
WiSe 25/26 Algebraic Geometry I
Exercise sheet 1 (due October 23)

Exercise 1.1. (11 points) Determine which of the following functors X : CAlg → Set
are affine schemes, and if they are, find a ring A such that X ≃ Spec(A). The answer
may depend on the parameter!

(a) The constant functor R 7→ I for some set I.

(b) The functor R 7→ R× I for some set I.

(c) The functor R 7→ GLn(R) = Matn(R)×.

(d) The functor R 7→ SLn(R) = {A ∈ GLn(R) | det(A) = 1}.

(e) The functor R 7→ On(R) = {A ∈ GLn(R) | ATA = In}.

(f) The functor R 7→ MapAb(A,R) for some abelian group A.

(g) The functor R 7→ MapAb(A,R
×) for some abelian group A.

(h) The functor R 7→ A⊗R for some abelian group A.

(i) The functor R 7→ R[x].

(j) The functor R 7→ R[[x]].

(k) The functor R 7→ Nil(R) = {r ∈ R | r nilpotent}.

Exercise 1.2. (6 points) Write down the ring maps whose Spec give the structure maps
of the ring structure on A1, namely: the addition and subtraction maps A1 × A1 → A1,
the multiplication map A1 × A1 → A1, and the zero and unit maps ∗ → A1.

Hint. Recall that A1 ≃ Spec(Z[x]) and A1 × A1 ≃ Spec(Z[x]⊗ Z[x]) ≃ Spec(Z[x1, x2]).

Exercise 1.3. (3 points) Let n ∈ N. Show that the map M 7→ χM sending an n × n
matrix to its characteristic polynomial is a map of affine schemes χ : Matn → An. Using
the Yoneda lemma, deduce that there exist polynomials pi over Z in n2 variables with
the following property: for every ring R and M ∈ Matn(R), the coefficient of xi in χM is
pi(M).

Exercise 1.4. (6 points) Let G be a group and let BG be the category with one object
∗ and endomorphism monoid MapBG(∗, ∗) = G. The presheaf category P(BG) may then
be identified with the category of G-sets. Make explicit the following properties of the
Yoneda embedding in terms of G-sets: What are the representable G-sets? What does
the Yoneda lemma say? What is the category of elements of a G-set? How is every G-set
a colimit of representable G-sets?
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