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Goodwillie calculus is a categorification of ordinary calculus where functions are replaced by functors.
The basic concept is that of n-excisive functor, which is the analogue of a polynomial function of degree
≤ n. Under suitable conditions, a functor F between ∞-categories admits an n-excisive approximation
PnF for each n ≥ 0. Together they form the Goodwillie tower

F → · · · → PnF → Pn−1F → · · · → P0F = F (0)

of F , which is analogous to the Taylor series of a function; functors whose Goodwillie tower converges
are called analytic. The “coefficient” of X⊗n in the Goodwillie expansion of a functor F is a spectrum
with an action of the symmetric group Σn, called the nth derivative of F . Several basic features of
calculus, like the chain rule and the product rule, have counterparts in Goodwillie calculus. The goal of
this seminar is to explore these ideas and phenomena.

We will assume some familiarity with the language of ∞-categories, as this is the language used in the
main reference [Lur17, Chapter 6]. We refer to [Cno25, Chapter1] for an introduction to ∞-categories
which more than suffices for this seminar. The original work of Goodwillie is the series of papers Calculus
I–III [Goo90, Goo92, Goo03]. A recent survey is [AC19].

List of talks

(1) Introduction
(2) Stable categories [Lur17, §1.1]

Review the basic theory of stable ∞-categories and of exact functors between them, following
[Lur17, §1.1] or [Cno25, §4.2]. Prove in particular that stable ∞-categories are additive. Review
also some standard examples from homological algebra: the derived ∞-category of an abelian
category [Cno25, §4.5] and the stable ∞-category of perfect modules over a ring.

(3) Spectra and stabilization [Lur17, §1.4.2]
Define the ∞-category of spectrum objects Sp(C) of an ∞-category C with finite limits in terms
of excisive functors [Lur17, Definition 1.4.2.8], and compare with the classical definition [Lur17,
Proposition 1.4.2.24]. Show that Sp(C) is stable and state the universal property of Sp(−)
[Lur17, Proposition 1.4.2.22]. Dually, define the Spanier–Whitehead ∞-category SW(C) of an
∞-category C with finite colimits [Lur18, §C.1.1], and state the universal property of SW(−)
[Lur18, Proposition C.1.1.7].

(4) Construction of the Goodwillie tower [Lur17, §6.1.1]
Define n-excisive functors [Lur17, Definition 6.1.1.3], and prove the existence of the n-excisive
approximation Pn [Lur17, Theorem 6.1.1.10].

(5) The coefficients of the Goodwillie tower [Lur17, §6.1.2]
Sketch the proof of Goodwillie’s structure theorem [Lur17, Theorem 6.1.2.4]: the n-excisive ap-
proximation PnF is the fiber of a map Pn−1F → RnF where RnF is a pointed n-homogeneous
functor. Deduce that, whenD is pointed, the∞-category of n-homogeneous functor Homogn(C,D)
is stable [Lur17, Corollary 6.1.2.8].

(6) The classification of homogeneous functors [Lur17, §6.1.4]
Define the cross-effects crnF : Cn → D of any functor F : C → D [Lur17, Construction 6.1.3.20],
and the symmetric cross-effects cr(n) : C

(n) → D [Lur17, Construction 6.1.4.5]. Sketch the proof
that cr(n) identifies n-homogeneous functors with symmetric multilinear functors Cn → D [Lur17,

Theorem 6.1.4.7]. As an application, show that the ∞-category of n-excisive functors Spfin → Sp
is generated under colimits and translations by the tensor power functors X 7→ X⊗i with i ≤ n
[Lur17, Corollary 6.1.4.15].

(7) The stable Dold–Kan correspondence [Lur17, §1.2.4]
Start with a brief review of the Dold–Kan correspondence for abelian categories [Lur17, 1.2.3].
Then formulate and sketch the proof of Lurie’s stable Dold–Kan correspondence [Lur17, 1.2.4]
(see also [BGMN22, §2.1] for a quick summary).

(8) Polynomial functors [BGMN22, §2]
Define polynomial functors of degree ≤ n between additive ∞-categories following Eilenberg
and MacLane [BGMN22, Definition 2.4]. Explain the comparison with n-excisive functors: a
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functor between stable ∞-categories is n-excisive if and only if it is polynomial of degree ≤ n
and preserves finite geometric realizations [BGMN22, Proposition 2.15]. Show that polynomial
functors A → C of degree ≤ n, where A is additive and C is stable, extend uniquely to n-excisive
functors Stab(A) → C [BGMN22, Theorem 2.19]. As an example, construct the symmetric and
exterior power endofunctors of Perf(R) for a commutative ring R [BGMN22, Example 2.23].

(9) Functors from spaces to spectra [Lur17, §6.1.5]
Explain the proof of [Lur17, Theorem 6.1.5.1] characterizing n-excisive functors from finite spaces
to spectra: a functor Sfin → Sp is n-excisive if and only if it is left Kan extended from the category
Fin≤n of finite sets of cardinality ≤ n.

(10) Norm maps and the Tate construction [Lur17, §6.1.6]
Let C be a stable ∞-category with countable limits and colimits. For a finite group G acting
on an object X ∈ C, the norm map is a canonical map Nm: XG → XG, whose cofiber is called
the Tate construction XtG. Explain this general construction, as well as the application of the
Σn-norm to the classification of n-excisive functors discussed at the beginning of [Lur17, §6.1.6].

(11) The derivative [Lur17, §6.2.1]
Given a functor F : C → D, its derivative (at 0) is an exact functor ∂(F ) : Sp(C) → Sp(D).
Explain its definition and how it relates to the 1-excisive approximation P1F [Lur17, Proposition
6.2.1.9]. Describe ∂(F ) when F is left exact [Lur17, Example 6.2.1.4] and when F preserves
sequential colimits [Lur17, Proposition 6.2.1.19]. Explain the Klein–Rognes chain rule ∂(G◦F ) =
∂(G) ◦ ∂(F ) [Lur17, Corollary 6.2.1.24].

(12) Higher derivatives [Lur17, §6.3]
Discuss the existence of the left adjoint Σ∞

+ to Ω∞ : Sp(C) → C for a differentiable ∞-category
C with finite colimits following [Lur17, §6.2.3], and prove that (multi)excisive functors factor
uniquely through Σ∞ [Lur17, Theorem 6.2.3.21]. Using this, explain the definition of the nth
derivative ∂n(F ) : Sp(C)n → Sp(D) of F : C → D from the beginning of [Lur17, §6.3].

(13) The derivatives of the identity [Lur17, §6.3.3]
A theorem of Arone–Mahowald describes the higher derivatives ∂n(id) of the identity functor
id : S∗ → S∗ as the Spanier–Whitehead duals of certain partition complexes. Explain the state-
ment of this computation [Lur17, Theorem 6.3.3.3], and sketch the proof assuming the technical
result [Lur17, Corollary 6.3.3.16].

(14) Introduction to the orthogonal calculus [Wei95]
Orthogonal calculus is a variant of Goodwillie calculus designed to study functors F : J → S,
where J is the ∞-category of Euclidean vector spaces and isometric embeddings. Examples of
interest are functors such as V 7→ BO(V ) and V 7→ BHomeo(V ). The nth derivative ∂n(F ) of
such a functor is a spectrum with an action of the orthogonal group O(n). Review the definition
of the Taylor tower in this context. Discuss (without any proofs) the application of this calculus
to the computation of the rational homology of the space of embeddings Emb(M,Rn), after
[ALV07]. See also [AC19, §7] for a quick review of this calculus and its applications.

(15) Introduction to the embedding calculus [Wei96]
Embedding calculus is a variant of Goodwillie calculus designed to study functors F : Open(M)op →
S, where Open(M) is the poset of open subsets of a smooth manifold M . Here, we say that F is
polynomial of degree 1 if it is a sheaf ; a typical example is the functor F = Imm(−, N) of immer-
sions into a fixed smooth manifold N . By contrast, the more interesting functor F = Emb(−, N)
of embeddings is not a sheaf, and may be studied using embedding calculus. See also [AC19, §7]
for a quick review of this calculus and its applications.
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