T under cobase change and composition. Then T-epimorphisms and
T’ -epimorphisms coincide, and the same holds for monomorphisms and isomorphisms.

(v) Let T' be the closure of T under colimits in Ar(C). Then T-monomorphisms and T'-monomor-
phisms coincide, and the same holds for isomorphisms.

Example 9.87 (Lifting properties with respect to thickenings). Definition recovers Definition m
when € = Fun(CAlg, Set) and

T = {Spec(t) | 7: R' - R is a first-order thickening}.

We list some consequences of Proposition [9.86]in this case:

(i) Proposition i,ii,iii) gives various closure properties of the classes of formally smooth, formally
unramified, and formally étale maps.

(ii) Any nth-order thickening is a composition of n first-order thickenings. Therefore, by Proposi-
tion iv), Definition remains unchanged if we replace “first-order thickening” by “finite-
order thickening”.

(iii) Any n-th order thickening of algebraic functors is a colimit of n-th order thickenings of affine
schemes. Hence, by Proposition v), the lifting properties of formally unramified and formally
étale maps also apply to finite-order thickenings of algebraic functors.

(iv) Any thickening R’ - R is a filtered colimit of finite-order thickenings R’ = R,. If f (resp.
Ay) is locally of finite presentation (Definition and f is formally smooth or formally étale
(resp. formally unramified), it follows from (ii) that f has the corresponding lifting property with
respect to arbitrary thickenings.

Definition 9.88 (Cohesive, infinitesimally cohesive). Let f: Y — X be a map of algebraic functors.
We say that f is cohesive (resp. infinitesimally cohesive) if, for every cartesian square of rings

AXCB%B

L

A———C

where the maps A — C < B are surjective (resp. first-order thickenings), the induced square

Y(A Xc B) — Y(A) Xy(c) Y(B)

fl lf

X(A Xc B) — X(A) XXx(C) X(B)

is cartesian.
Proposition 9.89 (Schemes are cohesive). Any schematic morphism is cohesive.

Example 9.90 (Addition of tangent vectors). Let f: Y — X be a map of algebraic functors. The ring
map

Zlel = Z[e][t], a4+ ue > a+ uet,
induces a “scalar multiplication” map

AT X T(f) = T(f),

which is an action of the multiplicative monoid (A!,-) on T(f). If f is infinitesimally cohesive, then the
ring map
Zle| xz Zle] — Ze], (a+ ue,a+ ve) = a+ (u+v)e,

induces an “addition” map
T(f) xy T(f) = T(f).

For any y € Y(R), these maps equip the set of tangent vectors T(f)(R) xy () {y} with an R-module
structure. If f admits a cotangent module, one can check that this R-module structure coincides with
the one induced by the isomorphism T(f) ~ A(Qy) of Proposition
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More generally, if f: Y — X is infinitesimally cohesive, then for any y € Y(R) and any R-module M,
the set of lifts
Spec(R) Y Y

Spec(R @& M) — Spec(R) o X

has a canonical structure of R-module, which is isomorphic to Hompg(Q(y), M) if f admits a cotangent
module.

Proposition 9.91. Let f: Y — X be a map of algebraic functors. If f is formally unramified, then
it admits a cotangent module and Qy = 0. The converse holds if f is either infinitesimally cohesive or
locally separated (e.g., schematic).

By definition, the cotangent module of a map f: Y — X tells us how to lift 7-tangential data along f,
as long as 7 is a split square-zero extension. Our next goal is to investigate the more general case where
T is an arbitrary square-zero extension. The key idea, which we carry out in Construction below,
is that a general square-zero extension 7: R’ - R with kernel I can be realized as a deformation of the
split square-zero extension 7p: R & I - R, which implies that the set of lifts of any 7-tangential datum
is either empty or a torsor under the R-module of lifts of the trivial 7p-tangential datum.

Definition 9.92 (Deformation ring). Let R be a ring, I C R an ideal, and R = R/I. The deformation
ring of I in R (also called the deformation to the normal cone or the extended Rees algebra) is the
R|[t]-subalgebra of R[t*!] given by

Def;(R) = @It C R[t*"],
neZ
where I™ = R for n < 0. It comes with ring maps
R[t] < Def;(R) - R[t].
Setting ¢ = 1 in the deformation ring recovers the ring R, while setting ¢ = 0 yields the N-graded
R-algebra gr;(R) = @, . ["/I™*! (whose Spec is the normal cone of V(I) in Spec(R)).

Construction 9.93 (The deformation ring of a square-zero extension). Let 7: R’ = R be a square-zero
extension with kernel 7. The deformation ring of I in R’ is then a square-zero extension of R’[t]-algebras
R'[t] ® It~ - R[t]. For any a € R, we define the square-zero extension 7,: R'(a) - R by

R'(a) = (R'[tj® It™")/(t —d') - R[t]/(t — a) ~ R,

where @’ € R’ is any lift of a. As an R’-module, R'(a) is the quotient of R’ & It~! by the relations
i~ a'it™! for all ¢ € I. Since the R’-module structure of I descends to an R-module structure, we see
that R'(a) does not depend on the choice of a’. The R-indexed family of square-zero extensions 7, has
the following properties:

neN

(i) We have 7y = 7 and 79 is the split square-zero extension R ® I —» R.
(ii) For any a € R and u € R, there is a “scalar multiplication by «” map

R'(a) = R'(ua), r+it™ ' r4wit™!.
(iii) For any a,b € R, there is an “addition” map
R'(a) xg R'(b) = R'(a+b), (r+it L r+it ) =r+ @+t
(iv) The maps from (iii) and (iv) satisfy the axioms for an R-module structure.
Let now f: Y — X be infinitesimally cohesive and fix a lifting problem
Spec(R) —— Y
spec(T)j lf
Spec(R') —— X.
For any a € R, the map R’ = R'(1) — R/(a) from (ii) gives an induced lifting problem with 7, instead
of 7. Consider the map

Spec(R) ——

H spec(ra)j //’/

a€ER

— R.

:><<T"<

Spec(R'(a)) ——
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By (iv) above, the left-hand side has a structure of R-module such that this map is R-linear. Its kernel is
the R-module of lifts of the trivial mo-tangential datum (see Example , while the preimage of 1 € R
is the set of solutions to the original lifting problem for 7. This shows that the latter, if nonempty, is
canonically a torsor under the former.

Lemma 9.94. Let X and Y be Zariski sheaves on CAlg®P, let f: Y — X be an infinitesimally cohesive
map, and let 7: R = R be a square-zero extension. Consider a lifting problem

Spec(R) —— Y
Spec(‘r)\[ J{f
Spec(R') — X.

If Q exists and is projective, then the set of all elements h € R’ such that the induced lifting problem
for m,: Rj, — Ry, has a solution is a radical ideal in R'.

Theorem 9.95 (Formal smoothness via the cotangent complex). Let f: Y — X be a map of schemes.
(i) f is formally smooth if and only if Qy is projective and Ny = 0.
(ii) f is formally unramified if and only if Qp = 0.
(iil) f is formally étale if and only if Uy =0 and Ny = 0.

Corollary 9.96. “Formally smooth”, “formally unramified”, and “formally étale” are local properties
of morphisms of schemes.

Combining Theorems and we deduce the equivalence (i) < (ii) of Theorem [9.4]

Corollary 9.97. Let f: Y — X be a map of schemes.

(i) f is smooth if and only if it is formally smooth and locally of finite presentation.
(ii) f is unramified if and only if it is formally unramified and locally of finite type.
(iil) f is étale if and only if it is formally étale and locally of finite presentation.

Remark 9.98. By Example iv), smooth, unramified, and étale morphisms of schemes satisfy their
respective lifting property with respect to arbitrary thickenings of rings, and the latter two even with
respect to arbitrary thickenings of algebraic functors.

Remark 9.99. The proof of the local nature of formal smoothness (Corollary relies on the highly
nontrivial fact that projectivity of modules is a Zariski-local property (Proposition iv)). However,
this fact is not used in Theorem [3.95

9.6. Local structure of étale maps. Recall that a scheme X is discrete if its underlying space | X]| is
discrete, and that the fibers of a morphism of schemes Y — X are the schemes Y, =Y X x Spec(x(x))
for z € | X|.

Definition 9.100 (Locally quasi-finite, quasi-finite morphism). A morphism of schemes is locally quasi-
finite if it is locally of finite type and its fibers are discrete. It is quasi-finite if it is locally quasi-finite
and quasi-compact.

Remark 9.101. “Locally quasi-finite” is a local property of morphisms of schemes.

Remark 9.102 (Fiberwise finiteness). A map is quasi-finite if and only if it is of finite type and has
finite fibers. Indeed, the following conditions are equivalent for a scheme X of finite type over a field k:
(i) X is discrete;

(ii) X has Krull dimension < 0;

(iii) X has finitely many points;

(iv) X is finite over k (Definition [3.91)).
The implication (i) = (iii) holds whenever X is quasi-compact, and the implication (ii) = (i) holds
whenever X is locally noetherian. The implication (iv) = (ii) follows from Theorem [8.5§(ii). The
implication (iii) = (ii) follows from Theorem the generic points of the irreducible components are
open, so that their residue fields are of finite type over k and hence of transcendence degree 0. Finally,
(ii) and (iii) imply that X ~ Spec(R) where R is a noetherian k-algebra of Krull dimension < 0, hence
artinian. Thus, R admits a finite filtration by ideals whose successive quotients are isomorphic to residue
fields of R. Since these fields are themselves finite extensions of k, this proves (iv).

Example 9.103.

(i) By Corollary [9.67, unramified morphisms of schemes are locally quasi-finite.
(ii) By Remark[9.102] finite morphisms of schemes are quasi-finite.
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Theorem 9.104 (Zariski’s main theorem, local version). Let R — S be a ring map of finite type, let
p C R be a prime ideal, and let ¢ C S be a prime ideal above p that is isolated in its fiber. Then there
exists a finite R-algebra S" C S and g € S’ — q such that S; = Sj.

Remark 9.105 (Zariski’s main theorem). The global version of Zariski’s main theorem is the following
statement: if f: Y — X is a separated quasi-finite morphism of schemes, then f admits a factorization

vy 4y B x
where j is an open immersion and p is integral; in particular, f is quasi-affine. Moreover, we can choose
p finite if X is qcgs. The scheme Y is Spec(A) where A € CAlgx is the integral closure of Ox in f.(Oy)

(cf. Construction [8.91)), and the main point is then that j is an open immersion. This requires some
nontrivial new arguments, as Theorem [9.104] only implies that j is an open immersion locally on Y.

Definition 9.106 (Standard étale algebra). An R-algebra S is standard étale if S ~ (R[z]/(f)), where
f € Rlx] is a monic polynomial and g € R[z] is such that the derivative f’ becomes a unit in (R[z]|/(f)),.
Note that R — S is indeed étale as the Jacobian matrix of the presentation S ~ R[z,y]/(f,yg — 1) has
determinant f’g, which is invertible in S.

Theorem 9.107 (Local structure of étale maps). Let f: Y — X be an étale morphism of schemes. For
every y € |Y|, there exist affine open subschemes V.CY and U C X withy € |V| and f(V) C U such
that O(V) is a standard étale O(U)-algebra.

Since standard étale algebras are clearly flat and since a smooth map locally factors as an étale map
to an affine space (Remark i)), we deduce:

Corollary 9.108. Smooth morphisms are flat.

Corollary [9.108| combined with Theorem yields the implications (i) = (iv) in Theorem[9.4] which
concludes its proof.

Remark 9.109 (The étale topology). By Corollary the general recipe of Example applies to
the classes of smooth, unramified, and étale maps of rings. In particular, there is a pretopology on
CAlg® whose covers are finite families of étale maps (R — R;);es such that [[,.; Spec(R;) — Spec(R)
is surjective. The associated Grothendieck topology on CAlg®P is called the étale topology. Like the
Zariski topology, the étale topology extends to the category of schemes and even to the whole category
of algebraic functors (see Example . The topology defined by the larger class of smooth maps turns
out to coincide with the étale topology. Since open immersions are étale, the étale topology is finer than
the Zariski topology, and since étale maps are flat, it is coarser than the fppf topology:

Zar < ét < fppf < fpqc.

An étale sheaf on a scheme X is a sheaf on the site (Etx, ét), where Ety C Sch,x is the full subcategory
of étale X-schemes. This notion was the original motivation for the formalism of Grothendieck topologies
and sheaves, as the category of étale sheaves on a scheme is usually not equivalent to any category of
sheaves on a topological space.

The étale topology plays a very important role in algebraic geometry, as the Zariski topology is too
coarse for some purposes, such as having a useful cohomology theory with constant coefficients. Indeed,
for any irreducible scheme, constant sheaves of abelian groups have trivial higher Zariski cohomology, but
their étale cohomology is interesting. A famous theorem of Grothendieck states that the étale cohomology
of any quasi-projective C-scheme X C P{ with coeflicients in any finite abelian group is isomorphic to
the singular cohomology of X (C) C P"(C). But the former makes sense for any scheme and so can be
used as a replacement for singular cohomology. For example, from the perspective of the étale topology,
projective spaces and elliptic curves over any separably closed field look like complex projective spaces
and tori. Fields that are not separably closed themselves have a nontrivial étale site: for example, it
turns out that Spec(F,) has the same étale cohomology as a topological circle.

Another advantage of the étale topology is that it allows us to compute certain quotients. Consider
for example a finite group G acting freely on a scheme X. Then the quotients az,,(X/G) and a¢,(X/G)
are usually different. Under mild technical assumptions (which hold if X is quasi-projective over some
ring), as (X /G) is a scheme and is in fact the quotient of X by G in the category of schemes.

9.7. Bertini’s theorem. Bertini’s theorem states that a generic hyperplane section of a smooth quasi-
projective scheme over a field is again smooth. The proof uses a fundamental idea in geometry, which
is to promote a set of interest to a geometric object. In this case, the set of hyperplanes in a projective
space over k can be identified with the set of k-points of the dual projective space. We then estimate
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the Krull dimension of the closure of the set of “bad” hyperplanes (those for which the conclusion of the
theorem fails) in this dual projective space to deduce that the open complement is nonempty.

Definition 9.110 (Hyperplane, hyperplane section). Let k be a ring and let V' be a k-module.

(1) A hyperplane in P(V) is a closed subscheme of the form P(WW), where W is a quotient module of
V such that ker(V — W) is a line.

(ii) Given a subscheme X C P(V), a hyperplane section of X is a closed subscheme of X of the form
X N H, where H C P(V) is a hyperplane.

Definition 9.111 (Dual projective space). Let k be a ring and V' a vector space over k. The projective
space P(VV) is called the dual projective space of P(V). As an algebraic k-functor, it is given by

P(VY)(R) = {hyperplanes in P(V)z}.

Remark 9.112. If V is an arbitrary k-module, the functor R — {hyperplanes in P(V)g} is exactly the
algebraic k-functor PV (V) of Example As mentioned there, it is not a scheme if V' is not a vector
space.

Construction 9.113 (Incidence hyperplane). Let k be a ring and let V be a vector space over k. Let
O(1,1) be the line bundle 7} (0(1)) @ 75(O(1)) over the product P(V) x P(VV). It has a canonical global
section s € T(P(V) xP(VY),0(1,1)) defined as follows: for any k-algebra R and any R-point 2 = (21, 22)
of P(V) x P(VV) given by quotient lines z1: V ®; R - L1 and xo: VY ®, R - Lo, s(z) € L1 Qg Lo is
the image of 1 by the composite

R Y (V@ R)®r (VY @) R) 222 L) @g L.
The vanishing locus V(s) C P(V) x P(VV) is called the incidence hyperplane or universal hyperplane of
P(V). For any k-algebra R, V(s)(R) consists of pairs (x, H), where x € P(V)(R) and H C P(V)r is a
hyperplane with € H. It is universal in the following sense: for any hyperplane H C P(V)g, there is
a unique map of k-schemes h: Spec(R) — P(VV) such that H is the preimage of V(s) by the induced
map idpyy X h: P(V)gr = P(V) x P(VY).

The following basic flatness criterion is a consequence of Krull’s intersection theorem; it does not hold
as stated without the noetherian assumption.

Proposition 9.114 (Flatness of fiberwise effective divisors). Let R — S be a flat map of noetherian
rings and let f € S. If for each mazimal ideal m C R, f is not a zero divisor in S/mS, then f is not a
zero divisor in S and S/ f is flat over R.

Remark 9.115 (Krull dimension of the locus of singular hyperplane sections). Let k be a field, V' a
vector space of rank r over k, and X C P(V) a locally closed subscheme that is smooth over k. Let
Y C X xP(VV) be the restriction of the incidence hyperplane in P(V) x P(V'V) with the two projections

Y
N
X P(VY),

and let ¥ C |Y'| be the closed complement of the smooth locus of g. We seek to bound the Krull dimension
of the closure of ¢(3), to deduce that the open complement is nonempty. It follows from Theorem Wl)
and Proposition that

dim(¢(¥)) < dim(X) < sup (dim, (X) + dim(p~ ' (z) N X)).
z€|X|

Fix a field extension k — k and a k-point  of X, and let d, = dim,(X) = dim(Ox, ). A preimage
of by p is the data of a hyperplane H C P(V;) containing z, and the fiber of g over H is the hyperplane
section X,, N H. Since X is smooth over k, the local ring Ox,_ , is regular (Theorem [9.63) and in
particular a domain (Theorem [8.81f(ii)). It follows from Proposition and Corollary [8.61] that ¢ is
flat at (z, H) if and only if H does not contain the irreducible component of x in X,. By fiberwise
smoothness (Proposition , we deduce that the k-points of p~!(z) N ¥ are exactly the hyperplanes
H C P(V,,) containing x such that the local ring Ox_nm , is not regular of Krull dimension d, — 1.

To understand this set of hyperplanes, consider the k-linear map

@z Vi 2 T(P(V,),0(1)) = T'(X,,0x, (1)) = Ox,.(1)s = Ox, (1)./m20x, (1),
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where the isomorphism is due to Proposition iii) and Ox, (1) is the restriction of O(1) to X,. For
any e € V,, — 0 such that € V(e), the map of local rings at a induced by the inclusion X, NV(e) C X,
is identified, upon trivializing O(1) in a neighborhood of x, with the quotient map

Osz - OXH7:E/<€) =~ OXNQV(E),J,“
It then follows from Corollary that Ox, Av(e),» is regular of Krull dimension d, — 1 if and only if

¢z(e) # 0. In other words, we precisely have p~*(z) NS = P(ker(p,)") as reduced closed subschemes of
P(VY). From the short exact sequence

0—m,/m2 - Ox, ./m2 = Ox, ./m, =k —0

and the assumption that X is locally closed in P(V'), we deduce that ¢, is surjective with target of rank
d, + 1, so that ker(p,) has rank r — d, — 1 and hence dim(p~!(z) N ) = r — d, — 2. Altogether, we get

dim(q(X)) < sup (de + (r —dy —2)) =r—2 <r —1=dim(P(V")).
ze|X|
Theorem 9.116 (Bertini’s theorem). Let k be a field, V' a vector space over k, and X C P(V') a locally
closed subscheme that is smooth over k. Then there exists a nonempty open subscheme U C P(VV) such
that, for every point h € |U| classifying a hyperplane H C P(V'),.(n), the hyperplane section X,y N H is
smooth over k(h) and does not contain any irreducible component of X, (.

This result does not imply that there exists a hyperplane H C P(V') such that X N H is smooth over
k. Indeed, if k is a finite field, then P(V") only has finitely many k-points, so there exist nonempty open
subschemes of P(VV) that do not have any k-point. However, this cannot happen for infinite fields:

Lemma 9.117. If k is an infinite field, then A™(k) is a dense subset of |A}].

Corollary 9.118. Let k be an infinite field, V a vector space over k, and X C P(V) a locally closed
subscheme that is smooth over k. Then there exists a hyperplane H C P(V) such that X N H is smooth
over k and does not contain any irreducible component of X.

10. DIVISORS AND BLOWUPS

Blowing up is a ubiquitous construction in algebraic geometry, which serves many purposes, such
as eliminating indeterminacies of rational maps and resolving singularities. We illustrate this with two
examples.

Consider the “slope” rational function y/z on A% = Spec(Z[z,y]). Its domain of definition is the open
subscheme D(z) = A% — (0 x A!), so it is a map y/x: A% — (0 x Al) — Al. If we enlarge its codomain
from Al to P!, it extends further to A2 — 0 by setting y/x = oo if # = 0. More precisely, the map

y/r: A* —0 — P!

classifies the quotient line (x,y): 0% = O over A% — 0. However, it is not possible to assign a sensible
value to y/x at the origin, as y/x is constant on each line through the origin but with different values on
different lines. To extend y/z across the origin, we are forced to add to A? — 0 different limit points for
each line through the origin, i.e., to glue in a copy of P! at the origin. This results in a scheme Bly(A?)
called the blowup of A% at the origin, which is formally defined by

R? —% 3 R
Blo(A?)(R) = A« % € Modp | g is a quotient line
L

We have cartesian squares
P! —°— Blg(A?) +— A2 -0

b
0 A2 A2 -0,

where b(a,q) = a and e(q) = (0,q). The scheme Bly(A?) is in fact a smooth quasi-projective Z-scheme,
which can be described in two other ways:

Api (0(1)) = Blo(A2) ~ Pyz((z, ).

The first isomorphism is simply the observation that a is determined by ¢ and s. The second isomorphism
states that a factors through ¢ if and only if g(as, —a1) = 0, which one can check using Zariski descent.
The map Bly(A?) ~ Ap1 (O(1)) — P! is then the desired extension of y/x from A% — 0.
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As another example, consider the affine nodal cubic N = V(y? — 2% — 22) C A%, At the singular point
(0,0), there are two tangent directions to N. Blowing up N at the singular point replaces that point with
two points, which has the effect of separating the two branches through (0,0). The result is in fact the
normalization of N, which is the map A' — N given by @+ ¢2 — 1 and y - ¢(t2 — 1) (see Example [8.92).
Thus, blowing up the nodal singularity “resolves” the singularity and produces a regular scheme.

In both of these examples, the key feature of the blowup construction is that the preimage of the blown-
up point is an effective Cartier divisor, i.e., a closed subscheme locally given by the vanishing locus of a
single function that is not a zero divisor. In general, the blowup of a scheme X at a closed subscheme
Z C X will be defined as the universal construction with this property: the map b: Blz(X) — X is the
final object in the full subcategory of Sch,x consisting of the maps f: Y — X such that Y 2)cy
is an effective Cartier divisor. It turns out that b is an isomorphism over X — Z and that the preimage
b=Y(Z) C Blz(X) is the projectivized normal cone of Z in X, i.e., the scheme of normal directions to Z
in X, which is a closed subscheme of P(Nz,x).

Let us mention two theorems about blowups that are general forms of the above two examples:

(i) (Elimination of indeterminacies) Let S be a scheme, let X and P be S-schemes with X qcgs and
P proper over S, and let U C X be a quasi-compact open subscheme. For every map f: U — P
over S, there exists a finitely presented closed subscheme Z C X with ZNU = @ and a map
f:Blz(X) — P over S extending f.

(ii) (Resolution of singularities) Let X be a scheme of finite type over a complete noetherian local
Q-algebra (e.g., a field of characteristic zero) and let U C X be a regular open subscheme. Then
there exists a closed subscheme Z C X with ZNU = @ such that Blz(X) is regular.

10.1. Effective divisors.

Definition 10.1 (Effective virtual divisor, effective Cartier divisor). Let X be an algebraic functor. An
effective virtual divisor (also called a generalized Cartier divisor) on X is a pair (L, s) where L € Linex
is a line bundle over X and s: L — Ox is a map in Linex. We denote by vDiv™(X) = ((Linex )0 )°P
the category of effective virtual divisors on X.

If X is a scheme, an effective Cartier divisor or simply an effective divisor on X is an effective virtual
divisor (L, s) where s is a monomorphism. We denote by DivT(X) C vDivT(X) the full subcategory of
effective Cartier divisors.

Remark 10.2 (Effective divisors as closed subschemes). For any scheme X, the category Divt(X) is a
poset, which by Theorem v) is equivalent to the opposite of the poset of invertible quasi-coherent
ideals over X:

D1V+(X) ~ (Idx X Mod x LineX)OP C Id(;(p

By Proposition i)7 we can further identify effective divisors on X with closed subschemes of X whose
quasi-coherent ideals are line bundles. Such closed subschemes are also called effective (Cartier) divisors.

Note that we have (L, s) < (L', s') in the poset Div™(X) if and only if there is an inclusion V(s) C V(s')
of the associated closed subschemes. This is why vDivt(X) was defined as an opposite category.

Proposition 10.3 (Characterization of effective divisors). Let X be a scheme and Z C X a closed
subscheme with quasi-coherent ideal I. The following conditions are equivalent:

(i) Z is an effective divisor on X, i.e., I is a line bundle over X.
(ii) There exists an affine open covering (U; C X); and functions f; € O(U;) such that ZNU; = V(f;)
and f; is not a zero divisor in O(U;).

Warning 10.4. If X is affine, effective divisors on X are not necessarily of the form V(f) for a non-zero
divisor f € O(X): there can exist monomorphisms L < Ox where L is a nontrivial line bundle over X.

Remark 10.5 (Commutative monoid structure). For any algebraic functor X, the category vDivT(X)
has a symmetric monoidal structure given by the tensor product. It is customary to use additive notation
for this symmetric monoidal structure:

(L,s)+ (L',s)=(Le L' s®s) and 0= (0x,id).

Note that 0 is also the initial object in vDivT(X).

If X is a scheme, this symmetric monoidal structure restricts to the poset Divt(X) of effective divisors,
since tensoring with a line bundle preserves monomorphisms. In other words, Div*(X) is a partially
ordered commutative monoid (all of whose elements are > 0).
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Remark 10.6 (Functoriality). The categories of effective virtual divisors assemble into a functor
vDivT: Fun(CAlg, Set)°? — Cat,

which is in fact the quasi-coherent extension of its restriction to CAlg in the sense of It is even
a functor valued in symmetric monoidal categories: for any map of algebraic functors f: Y — X, the
pullback functor

f*:vDivt(X) — vDivT(Y)
has a canonical symmetric monoidal structure.

If f: Y — X is a morphism of schemes, however, then f*: vDivT(X) — vDivT(Y) does not necessarily
preserve the subcategories of effective divisors. Given an effective divisor I < Ox, its pullback to Y
is non-virtual if and only if Ly f*(Ox/I) = 0. In particular, if f is flat, then f* restricts to a map
Divt(X) — Divt(Y). This partial functoriality of Div* is one of the reasons for introducing the better-
behaved notion of effective virtual divisor.

Example 10.7.

(i) Let X be a scheme. Every function f € O(X) defines an effective virtual divisor (Ox, f). It is
an effective divisor if and only if, for every open subscheme U C X, f|y € O(U) is not a zero
divisor. In fact, it suffices to check the latter on some affine open covering of X.

(ii) Let A be an N-graded ring generated by A<i, so that O(d) is a line bundle on Proj(A) for all
d € Z. By Proposition iii), every homogeneous element f € A, defines an effective virtual
divisor (O(—d), f). It is an effective divisor if and only if, for every h € Ay, f/h¢ is not a zero
divisor in A(p). This is the case if f is not a zero divisor in A.

(iii) If R is a unique factorization domain, then any invertible ideal I C R is principal. Moreover,
two elements of R generate the same principal ideal if and only if they differ by a unit. Hence,
there is an isomorphism of partially ordered commutative monoids

(Div*(Spec(R)), +, <) = (R — {0})/R*, -, ]).

(iv) If R is a Dedekind domain, then any nonzero ideal I C R is a line, so that Div' (Spec(R)) is the
poset of all closed subschemes of Spec(R) other than Spec(R). By the unique prime factorization
of ideals, this is equivalently the free commutative monoid on the set of nonzero prime ideals
of R. Consequently, if X is a Dedekind scheme (Example [8.95), Div*(X) is the poset of closed
subschemes of X that do not contain any point of codimension 0. If X is moreover quasi-compact,
Divt(X) is also the free commutative monoid on the set of codimension 1 points of | X|.

Remark 10.8 (Zariski descent for effective divisors). The Zariski descent property of X +— Modx
(Proposition 4.42)) implies the same property for X — vDivt(X), i.e.,

vDiv': Fun(CAlg®?, Set)°? — Cat

is a Zariski sheaf of categories in the sense of Remark If X is a scheme, then Div™ restricts to a
presheaf on Open(X), since open immersions are flat (see Remark [10.6)). Since being a monomorphism
is a Zariski-local property (Proposition vii)), we deduce that

Div’: Open(X)°® — Pos
is a sheaf of posets on |X].

Remark 10.9 (vDiv' as a quotient stack). Given a ring R, the divisibility category R/ R is the category
whose objects are the elements of R and with Mapg (7, s) = {t € R|tr = s}; composition is given by
the product in R. There is a functor R/ R — vDiv*t(R) sending 7 to (R,r). This construction is natural
in R and defines a functor O /O : Fun(CAlg, Set)°? — Cat together with a map O /© — vDivT. Since line
bundles are Zariski-locally trivial, this map is in fact a Zariski-local epimorphism, and one can show that
it exhibits vDiv™ as the Zariski sheafification of O /O. In particular, the maximal subgroupoid of vDiv*
can be described as the quotient O/0* computed as a Zariski sheaf of groupoids (see Remark .

Proposition 10.10. Let X be a scheme and let (L, s) be an effective virtual divisor on X. The category
of X-schemes Y such that the pullback of (L,s) toY is an effective divisor admits a final object, which
is the closure of the open subscheme D(s) C X, or equivalently the closed subscheme of X whose quasi-
coherent ideal is the kernel of the localization map Ox — Ox[s™1].

Definition 10.11 (Cartier locus). Let X be a scheme and let (L, s) be an effective virtual divisor on X.
The closed subscheme of X defined by Proposition [10.10|is called the Cartier locus of (L, s).
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Remark 10.12 (Functoriality of the Cartier locus). Let f: ¥ — X be a map of schemes and let (L, s)
be an effective virtual divisor on X. Let Z C X be the Cartier locus of (L,s) and W C Y that of
f*(L,s). Since the pullback of (L, s) to W is an effective divisor, we have f(W) C Z by definition of
Z. The closed immersion W < f~1(Z) is an isomorphism if and only if the epi-mono factorization of
Ox — Ox[s7!] is preserved by f*, for example if f is flat.

10.2. Blowing up.

Definition 10.13 (Virtual blowup, exceptional divisor). Let X be an algebraic functor and let z: M —
Ox be a map of quasi-coherent modules over X. The virtual blowup vBl,(X) of X at z is the algebraic
functor over X classifying factorizations of z through a quotient line of M. In other words, vBl,(X) is
the subfunctor of P(M) consisting of those quotient lines ¢: M (x) - L such that z(x) factors through g¢.
If b: vBl,(X) — X is the structure map, we therefore have a canonical factorization

OIS
o(1)

in Mod, gy, (x), where O(1) is the restriction of the tautological line bundle O(1) € Modp(ssy. The effective
virtual divisor (O(1),s) on vBl,(X) is called the exceptional divisor of the virtual blowup.

If X is a scheme and Z C X is a closed subscheme with quasi-coherent ideal I, the virtual blowup
vBlz(X) of X at Z is the virtual blowup of X at I < Oxﬂ

Remark 10.14. By Proposition [3.47i), vBl,(X) is a closed subfunctor of P(M). In particular, the map
b: vBl.(X) — X is schematic, and it is projective if M is of finite type.

b* (M)

Definition 10.15 (Blowup, exceptional divisor). Let X be a scheme and let z: M — Ox be a map of
quasi-coherent modules over X. The blowup Bl,(X) of X at z is the Cartier locus of the exceptional
divisor on vBl,(X). The restriction of that divisor to Bl,(X) is then an effective Cartier divisor by
definition, called the exceptional divisor of the blowup.

If Z C X is a closed subscheme with quasi-coherent ideal I, the blowup Blz(X) of X at Z is the
blowup of X at I < Ox.

Example 10.16. Let X be a scheme.

(i) If z: M — Ox is the zero map, then vBl,(X) = P(M) with exceptional divisor (O(1),0), and
hence Bl,(X) = @. In particular, for M = 0, we get vBlx(X) = Blx(X) = @.

(ii) If z: L — Ox is an effective virtual divisor, then vBl,(X) = X and Bl,(X) is the Cartier locus
of (L, z). Hence, if Z C X is an effective divisor, then vBlz(X) = Blz(X) = X. This applies in
particular when Z = &.

(iii) Let f € O(X) and Z = V(f). Then vBlz(X) and Blz(X) are the closed subschemes of X
defined by the quasi-coherent ideals of f-torsion and f-power torsion elements, respectively. For
example, the blowup of Spec(k[z, y]/(zy)) at V(z) is V(y).

Remark 10.17 (Geometric description of blowups). Let X be an algebraic functor, z: M — Ox a map
in Mody, and b: vBl,(X) — X the virtual blowup of X at z. By Proposition the vanishing locus
V(z) is a closed subfunctor of X, whose open complement is the epimorphism locus D(z). We claim that
there are cartesian squares

| lb

P(Mly(z)) — vBL(X) «—— D(z)
V(z) X D(z).

Indeed, if z is the zero map, then it factors uniquely through any quotient line of M, which explains
the left-hand cartesian square. On the other hand, if z is an epimorphism, then it admits a unique
factorization through a quotient line, which explains the right-hand cartesian square.

If X is a scheme, the description of the Cartier locus from Proposition shows that Bl,(X) is
exactly the closure of D(z) in vBl,(X) and that the exceptional divisor in Bl,(X) is the “boundary” of
D(z), i.e., the intersection P(M|y ;) N BlL.(X).

9Although “virtual divisor” is standard terminology, “virtual blowup” is not: in the literature it is called the underlying
classical scheme of the derived blowup.
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Remark 10.18 (Functoriality of blowups). The virtual blowup construction is a functor on the following
category:
e An object is a pair (X,2: M — Ox), where X is an algebraic functor and z is a map in Modx.
e Amap (Yw: N = Oy) = (X,2: M — Ox) consists of a map f: Y — X and an epimorphism
: f*(M) = N in (Mody) 0, -
Such a map induces a commutative square

vBl, (V) —L— vBL(X)

| |

y — I . x
such that the exceptional divisor pulls back to the exceptional divisor. The induced map vBl,(Y) —
vBL,(X) xx Y is always a closed immersion, and it is an isomorphism if ¢ is an isomorphism. If X and
Y are schemes, the map f’ restricts to a map Bl,,(Y) — Bl,(X) by the functoriality of the Cartier locus
(Remark [10.12)). Moreover, the closed immersion Bl,,(Y) < BL.(X) xx Y is an isomorphism if ¢ is an
isomorphism and f is flat (as then f’ is also flat).
Specializing to the case of closed subschemes, we see that both vBl and Bl restrict to functors on the

following category:

e An object is a pair (X, Z) where X is a scheme and Z C X is a closed subscheme.

e Amap (Y,W) — (X,Z)isamap f: Y — X such that f~1(2) = W.
Such a map induces a commutative diagram

[ [

VBl (V) —L vBl4(X)

| |

y — 1, x

The bottom square is cartesian if Ly f*(Ox/I) = 0, for example if f is flat (and more generally if Y and
Z are Tor-independent over X, see Definition [10.40ii)). If f is flat, then f” is flat and hence the top
square is also cartesian.

Remark 10.19 (Blowups only depend on the vanishing locus). By Remark for any scheme X and
any z: M — Ox, there is a closed immersion vBly(.)(X) < vBL,(X). Using the description of Bl.(X)
as the closure of D(2) in vBl,(X) from Remark we immediately deduce that the closed immersion
Bly()(X) < Bl.(X) is in fact an isomorphism (note that the analogous statement is not true for virtual
blowups, as Example i) shows). Consequently, if the exceptional divisor on vBl,(X) happens to
be non-virtual, then Bly.)(X) = vBL(X).

Example 10.20 (Blowing up a point in affine or projective n-space). Let n > 0.

(1) Let z = (z1,...,%n): OFn — Ogn be the tautological map over A™ = Spec(Z[x1, ..., z,]). There

is an isomorphism
vBL (A") ~ Ap.-1(0(1)),

since a linear map R™ — R together with a factorization through a quotient line R™ —» L is the
same thing as quotient line R™ — L together with a linear map L — R. For any line bundle L, the
canonical map L ® Sym(L) — Sym(L) is a monomorphism, since locally it is the multiplication
by x on R[x]. Hence, the exceptional divisor is non-virtual, so that Bly(A™) ~ Ap.-1(0(1)) by
Remark [0.19

(ii) Let z = (z1,...,2n): Opn(=1)" — Opn over P = Proj(Z|xo, ..., 2,]). There is an isomorphism
vBL, (P") ~ Pp.—1(0(1) & 0),
given on R-points by

A — R*" — s L
R
R —» L LR —— L.

We deduce as in (i) that Blg(P™) ~ Pp.-1(O(1) & O).
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(i) Let X be a scheme and let M, N € Modx. The arguments in (i) and (ii) imply more generally
the following;:

Definition 10.21 (Strict transform, total transform). Let X be a scheme and Z C X a closed subscheme.
The strict transform at Z is the functor

SCh/X —)SCh/Blz(X), YHBIZXXy(Y).
The total transform at Z is simply the pullback functor
SCh/X—)SCh/BlZ(X)7 Yl—)Blz(X) Xx Y.

By Remark [10.18] there is a natural closed immersion of the strict transform into the total transform,
which is an isomorphism when Y is flat over X. In general, by Remark [10.17] it identifies the strict
transform of Y at Z with the closure of (X — Z) xx Y in Blz(X) xx Y.

Remark 10.22 (Blowing up a point in a quasi-projective scheme). Let k be a ring, let X be either A}
or P72, and let b: Bly(X) — X be the blowup at the origin, which was computed in Example Let
Y C X be a subscheme containing 0. The blowup Bly(Y) is then the strict transform of Y at 0, which
is the closure of Y — 0 in b= 1(Y). If Y is closed in X, this is simply the closure of Y — 0 in Blg(X).

Example 10.23 (Blowing up the cusp). We use Remark to compute the blowup of the affine
cuspidal curve C' = Spec(k[z,y]/(y? —x3)) C A? at the origin. The blown-up plane Bly(A}) = Ap (0(1))
is covered by the two affine open subschemes D(u) and D(v), where P} = Proj(k[u,v]). Let (O(1), s) be
the exceptional divisor:

(z,y)

02 0.
@ S

0(1)

We thus have factorizations z = su and y = sv in O(Bl(A2)), and D(u) (resp. D(v)) is an affine plane
with coordinates x and § = u~!v (resp. = v~'u and y). The preimage of C' — 0 = D(z) in the blowup
is contained in D(u) and given by Spec(k[z*!,§]/(2%§% — 23)) = Spec(k[z*', §]/(§% — x)); its closure in
D(u) is therefore the parabola P = Spec(k[x, §]/(§? — x)). The latter is in fact already closed in Bly(A%),
since P N D(v) = Spec(k[Z,y]/(1 — #3y)) is closed in D(v). Hence, P is the strict transform of C at 0,
and in particular Bly(C) ~ P ~ A}.

Proposition 10.24 (Universal property of blowups). Let X be a scheme and Z C X a closed subscheme.

(i) The exceptional divisor on Blz(X), viewed as a closed subscheme, is the preimage of Z.
(i) If f: Y — X is a map such that f~Y(Z) C Y is an effective Cartier divisor, then f factors
uniquely through the blowup Blz(X) — X.

The following result follows from the local structure of smooth closed subschemes (Proposition [9.57)),
the compatibility of blowups with étale base change (Remark[10.18)), and the computation of the blowup
of affine spaces at affine subspaces (Example [10.20](iii)):

Proposition 10.25 (Smoothness of blowups). Let S be a scheme, X a smooth S-scheme, and Z C X
a closed subscheme that is also smooth over S. Then the blowup Blz(X) is smooth over S.

By definition, the blowup Blz(X) is a closed subscheme of P(I), where I is the quasi-coherent ideal of
Z. Our next goal is to compute Blz(X) as Proj of an explicit quasi-coherent N-graded algebra over X.
Part (i) of the following definition is a globalization of Definition

Definition 10.26 (Deformation algebra, Rees algebra, associated graded algebra). Let X be a scheme
and let I € Idx be a quasi-coherent ideal over X.
(i) The deformation algebra or extended Rees algebra of I is the quasi-coherent Z-graded algebra
Def;(0x) = @ I" € CAlgk,
nez
where I"™ = Ox for all n < 0. In particular, Def;(Ox)<o = Sym(Ox).
(ii) The Rees algebra of I is the quasi-coherent N-graded algebra

ReesI(OX) = Def;(OX)ZO = @I” € CA]gIEI{
neN
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(iii) Let Z = V(I) and let i: Z — X be the inclusion. The associated graded algebra of I is the
quasi-coherent N-graded algebra

gr;(0x) = i*(Rees(0x)) € CAlg.

Note that under the equivalence of categories i.: CAlgz = CAlgo, /1, gr;(Ox) is the associated

graded algebra of the I-adic filtration of Ox, i.e., @, cy I/t

Remark 10.27 (Gradings via monoid actions). Let X be an algebraic functor. Recall from Proposi-
tion ii) that there is an equivalence of categories

Spec: CAlgy = Affx C Fun(CAlg, Set),x

between quasi-coherent algebras over X and algebraic functors affine over X. Under this equivalence,
an N-grading on a quasi-coherent algebra A (as in Definition corresponds to an action of A! on
Spec(A), where A! is viewed as a monoid under multiplication (not to be confused with G,, which is Al
as a monoid under addition). Similarly, a Z-grading on A corresponds to an action of the multiplicative
group Gy, on Spec(A). Indeed, by definition of CAlgx, this follows from the corresponding statements
for X = Spec(R)H In other words, the functor Spec induces equivalences of categories

(CAIgZ )P —~ G Affx

]\ Tforget

(CAlgh )P —~— AlAffx,

where G, Affx (resp. ALAff x) is the category of algebraic functors affine over X with an action of G,
(resp. of Al).

Definition 10.28 (Deformation space). Let X be a scheme and let Z C X be a closed subscheme with
quasi-coherent ideal I. The deformation space of Z in X is the affine X-scheme with Gy,-action

Defz (X) = Spec(DefI(OX)).
The inclusion Sym(Ox) = Def;(Ox)<o C Def;(Ox) induces a Gy-equivariant map Def z(X) — Al.

Definition 10.29 (Normal cone). Let X be a scheme and let Z C X be a closed subscheme with
quasi-coherent ideal I. The normal cone of Z in X is the affine Z-scheme with A'-action

Cz(X) = Spec(gr;(0x))-

Since gr;(Ox) is generated in degree 1 and since gr;(Ox)1 = Nz/x, Cz(X) is an A'-equivariant closed
subscheme of A(Nz/x).

Example 10.30 (Normal cone of the origin in the nodal cubic). Let R = k[z,y]/(y*> — 23 — 2?) and
let I = (z,y) C R. Then I"™ = (2™, 2" 'y) and I"/I"*"! is free of rank 2 over k with basis (z", 2" 1y).
It follows that the map k[z,y]/(y* — 2?) — gr;(R) is an isomorphism of N-graded k-algebras. Thus,
Co(Spec(R)) = V(y* — 2?) as a subscheme of ANy spec(r)) = A7

Definition 10.31 (Cone, projectivization). Let X be an algebraic functor. A cone over X (or “with
vertex X”) is an object of A Aff y whose associated quasi-coherent N-graded algebra over X is generated
in degree 1. The projectivization of a cone C = Spec(A) over X is the algebraic functor P(C') = Proj(A).

Remark 10.32 (Cones vs. affine spaces). Let X be an algebraic functor.

(i) Given a quasi-coherent module M € Mody, the symmetric algebra Sym(M) has a canonical
N-grading and is generated in degree 1. Hence, the affine space A(M) has a canonical structure
of cone over X. Its projectivization is the algebraic functor P(M) over X.

(i) Let C be an algebraic functor with Al-action over X. Then C is a cone over X if and only if
there exists an Al-equivariant closed immersion C' < A(M) for some M € Modx. Indeed, by
Example the latter is equivalent to an isomorphism C' ~ Spec(A), where A is a quotient of
the quasi-coherent N-graded algebra Sym(M). Such an A is generated in degree 1, and conversely
any A generated in degree 1 is a quotient of Sym(A4;).

100More generally, for any commutative monoid I, the affine scheme Spec(Z[I']) has a structure of commutative monoid
induced by the diagonal I' — I" X I, and a I'-grading on a quasi-coherent algebra A € CAlgx is equivalent to an action of
Spec(Z[I']) on Spec(A).
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Proposition 10.33 (Deformation to the normal cone). Let X be a scheme and Z C X a closed sub-
scheme. Then there are Gy, -equivariant cartesian squares

Cz(X) —> Defz(X) +—— X X Gm

| ! |

0 Al Gm.

Lemma 10.34. Let R — S be a ring map and I C R an ideal. Then the S-linear map I @r S — S
factors through all quotient lines of I g S.

Theorem 10.35 (Blowups via Rees algebras). Let X be a scheme and Z C X a closed subscheme with
quasi-coherent ideal I. Then the closed subschemes Blyz(X) C vBlz(X) C P(I) are given by

vBlz(X)=P() and Blz(X) = Proj(Rees;(Ox)).

In particular, an R-point I(x) - L of the virtual blowup belongs to the actual blowup if and only if, for
every n > 2, the R-linear map I(z)®™ = L®™ factors through I"™(x).

Corollary 10.36. Let X be a scheme and Z C X a closed subscheme. Then the exceptional divisor in
Blz(X) is the projectivization of the normal cone of Z in X. Hence, there are cartesian squares

P(Cz(X)) — Blg(X) «+—— X - Z

| | |

A X X—-Z.

Remark 10.37 (Affine blowup algebras). Let R be aring, I C R an ideal, and a € I. The affine blowup
algebra R[ﬂ is the R-algebra Rees;(R)(q), where a denotes the copy of a in degree 1. By Theorem |10.35

and Example|5.42(iii), the blowup Bly(r)(Spec(R)) has an open covering by the affine schemes Spec(R[%]),
where a runs over any generating set of I.

Proposition 10.38 (Blowups via deformation spaces). Let X be a scheme and let Z C X be a closed
subscheme. Then the action of Gy, on Defz(X) — Defz(Z) is free and there is a canonical isomorphism

Blz(X) ~ (Defz(X) — Defz(Z2))/Gm
in Sch, x, where the quotient is computed in Shz,.(CAlg®P).

Proposition 10.39 (Deformation spaces via blowups). Let X be a scheme and let Z C X be a closed
subscheme. There is a canonical tsomorphism

Def 7(X) =~ Blzxo(X x AY) — Blzxo(X x 0)
in SCh/XXAl.

10.3. Regular closed immersions. Regular closed immersions are a generalization of effective divisors
to higher codimension.

Definition 10.40 (Tor-independence).

(i) Let R be a ring and let M and N be R-modules. We say that M and N are Tor-independent
over R if Tor®(M,N) =0 for all i > 1.

(ii) Let X be a scheme, let Y and Z be schemes over X, and let M € Mody and N € Mod be quasi-
coherent modules. We say that M and N are Tor-independent over X if, for every affine open
subschemes V' C Y and W C Z mapping to an affine open subscheme U C X, M (V) and N (W)
are Tor-independent over O(U). We say that Y and Z themselves are Tor-independent over X
if Oy and Oz are Tor-independent over X.

(iii) A square of rings (resp. of schemes)

A—— B W ——Y
| |
C —— D Z —— X

is called Tor-independent if it is cocartesian (resp. cartesian) and B and C' are Tor-independent
over A (resp. Y and Z are Tor-independent over X).
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Proposition 10.41 (Closure properties of Tor-independence). Let R be a ring and M an R-module.

(i) Let N be an R-module and N' C N a submodule such that M and N/N' are Tor-independent.
Then M and N are Tor-independent if and only if M and N’ are Tor-independent.

(ii) Let R — S be a ring map and N an S-module. If M and S are Tor-independent over R, then M
and N are Tor-independent over R if and only if M ®r S and N are Tor-independent over S.

Corollary 10.42 (Pasting law for Tor-independent squares). Consider a commutative diagram of rings

A—— B ——(C

Ll

A —— B —— (.
If the left square is Tor-independent, then the right square is Tor-independent if and only if the rectangle
is Tor-independent.
The above proposition and its corollary have obvious generalizations to schemes.
Definition 10.43 (Regular map). Let X be a scheme and E € Modx. A map s: E — Ox is called
reqular if the induced square
V(s) —— X

is Tor-independent.
Remark 10.44 (Relation to effective divisors). An effective virtual divisor s: L — Ox is a regular map
if and only if it is an effective Cartier divisor. To see this, we can assume X = Spec(R) and we compute
Tor®¥™ () ((R,0), —) using the projective resolution
0— L®gSymp(L) = Symp(L) = R — 0,

which yields

coker(s) if i =0,

Tor?"™ ) ((R,0), (R, s)) = { ker(s)  ifi=1,

0 if 1 > 2.
Remark 10.45 (The Koszul complex). Let X be a scheme and let E € Modx be flat. The Sym(FE)-
module Ox (where F acts trivially) has a canonical flat resolution by the exterior powers of E, general-

izing Remark |10.44]

<o = A"(B)® Sym(E) - A" YE) ® Sym(E) — --- - E® Sym(E) — Sym(E) — Ox — 0.
Given s: F — Ox, the extension of scalars of this complex along s: Sym(FE) — Ox is called the Koszul
complex of s. Thus, s is regular if and only if its Koszul complex is exact.

Example 10.46 (Regular sequence). Let f1,..., fn € R be such that, for each 7, multiplication by f; on
R/(f1,..., fi—1) is injective. It then follows from Corollary [10.42| that (f1,..., fn): R™ — R is regular.
Example 10.47.
(i) Let A™ = Spec(k[z1,...,2,]) and let g = 1. For any subset I C {0,...,n}, the map (z;)icr:
0L, — Oan is regular. This follows from Example [10.46
(ii) Let P* = Proj(k[xo, ..., T,]). For any subset I C {0,...,n}, the map (x;);cr: Opn(=1)1 = Opn
is regular. This can be checked on the standard open covering of P, where it follows from (i).
Definition 10.48 (Regular closed immersion, regular quasi-coherent ideal). Let X be a scheme.

(i) A closed immersion Z < X is regular if X admits an open covering by schemes U such that
ZNU = V(s) for some regular map s: £ — Oy in Vecty.
(ii) A quasi-coherent ideal I € Idx is regular if V(I) — X is a regular closed immersion.

Remark 10.49. Since vector bundles are locally free, a closed immersion Z < X is regular if and only
if X is covered by open subschemes U for which there exists a Tor-independent square of the form

ZNU —— U

L

00— A",
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Remark 10.50 (Noetherian case). One can show that the converse of Example holds when R is a
noetherian local ring and f1,..., f, € m: if (f1,..., fn): R™ — R is regular, then multiplication by f; on
R/(f1,.-., fi—1) is injective for each i. In other words, the notion of regular map recovers the notion of
regular sequence used in the study of noetherian local rings (as in Corollary . This further implies
that, if X is locally noetherian and E € Vectx, a map s: E — Ox is regular if and only if X admits
an open covering by affine schemes U such that, under some isomorphism E|y ~ O, s|y is a regular
sequence. Geometrically, this means that a closed immersion Z < X is regular if and only if X admits
an open covering by schemes U such that ZNU < U is a composition of effective Cartier divisors. If X
is not locally noetherian, however, the latter condition is sufficient but not necessary.

Warning 10.51 (Relation to regular schemes). By Remark a noetherian local ring R is regular if
and only if its maximal ideal m C R is regular. Suppose that X is a regular scheme and that i: Z — X
is a closed immersion. If Z is regular, it follows from Corollary and Lemma that 4 is regular.
However, the converse is far from true!

Proposition 10.52 (Closure properties of regular closed immersions).
(i) The composition of two regular closed immersions is regular.
(ii) Consider a Tor-independent square of schemes

9

Z/ ¢ ! X/
Z 5 X.
If i s a regular closed immersion, so is 1'.

Lemma 10.53. Let R =Z[t,|a € A], let I = (to | € A) C R, and let M be an R-module such that M
and R/I are Tor-independent over R. Then, for alln > 0, M and R/I"™ are Tor-independent over R.
In particular, the map I @r M — 1" M 1is an isomorphism.

Proposition 10.54 (Normal cone of a regular closed immersion). Let X be a scheme and let Z — X
be a reqular closed immersion.

(i) The conormal module Ny, x is a vector bundle over Z.
(ii) The normal cone Cz(X) is ANz, x).

Definition 10.55 (Codimension of a regular closed immersion). Let Z < X be a regular closed im-
mersion. The codimension of Z in X is the rank of the vector bundle Nz,x, which is a locally constant
function |Z| — N. Note that effective divisors are exactly regular closed immersions of codimension 1.

The following result generalizes Example [10.20[(i,ii):

Theorem 10.56 (Blowing up a regular closed immersion). Let X be a scheme, let E € Modx be flat,
and let s: E — Ox be a regular map. Then Bly5)(X) = vBly(X).
Hence, if Z — X a regular closed immersion with quasi-coherent ideal I, then Blz(X) =P(I).

Proposition 10.57 (Regular closed immersions vs. smoothness). Let S be a scheme and let i: Z — X
be a closed immersion of S-schemes, where X is locally of finite presentation over S and Z is smooth
over S. Then i is reqular if and only if some open neighborhood of Z in X is smooth over S.

Definition 10.58 (Local complete intersection, syntomic morphism). Let f: Y — X be a morphism of
schemes.

(i) f is a local complete intersection if, for every point y € |Y|, there are affine open subschemes
VY and U C X with y € |[V| and f(V) C U such that f|y factors as

i
Vo AL = U,
where 7 is a regular closed immersion.
(ii) f is syntomic if it is flat and a local complete intersection.

Proposition 10.59.

(i) “Local complete intersection” is a local property of morphisms of schemes that is stable under
composition and Tor-independent base change.

(ii) “Syntomic” is a local property of morphisms of schemes that is stable under composition and base
change.
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Proposition 10.60. For closed immersions, “local complete intersection” is equivalent to “reqular”.

By the local structure of smooth maps (Remark i)) and of étale maps (Theorem [9.107), any
smooth morphism is locally of the form

R_> R[xl"' 7xn]h[x]/(f)g = R[ml,...,xn,x,y]/(f,ygh— 1)7

where f is monic in « and does not contain y. By Example [10.46| (f,ygh — 1) is a regular ideal. Hence,
smooth morphisms are local complete intersections. Since they are also flat (Corollary[9.108)), we deduce:

Proposition 10.61. Smooth morphisms are syntomic.

Remark 10.62 (Syntomicity via dimension of fibers). There is an alternative characterization of synto-
micity that does not refer to flatness. A ring map R — S is called a global complete intersection if there
is an isomorphism S ~ R[z1,...,2,]/(f1,..., fm) and for every prime ideal p C R, dim(S ®g k(p)) €
{—00,n — m}. A map of schemes f:Y — X is then syntomic if and only if, for every point y € |Y],
there are affine open subschemes V .C Y and U C X withy € |[V| and f(V) C U such that O(U) — O(V)
is a global complete intersection. Note that smooth morphisms satisfy this condition by the Jacobian
criterion and Theorem [0.63] The fact that global complete intersections are flat is nontrivial, but it gives
another proof that smooth morphisms are flat, which does not use the local structure of étale maps.

Proposition 10.63. Consider a commutative triangle of schemes

zZ—9% 5y

N

If f is smooth and h is a local complete intersection, then g is a local complete intersection. In particular,
any map of smooth X -schemes is a local complete intersection.

Remark 10.64. By Warning [10.51] if X and Y are regular schemes and f: Y — X is locally of finite
type, then f is a local complete intersection.

Remark 10.65 (Local complete intersections via the cotangent complex). Local complete intersection
morphisms have a simple characterization using the cotangent complex (see Remark : a morphism
f:Y — X is a local complete intersection if and only if it is locally of finite presentation and, for any
ring R and any y € Y(R), Ly(y) € D(Modg) is perfect and concentrated in degrees [0,1]. Using this
characterization, Proposition[I0.63]is a direct consequence of the fundamental fiber sequence of cotangent
complexes g*(Ly) — Ly — L.

10.4. Cartier divisors. Let X be a scheme. The sheaf of rational functions Xx on |X| was defined in
Remark it is a sheaf of rings containing Ox as a subsheaf, and it is the maximal localization of
Ox with this property. In particular Xy is an O x-algebra in Sh(]X]). In what follows we implicitly use
Proposition to view quasi-coherent modules over X as Ox-modules in Sh(]X]).

Notation 10.66. If X is a scheme, we write K(X) = Kx(X) for the ring of rational functions on X.
Note that for any open subscheme U C X, we have X(U) = Kx (U).

Warning 10.67. Let X be a scheme.

(i) By definition, Kx is the sheafification of a presheaf whose value on any affine open U C X is the
total ring of fractions Frac(O(U)). Hence, if X is affine, K(X) contains Frac(O(X)) as a subring,
but it can be strictly bigger, in which case it is not a localization of O(X). This does not happen
if X is noetherian.

(ii) If V. C U are affine open subschemes of X, the canonical map X(U) ®¢w) O(V) — K(V) is
injective but not necessarily surjective. In other words, Xx need not be a quasi-coherent sheaf
(see Corollary . This injectivity implies however that the kernel and the image of any map
M — Kx in Modo , (Sh(] X)) with M quasi-coherent are quasi-coherent.

Definition 10.68 (Virtual divisor, Cartier divisor). Let X be a scheme. A wirtual divisor on X is a
pair (L,s) where L € Liney is a line bundle over X and s: L — Kx is an Ox-linear map. We denote
by vDiv(X) C (Modo (Sh(] X)) 5 )°P the full subcategory of virtual divisors on X.

A Cartier divisor or simply a divisor on X is a virtual divisor (L, s) where s is a monomorphism. We
denote by Div(X) C vDiv(X) the full subcategory of Cartier divisors, which is a poset.
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Remark 10.69 (Symmetric monoidal structure). Since Kx is a localization of the ring Ox in Sh(|X|),
it is an Ox-algebra (in fact an idempotent one: Kx ®¢, Kx = Kx). The tensor product and the
multiplication on Xx define a symmetric monoidal structure on Modg (Sh(|X])),x, which restricts
to a symmetric monoidal structure on vDiv(X). This symmetric monoidal structure extends the one on
vDivt(X) from Remark and as in loc. cit. it restricts to the full subcategory Div(X). We again
write (L,s) + (L', s') for the tensor product (L® L', s® s').

The following proposition shows that Div(X) is in fact a partially ordered abelian group:

Proposition 10.70 (Characterization of Cartier divisors). Let X be a scheme and let (L, s) be a virtual
divisor on X . The following conditions are equivalent:
(i) (L, s) is a Cartier divisor, i.e., s is a monomorphism.
(ii) (L, s) is an invertible object of the symmetric monoidal category vDiv(X).
(iii) s induces an isomorphism KXx ®o, L = Kx.
When this holds, the inverse —(L, s) of (L, s) is the divisor
Vy—1
LV & Kx @0y LV S0 %y
In summary, for any scheme X, we have a square of fully faithful symmetric monoidal functors

Divt(X) —— Div(X)

l [

vDivt(X) «—— vDiv(X),

where:

Div(X) C vDiv(X) is the full subcategory of invertible objects;
vDivT(X) C vDiv(X) is the full subcategory vDiv(X)/;
Divt(X) = Div(X) N vDivt(X), i.e., the square is cartesian;
Div(X) and Divt(X) are posets.

Remark 10.71 (Functoriality). The functoriality of vDiv(X) in X is more subtle than for vDiv". Given
a map of schemes f: Y — X, both Oy-modules Xy and f*(Xx) are localizations of Oy, and we can
only define the pullback functor f*: vDiv(X) — vDiv(Y) if Ky is a further localization of f*(Xx), or
equivalently if Oy — f*(Kx) is a monomorphism. In this case, f* also restricts to f*: Div(X) — Div(Y)
by Proposition iii). Note that this condition holds if f is flat.

Remark 10.72 (Div as the group completion of Div™). Let X be a scheme. Since open immersions are
flat, there is a well-defined presheaf of abelian groups
Div: Open(X)°® — Ab,

which is in fact a sheaf (cf. Remark. By definition of the sheaf K x and the fact that line bundles are
locally trivial, the inclusion Divt < Div has the following universal property: for any sheaf of abelian
groups A on | X|, any monoid map DivT — A extends uniquely to Div. In other words, Div is precisely
the group completion of the monoid Divt in Sh(|X]).

Example 10.73.

(i) If R is a unique factorization domain with fraction field K, then
(Div(Spec(R)), +, <) =~ (K™ /R, -, ),
where a | b means a~'b € R, cf. Example iii).
(ii) If R is a Dedekind domain, Div(Spec(R)) is the free abelian group on the set of nonzero prime
ideals of R, cf. Example [10.7|iv). Consequently, if X is a quasi-compact Dedekind scheme (e.g.,
a smooth curve of finite type over a field), then Div(X) is the free abelian group on the set of
codimension 1 points of | X]|.
Definition 10.74 (Divisor of a rational function, principal divisor). Let X be a scheme.
(i) The divisor div(f) of a rational function f € K(X) is the virtual divisor Ox — Xx, 1 — f.
(ii) A virtual divisor on X is called principal if it is isomorphic to div(f) for some f € K(X).
Proposition 10.75. Let X be a scheme.

(i) The map div: X(X) — vDiv(X) has a symmetric monoidal structure. In particular, there are
canonical isomorphisms div(1) ~ 0 and div(fg) ~ div(f) + div(g) for all f,g € K(X).
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(ii) Let f € K(X). Then div(f) is effective if and only if f € O(X).
(i) Let f € K(X). Then div(f) is a Cartier divisor if and only if f € K(X)*.
(iv) The map div induces an isomorphism of abelian groups

div: T(|X], X% /0%) = Div(X).

Example 10.76. The divisor of a rational function f records the zeros and poles of f with multiplicity.
For example:
(i) Consider the rational function f =2 in X(P') = Q(t), where P! = Proj(Z[z,y]) and t = z/y. Tt
has a zero of order two at 0 = V(z) and a pole of order two at co = V(y). Hence, div(f) is the
Cartier divisor 2-0 — 2 - oo on PL.
(ii) Consider the rational function f = s/(t — s?) in K(P?) = Q(s,t), where P? = Proj(Z[z,y, 2]),
s =x/z, t = y/z. It vanishes to order one on the y-axis V(z) and on the line at infinity V(z),
and has a pole of order one on the ellipse V(yz — 22). Hence, we have

div(f) = V(z) + V(2) — V(yz — 2°)

in Div(P?). We can also view f as a rational function on P* x P! = Proj(Z[z, u]) x Proj(Z[y,v])
with t = z/u and s = y/v. Then

div(f) = V(z) + V(u) + V(v) — V(yu? — 2°v)
in Div(P! x P1).

Remark 10.77 (Blowing up at fractional ideals). A fractional ideal over a scheme X is an O x-submodule
I C Kx in Sh(]X|) which is a quasi-coherent sheaf. The image I" of I®" — K%" = Ky is then again
quasi-coherent, so that the Rees algebra @, . I™ is a quasi-coherent N-graded algebra over X. We can
then define the blowup of X at I to be Proj (@neN I"). This blowup has the following universal property:
it is a final object in the full subcategory of Sch,y consisting of maps f: Y — X such that Ky is a
further localization of f*(Xx) and the image of f*(I) in Ky is a Cartier divisor.

10.5. Weil divisors. Weil divisors are an alternative approach to divisors that is in some sense much
simpler, as it only depends on the underlying topological space of a scheme. Although Weil divisors are
not well-behaved in general, we will show that they are equivalent to Cartier divisors on regular schemes,
which is a vast generalization of Example [10.73(ii).

Definition 10.78 (Cycle in a topological space). Let T be a topological space and A a commutative
monoid. A cycle in T with coefficients in A is a formal sum

dav-V, ay €A,
|4

where V' runs over all irreducible closed subsets of T, which is locally finite: every point has a neigh-
borhood that intersects only finitely many V’s with ay # 0. We denote by Z*(T, A) the commutative
monoid of cycles in T with coefficients in A.

If n € NU {00}, a cycle Y, ay -V has codimension n if ay = 0 whenever codim(V, X) # n. We
denote by Z™ (T, A) C Z*(T, A) the submonoid of codimension n cycles.

Remark 10.79.

(i) If T is sober, cycles in T are equivalently locally finite sums indexed by the set of points of T'.
(ii) If A is an abelian group, then Z*(T, A) and Z" (T, A) are also abelian groups. If A is a partially
ordered commutative monoid, then Z*(T, A) inherits a partial order, which is defined termwise.
(iii) If T is quasi-compact, cycles in T are finite sums. Hence, 2" (T, A) = Z"(T,N) ® A and Z"(T,N)
(resp. Z™(T,Z)) is the free commutative monoid (resp. the free abelian group) on the set of
irreducible closed subsets of T' of codimension n. Moreover, we have a direct sum decomposition

(T, A)= P 2T A).
neNU{oo}
(iv) We can restrict cycles in T' to any open subspace U C T, by intersecting with U and setting

empty intersections to zero. This makes Z*(—, A) into a presheaf of commutative monoids on
Open(T'), which is in fact a sheaf.

Definition 10.80 (Weil divisor, effective Weil divisor). Let X be a scheme. A Weil divisor on X is
a cycle of codimension 1 in |X| with coefficients in Z, i.e., an element of the partially ordered abelian
group Z!(|X|,Z). Elements of the submonoid Z*(| X|,N) are called effective Weil divisors.
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Recall that the length of an R-module M is the length of the poset of submodules of M (see :
lengthp(M) € NU {oc0}.
It satisfies the following key additivity property: for any short exact sequence of R-modules
0—>M-—-N—P—0,

we have lengthp(N) = length (M) + lengthp(P). The length of a ring is defined to be its length as a
module over itself. A ring is called artinian it it has finite length, which is equivalent to being noetherian
of Krull dimension < 0.

Example 10.81 (Fundamental cycle). Let X be a locally noetherian scheme. By Proposition the
set of points of codimension 0 in |X| is locally finite. Moreover, if x is a point of codimension 0, then
Ox ¢ is noetherian of Krull dimension 0 and hence has finite length. The fundamental cycle of X is the
codimension 0 cycle

[X] =) length(0x,) -z € Z°(|X|,N).

More generally, for any closed subscheme Z C X, we define its fundamental cycle [Z] € Z*(|X|,N) to be
(2] € 2°(|1Z],N) € 2*(1Z|,N) € Z*(|X|,N).
Construction 10.82 (Multiplicity of a divisor). Let X be a locally noetherian scheme and let z € | X|
be a point of codimension 1. We will define a map of partially ordered abelian groups
mult, : Div(X) — Z.

We first define mult: Div(Spec(R)) — Z for R a noetherian local ring of Krull dimension < 1. Let S C R
be the commutative monoid of non-zero divisors, with partial order given by divisibility. For f € S, the
ring R/(f) is noetherian of Krull dimension < 0 by Theorem [8.54i), hence has finite length. The map

S — N, [ length(R/(f)),

is a map of partially ordered commutative monoids, which vanishes on the subgroup R* C S: for any
f,g € S, we have a short exact sequence of R-modules

0= R/(f) 2 R/(fg9) = R/(g) — 0,

and for any unit v € R*, we have R/(u) = 0. Passing to group completions, we obtain a map of partially
ordered abelian groups

mult: Div(Spec(R)) ~ Frac(R)*/R* — Z,
where the isomorphism is from Proposition [10.75(iv). The canonical map i, : Spec(Ox ) < X is flat,
so we have a pullback map 4% : Div(X) — Div(Spec(Ox ,)) by Remark[10.71] We define mult, to be the
composite

Div(X) - Div(Spec(Ox..)) 225 Z.

Lemma 10.83. Let X be a locally noetherian scheme and let D € Div(X). Then the set of points
x € | X| of codimension 1 such that mult, (D) # 0 is locally finite in | X|.
Construction 10.84 (Cycle associated with a divisor). Let X be a locally noetherian scheme. Define

cyc: Div(X) = Z'(|X],Z), D > multy(D) - x,

where x ranges over the points of | X| of codimension 1. This map is well-defined by Lemma [10.83] and
it is a map of partially ordered abelian groups since each map mult, is. In particular, it restricts to a
map cyc: DivT(X) — Z!(|X|,N).

Example 10.85. Unpacking the definition, we see that for (L,s) € DivT(X), the cycle cyc(L, s) is the
fundamental cycle of the closed subscheme V(s) C X (Example . By the universal property of
Div*t < Div from Remark this uniquely determines cyc as a map of sheaves of abelian groups
Div — Z'(—,Z) on Open(X).

Remark 10.86 (Flat pullback of cycles). Let f: Y — X be a flat map of locally noetherian schemes.
We define the pullback of cycles along f by

[z (X A) = 27(YLA), Y av Vs Y avlf (V)L
\%4 \%4

where we view an irreducible closed subset V' C |X| as a reduced closed subscheme (Corollary [8.19) and
[—] is the fundamental cycle of Example [10.81] By Proposition f* preserves codimension n cycles.
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This definition ensures that f*([Z]) = [f~!(Z)] for any closed subscheme Z C X. It then follows from
Example [10.85| that the following square commutes:

Div(X) =% 7Y(|X|,Z)

L

Div(Y) -5 7YY, Z).
The following lemma is a consequence of Proposition [8.93

Lemma 10.87. Let X be a locally noetherian normal scheme and let D € Div(X). If cyc(D) is effective,
then D 1is effective.

Theorem 10.88 (Comparison between Cartier divisors and Weil divisors). Let X be a locally noetherian
normal scheme. Then the map

cyc: Div(X) — Z!(|X],Z)
is injective and order-reflecting. It is surjective (hence an isomorphism of partially ordered abelian groups)
if and only if all the local rings of X are unique factorization domains, for example if X is reqular.

10.6. The Picard group.

Definition 10.89 (Picard group). Let X be an algebraic functor. The Picard group Pic(X) of X is
the set of isomorphism classes of line bundles over X, with the abelian group structure induced by the
tensor product:

L]+ [L']=[La L]
Remark 10.90 (Cohomological interpretation of Pic). If X is a scheme, the groupoid of line bundles
over X is equivalent to that of O%-torsors in Sh(|X|). Indeed, any line bundle is locally isomorphic to
Ox and Aut(Oy) ~ O(U)*. Consequently, there is an isomorphism

Pic(X) ~ H'(|X],0%)
between the Picard group and the group of isomorphism classes of O %-torsors.

Proposition 10.91 (The unit—Picard exact sequence). For any scheme X, there is an exact sequence
of abelian groups

0= O(X)* = K(X)* L% Div(X) = Pie(X).
The last map is surjective if X is reduced and its set of irreducible components is locally finite.

Example 10.92. If R is an integral domain, Proposition identifies Pic(R) with the quotient of
the group of invertible fractional ideals (i.e., sublines of Frac(R)) by the subgroup of principal fractional
ideals. For example, if R is a Dedekind domain, then Pic(R) = 0 if and only if R is a principal ideal
domain (or equivalently a unique factorization domain).

Remark 10.93. The unit—Picard exact sequence is the beginning of the long exact sequence of coho-
mology groups induced by the short exact sequence of sheaves

0— 0% - X5y = XK5/0% —0.
Indeed, we have H(|X|, X% /0%) ~ Div(X) by Proposition [10.75(iv) and H'(|X|,0%) ~ Pic(X) by
Remark [10.90l If X is reduced with locally finitely many irreducible components, then X% is a flasque
sheaf and hence H (] X ], X% ) = 0, which explains the surjectivity assertion in Proposition [10.91

The following theorem has an elementary proof using Zariski descent for line bundles when X is locally
a unique factorization domain. The key ingredient for the general case is Horrocks’ theorem on vector
bundles: for any ring R and n > 0, any vector bundle on A%, that extends to P comes from Spec(R).

Theorem 10.94 (Picard group of projective spaces). Let X be a scheme, let V' be a vector bundle over
X of rank > 2, and let p: P(V) = X be the associated projective space. Then there is an isomorphism
Pic(X) © Map(| X[, Z) = Pic(P(V)), ([L],n) = [p*(L)(n)].

In particular, if X is connected, then Pic(P(V')) ~ Pic(X) @ Z.
The following theorem can be proved by reducing to the case M = Ox and using the unit—Picard exact
sequence (Proposition [10.91)) and the comparison of Cartier divisors and Weil divisors (Theorem [10.88)).

The latter result is the source of the normality assumption, and indeed there exist schemes X for which
the theorem fails, for example the cuspidal cubic over any field.
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Theorem 10.95 (Picard group of affine spaces). Let X be a scheme, let M be a quasi-coherent module
over X, and let p: A(M) — X be the associated affine space. If X is normal and M is flat, then there
s an isomorphism

Pic(X) = Pic(A(M)), [L]+ [p*(L)].

11. PROPERNESS

11.1. Prim and proper morphisms. Properness is the most fundamental global property in geometry:
it is essentially about the existence and uniqueness of limits, in the sense of analysis. In classical algebraic
geometry, it is called “completeness”, although that name has a different (but closely related) meaning
in differential geometry. We start by reviewing the notion of properness in topology.

Let X and Y be topological spaces. A continuous map f:Y — X is called universally closed if, for
every continuous map Z — X, the base change Y xx Z — Z is a closed map. By the “tube lemma”,
f is universally closed if and only if it is closed and all its fibers are quasi-compact. Thus, the unique
map X — x* is universally closed if and only if X is quasi-compact. The map f is called separated if its
diagonal Ay is closed (or equivalently universally closed, since it is injective). The unique map X — x*
is separated if and only if X is Hausdorff. Finally, the map f is called proper if it is both universally
closed and separated.

Universal closedness has a standard characterization in terms of lifting of limit points. Namely, f: Y —
X is universally closed if and only if, for every generalized sequence s: I — Y and any limit point x of
f o s, there exists a subsequence of s with a limit point y such that f(y) = z. Note that this is almost
a right lifting property with respect to I < I U {oco} (Definition , except that we may need to pass
to a subsequence; this is because the point co in I U {oo} can be approached from I is more than one
way (namely, via any subsequence). It turns out that universal closedness can be characterized by a
right lifting property with respect to certain inclusion maps V’ < V such that “every point in V can
be approached from V' in one and only one way”. The simplest example is the inclusion of the generic
point of the Sierpinski space: {*} < {* ~» oco}; another one is the inclusion map [0,1) < [0, 1].

Once universal closedness is characterized by a right lifting property, separatedness and properness
are in turn characterized by the “at most one” and “exactly one” versions of the same lifting property
(by Remark [9.83{(ii,iii)).

In algebraic geometry, we have already defined “universally closed” (Definition and “separated”
(Definition for maps of algebraic functors. Analogously to the topological situation recalled above,
we will show in that for maps of schemes these classes can be characterized by right lifting prop-
erties, called the wvaluative criteria for universal closedness and separatedness. The actual definition of
properness will also involve a finiteness condition: a morphism of schemes will be called prim if it is
universally closed and locally of finite type, and proper if it is both prim and separated. Thus, prim,
separated, and proper morphisms will be characterized by the combination of a right lifting property
and a finiteness property, similarly to smooth, unramified, and étale morphisms (Corollary . The
following table, where the finiteness conditions are ignored, summarizes this analogy:

class of maps T thickenings valuations

T-epimorphism smooth prim
T-monomorphism unramified separated

T-isomorphism étale proper

Definition 11.1 (Prim, separated, and proper morphisms). Let f: Y — X be a morphism of schemes.
(i) f is called prim if it is locally of finite type and universally closed (Definition [5.32]).
(ii) f is called separated if its diagonal Ay: Y =Y xx Y is prim.
(iii) f is called proper if it is prim and separated.

Remark 11.2.

(i) The diagonal of a morphism of schemes is always an immersion (Proposition , and immer-
sions are locally of finite type (Example. Moreover, closed immersions are universally closed
(Propositions and [2.69(ii)). Hence, Definition ii) is consistent with Definition

(ii) Proper morphisms are often defined with the additional condition of being quasi-compact, but
this is in fact a consequence of universal closedness (see Theorem. Hence, prim and proper
morphisms are of finite type.

Proposition 11.3. The properties “prim”, “separated”, and “proper” are local on the base and stable
under composition and base change.
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Remark 11.4. One can show that these properties are even fpqc-local on the base, but none of them
are local on the source: an open immersion that is not closed is not prim, and any morphism whose

source is affine is separated (Proposition [7.27(i)).

Example 11.5 (Closed immersions). As we noted in Remark i), closed immersions are prim. They
are also separated by Example [7.29(1i), hence proper. Conversely, if i: Y < X is a prim immersion and
if we factor it as a closed immersion Y < U followed by an open immersion U < X, then U and the
complement of the image of |i| form an open covering of X where i is a closed immersion, so that i is
a closed immersion. In fact, one can show that prim monomorphisms are closed immersions, but this is

more difficult (cf. Example [9.10)).

Example 11.6 (Integral and finite morphisms). By the going-up theorem (Theorem m(l)), integral
maps of algebraic functors are universally closed; they are also separated, since they are affine. Since
“finite” is equivalent to “integral and locally of finite type”, finite maps of schemes are proper.

Remark 11.7 (Nagata compactification). Zariski’s main theorem (Remark [9.105)) is an ingredient in
a much broader statement called Nagata compactification: if X is qcgs and f: Y — X is a separated
morphism of finite type, then f admits a (non-canonical) factorization

y Ly B x

where j is an open immersion and p is proper. As in algebraic topology, such a compactification can be
used to define the “cohomology with compact support” of Y relative to X.

11.2. Valuative criteria. To express the existence and uniqueness of limits in algebraic geometry, we
need to specify a class of inclusions X’ < X such that “every point of X may be approached from X’ in
one and only one way”. On the one hand, we want X’ to be “dense” in X, in the sense that functions on
X should be determined by their restrictions to X’. Given a closed subscheme Z C X disjoint from X',
the directions of approach to Z in X are classifed by the projectivized normal cone P(Cz (X)), which is
the preimage of Z in the blowup Bl (X) (Corollary [10.36). Thus, one may encode the other half of the
desired condition by requiring the blowup Blz(X) — X to be an isomorphism for any Z disjoint from
X'. By the universal property of blowups (Proposition , this is equivalent to requiring any such Z
to be an effective divisor. This motivates the following more precise definition:

Definition 11.8 (Priifer pair, Priifer domain, Priifer scheme).
(i) Let j7: X’ < X be a monomorphism of schemes. We say that (X, X’) is a Prifer pair if j is
quasi-compact, X’ is the intersection of its open neighborhoods in X, the map Ox — j.(Ox/) in
Modx is a monomorphism, and for every open subscheme U C X, any finitely presented closed
subscheme Z C U with Z N X’ = & is an effective divisor on U.
(ii) A Prifer domain is an integral domain R such that (Spec(R), Spec(Frac(R))) is a Priifer pair.
(iii) A Priifer scheme is a scheme that admits an affine open covering by Priifer domains.

Remark 11.9 (Affine Priifer pairs). Let R — R’ be a localization. Then (Spec(R), Spec(R’)) is a Priifer
pair if and only if R — R’ is injective and every finitely generated ideal I C R with IR’ = R’ is a line.
In particular, a domain is Priifer if and only if every nonzero finitely generated ideal is a line. It follows
that the locally noetherian Priifer schemes are exactly the Dedekind schemes (Example .

Remark 11.10 (Priifer implies normal). Priifer domains are integrally closed, and hence Priifer schemes
are normal. Indeed, consider any fraction r/s over a Priifer domain R. By definition, the ideal (r,s) is
then a line. Hence, there are elements fi,..., f, € R generating the unit ideal such that the fraction r/s
simplifies over Ry, to a fraction r;/s; with (14, s;) = Ry,. If r/s satisfies an integral equation of degree
d over R, then r¢/s; € Ry,, hence r;/s; € Ry, by Zariski descent. Again by Zariski descent, we deduce
that r/s € R.

Definition 11.11 (Valuation). Let K be a field and I" a totally ordered abelian group. A map v: K —
I'U{oo} is called a valuation if:

(i) v(1) =0 and for all z,y € K, v(zy) = v(x) + v(y);

(ii) v(0) = oo and for all z,y € K, v(x +y) > min{v(z),v(y)}.
The set O, = {& € K |v(z) > 0} is then a local subring of K with fraction field K, maximal ideal
m, = {x € K |v(z) > 0}, unit group 0 = {z € K |v(z) = 0}, and residue field x(v) = O, /m,,.
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Proposition 11.12. Let R be a domain with fraction field K. The following conditions are equivalent:

(i) R is a local Priifer domain.
(ii) The divisibility relation on R is total.
(iii) The poset of ideals in R is totally ordered.
(iv) The poset of divisors Div(Spec(R)) is totally ordered.
(v) For every x € K*, x or x=1 belongs to R.
(vi) There exists a valuation v: K — T'U{oo} such that R = O,,.

Definition 11.13 (Valuation ring). A waluation ring is an integral domain satisfying the equivalent
conditions of Proposition [11.12

Remark 11.14 (Value group). If R is a valuation ring with fraction field K, there is an initial choice of
valuation v: K — I'U {oco} with R = O,,, namely the divisor map div: K* - K*/R* = Div(Spec(R)).
The totally ordered abelian group of divisors Div(Spec(R)) is therefore also called the value group of the
valuation ring R.

Example 11.15.

(i) Fields are valuation rings, and they are precisely the valuation rings with trivial value group.

(ii) A valuation ring R is called discrete if its value group is isomorphic to Z. Since N C Z is
well-ordered, this implies that R is a principal ideal domain. Conversely, it is clear that a local
principal ideal domain that is not a field is a discrete valuation ring.

(iii) Let T be any totally ordered cancellative commutative monoid and let k be a ring. The ring
of Hahn series k[[t']] consists of formal sums > er ayt? with ay € k such that { |a, # 0} is
a well-ordered subset of T' (this ensures that the product is well-defined). Taking the infimum
of this well-ordered set defines a surjective map v: k[[t']] = T U {oo}. If k is a field and T is
a group, then k[[t']] is a field and v is a valuation. Hence, the subring k[[t'>°]] C k[[t!']] is a
valuation ring with value group I'. When I' = Q, Hahn series are also called Puiseux series.

Remark 11.16 (Noetherian valuation rings). Since finitely generated ideals in a valuation ring are prin-
cipal, noetherian valuation rings are principal ideal domains, hence are either fields or discrete valuation
rings. By Example these are precisely the regular local rings of Krull dimension < 1.

Proposition 11.17 (Valuation rings as maximal local subrings). Let K be a field and R C K a subring.
The following conditions are equivalent:

(i) R is a valuation ring and Frac(R) = K.

(ii) R is a mazimal local subring of K with respect to local inclusions.

We refer to Definition [9.82] for the notions of T-epimorphism, 7-monomorphism, and T-isomorphism.

Definition 11.18 (Formally prim, formally separated, formally proper). Let T be the collection of maps
Spec(K) < Spec(V), where V is a valuation ring with fraction field K. A morphism of algebraic functors
is called:
(i) formally prim if it is a T-epimorphism;
(ii) formally separated if it is a T-monomorphism;
(iil) formally proper if it is a T-isomorphism.

Proposition 11.19 (Specializations via valuations). Let X be a scheme, let y ~» x be a specialization
in | X|, and let k(y) — K be a field extension. Then there exists a valuation v on K and an extension

Spec(K) — Spec(x(y)) %> X
Spec(0,) /
sending the closed point to x.

Lemma 11.20. Let f: Y — X be a quasi-compact map of schemes. If the image of |f| is closed under
specialization in |X|, then it is a closed subset of | X]|.

Theorem 11.21 (Valuative criterion for universal closedness). Let f: Y — X be a map of schemes.
The following conditions are equivalent:

(i) f is universally closed;
(ii) f is formally prim and quasi-compact.
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Corollary 11.22 (Valuative criteria for primness, separatedness, and properness). Let f: Y — X be a
map of schemes.
(i) f is prim if and only if it is formally prim and of finite type.
(ii) f is separated if and only if it is formally separated and quasi-separated.
(iil) f is proper if and only if it is formally proper, of finite type, and quasi-separated.

Example 11.23. Let X be the affine line with doubled origin (Example and let p: X — A be
the map (f,e) — f, which is of finite type (even of finite presentation). Then p is formally prim but not
formally separated: given a valuation ring V with fraction field K and given f € V, every idempotent in
K/(f) (which is either 0 or 1) lifts to an idempotent in V/(f), but not uniquely if f ¢ V* U {0}. Hence,
by Corollary [I1.22] p is prim but not proper.

As was the case for smooth morphisms (Example (iv)), the finiteness property of prim morphisms
allows us to enlarge the class of maps with respect to which they have the right lifting property:

Proposition 11.24 (Completing curves in prim schemes). Let C' be a Priifer scheme and let ¢! C C
be a subscheme containing all points of codimension 0. Suppose that C' is a cofiltered intersection of
quasi-compact open immersions U, < C with locally finite complement in |C|. Then any prim morphism
of schemes has the right lifting property with respect to C' < C.

Example 11.25. For a Dedekind scheme C, we have the following basic examples of Proposition [T1.24}
(i) The open immersion C — x — C for any point z € |C| of codimension 1.
For example: Spec(Z[%]) < Spec(Z) for any prime p, or A} < P} for any field k.
(ii) The inclusion [[, Spec(x(n)) < C, where 1 runs over the codimension 0 points of C.
For example: Spec(Q) < Spec(Z), or Spec(k(t)) < P}, for any field k.

Remark 11.26. The conclusion of Proposition [I1.24] propagates to separated and proper morphisms, by
applying it to the diagonal. Note that the inclusion C’ C C in the statement is an example of a Priifer pair
(Deﬁnition. For separated and proper morphisms, the uniqueness part of the lifting property allows
us to generalize it even further, analogously to the case of unramified and étale morphisms (Remark:
one can show that separated and proper morphisms satisfy their respective lifting property with respect
to arbitrary Priifer pairs.

11.3. Relation to projectivity and finiteness. We already know that projective morphisms are of
finite type and separated (Example iii)). Using the valuative criterion for universal closedness, we
deduce that they are proper:

Proposition 11.27. Projective morphisms of schemes are proper.

Corollary 11.28. Let X be a scheme and let Z C X be a closed subscheme of finite presentation. Then
the blowup Blz(X) — X is proper.

Corollary 11.29. Let X be a scheme and let Z C X be a closed subscheme of finite presentation. Then
the blowup Bl (X) — X is surjective if and only if | X| — |Z| is dense in | X]|.

Since prim immersions are closed immersions (Example [L1.5)), proper quasi-projective morphisms are
projective, and Proposition [11.27] gives the converse:

Corollary 11.30. A quasi-projective morphism of schemes is projective if and only if it is proper.

Remark 11.31. The finiteness condition in the definition of projectivity serves three independent pur-
poses: it implies firstly that projective morphisms are locally of finite type (if A is an N-graded k-algebra
of finite type, then any Ay is a k-algebra of finite type), and secondly that they are quasi-compact
(Example [7.36]). But it is also needed to ensure that projective morphisms are formally prim. Indeed:
(i) If I is an infinite set, the projective space P! is not formally prim over Spec(Z): if ¢: I - N is
a surjection, the quotient line (1/p?®);cr: Q) = Q does not lift to a quotient line of Zg);.
(if) If Z C X is a closed subscheme that is not of finite presentation, then Blz(X) — X need not be
formally prim. For example, if I is any infinite set and z: O) — O is the tautological map over
A then Bly(Al) = vBl,(A!) by Theorem [10.56{ and vBI,(A?) — A’ is not formally prim, since
it admits P! — Spec(Z) as a base change (by Remark [10.17)).

Remark 11.32 (Elimination theory). The fact that P}, — Spec(R) is a closed map is concretely the
following statement, which is classically known as the main theorem of elimination theory. For any
system of homogeneous polynomial equations ¥ in finitely many variables over R, there exists a unique
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radical ideal I C R with the following property: for any R-field k, there exists a solution of ¥ in some
algebraic closure of k if and only if I goes to zero in k. In other words, we can “eliminate all variables”
in ¥, which leaves us with a system of polynomial equations in 0 variables. The radical ideal I is called
the resultant of the system X.

The converse of Proposition does not hold. In fact, over any field, there are examples of proper
schemes that are not projective, although they are not easy to write down. The following theorem shows
that proper schemes are nevertheless close to being projective, and more precisely can always be obtained
from projective schemes by “blowing down”. This is a very useful result that is often used to reduce
statements about proper morphisms to projective morphisms.

Theorem 11.33 (Chow’s lemma). Let S be gegs scheme, X a separated S-scheme of finite type, and
U C X an open subscheme such that U is quasi-projective over S (e.g., any affine open subscheme).
Then there exists a finitely presented closed subscheme Z C X with Z NU = & such that Blz(X) is
quasi-projective over S. Hence, if X is proper over S, then Blz(X) is projective over S.

Lemma 11.34. Let ¢ be a ring map. Then Spec(y) is dominant (Deﬁm’tion if and only if ker(p)
s a nilideal.

Theorem 11.35 (Valuative criterion for integrality). Let f: Y — X be a map of schemes. The following
conditions are equivalent:

(i) f is integral;

(ii) f 4s affine and formally prim.

Combining this theorem with the valuative criterion for properness and Example we deduce:

Corollary 11.36 (Characterizations of finiteness). Let f: Y — X be a map of schemes. The following
conditions are equivalent:

(i) f is finite.

(ii) f is affine and proper.

(iil) f is affine and projective.
Remark 11.37. It follows from Zariski’s main theorem (Remark that the conditions (i)—(iii) of
Corollary are further equivalent to:

(iv) f is quasi-finite and proper.

(v) f is locally quasi-finite, universally closed, and separated.
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